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A B S T R A C T   

Recent years saw a rise in the application of bonding techniques in the engineering industry. This fact is due to 
the various advantages of this technique when compared to traditional joining methods, such as riveting or 
bolting. The growth of bonding methods demands faster and more powerful tools to analyze the behavior of 
products. For that reason, adhesive joints have been the subject of intensive investigation over the past few years. 
Recently, a fracture mechanics based approach emerged with great potential to evaluate joint behavior, called 
Intesity of Singular Stress Fields (ISSF), similar to the Stress Intensity Factor (SIF) concept. However, it allows the 
study of multi-material corners and does not require an initial crack. This approach was not yet tested with 
meshless methods. The present work intends to fill this gap, resorting to the Radial Point Interpolation Method 
(RPIM). With this purpose, adhesive joints with four different overlap lengths (LO) bonded with a brittle adhesive 
were studied. The interface corner’s stresses were also evaluated. The predicted strengths were compared with 
the experimental data to assess the accuracy of the applied methods. In conclusion, the ISSF criterion proved to 
be applicable to meshless methods, namely the RPIM.   

1. Introduction 

Recent centuries brought adhesive technology to the engineering 
panorama. However, this technique goes back to the time of the Nean
dertals, where they used resin collected from pine trees to glue their 
tools. Nowadays, it is applied to a wide range of industries, and it is hard 
to imagine a product that does not incorporate adhesive bonding [1]. 
The spread of adhesive bonding technology is mainly due to the aero
nautical industry that introduced the concept of structural bonding. This 
notion highlighted several advantages of this joining process. The pri
mary profit is in terms of the bonding weight. For the aeronautical in
dustry, this characteristic is vital. Another distinctive quality is the more 
uniform stress distribution along the bonded area’s width, allowing 
higher stiffness and improved load transmission [2]. Also, the 
non-necessity of drilling or damaging the adherends (including com
posites) for the joining process is highly convenient. Even so, like any 
other technology, this procedure has some associated issues. The most 
significant ones are the typical disassembly impossibility and the 
required curing time [3]. Nonetheless, the benefits of this technology are 
far more important than its weaknesses. For that reason, this technique 
is nowadays widely spread throughout a wide range of engineering 

fields, namely aeronautical, automotive, aerospace, civil and electronics 
[4]. 

When this technology emerged, computational resources were 
limited. Thus, the first analyses were performed through analytical 
models. Volkersen [5] was a pioneer in this area and developed the first 
model to analyze the stress distributions along the adhesive layer. He 
introduced the concept of differential shear [6], in which the adherends 
are considered elastic instead of rigid. Other researchers improved 
Volkersen’s work, namely Goland and Reissner [7] and Hart-Smith [8]. 
However, these models had complex formulations or were very simple, 
but many simplifications were considered. De Sousa et al. [9] studied 
different analytical models and performed a comparison between them. 
The results showed that the Hart-Smith plastic model accurately predicts 
the strength increase with the overlap length (LO) when dealing with 
brittle adhesives. When analysing ductile adhesives, the global yielding 
failure criterion [10] was the only one to accurately predict the joint 
strength for different LO. The limitations of the analytical models meant 
that problems with a higher degree of complexity were impossible to 
solve. These limitations paved the way for the appearance of numerical 
methods. The most widespread numerical technique is the Finite 
Element Method (FEM) [11]. With this method, there are different 
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approaches to evaluate the failure of adhesive joints, like continuum 
mechanics [12], damage mechanics [13], or the eXtended Finite 
Element Method (XFEM) [14]. Nonetheless, the most frequent method 
employed is Cohesive Zone modeling (CZM) [15]. This approach is 
usually characterized by paired nodes that behave accordingly to a 
cohesive law. The CZM approach includes continuum mechanics prin
ciples for damage initiation and fracture mechanics principles for crack 
propagation, establishing a softening relationship between stresses and 
strains, thus simulating gradual degradation of the material’s mechan
ical properties. The cohesive law can assume different shapes, such as 
triangular, linear-parabolic, polynomial, exponential and trapezoidal 
[16]. The most basic shape is the triangular shape and it produces 
excellent results when treating brittle adhesives. Zhang et al. [17] 
examined different law shapes in Double-Cantilever Beam (DCB) and 
butt-joints, bonded with brittle and ductile adhesives. The results 
showed a significant influence of the law shape in the butt joint strength 
predictions, while for DCB the influence was smaller but still important. 
As expected, the triangular shape presented the best results for the 
brittle adhesives. For the ductile adhesives, the exponential law showed 
more suitability for the butt joints and the trapezoidal law for the DCB 
joints. 

Another relevant approach to adhesive joint failure is fracture me
chanics. Usually, two concepts are used in fracture mechanics: the Stress 
Intensity Factor (SIF) and the Strain Energy Release Rate (SERR). These 
techniques allow the evaluation of discontinuities in materials, such as 
re-entrant corners at the adhesive-adherend interface or defects. The 
determination of the SIF or the SERR can be performed through routines 
like the J-integral [18] or the Virtual Crack Closure Technique (VCCT) 
[19]. More recently, a new fracture mechanics based model arose that 
combines stress and energy criteria, called Finite Fracture Mechanics 
(FFM) [20]. In this model, an energetic and a stress criterion must be 
concurrently fulfilled for crack initiation. 

The fracture mechanics approaches include the Intensity of Singular 
Stress Fields (ISSF) or General Stress Intensity Factor (GSIF). This 
approach can determine the singularity exponent in sharp material 
interface corners present in many adhesive joints and its intensity. 
Williams [21] and Bogy [22] published the first works dealing with this 
singularity. Many authors use the ISSF to only study the stresses and 
displacements around the interface corners of adhesive joints. Such is 
the case of Noda et al. [23], which studied the ISSF in single-lap joints 
(SLJ) and butt joints. In SLJ, they experimented with different LO and 
adhesive thicknesses (tA). It was shown that assuming an equal loading 
force, the ISSF remains almost constant for different tA, but LO affected 
the ISSF. Actually, for LO<15 mm, the ISSF increased with increasing LO, 
while for LO≥15 mm, the ISSF decreased with increasing LO. Goglio and 
Rossetto [24] proposed a purely numerical method to determine the 
singularity exponent (λ) and its intensity (H). This approach has the 
advantage that only a simple numerical simulation is needed, but it is 
not as precise. Moreover, depending on the stress component and angle 
used to perform this estimation, differences in the theoretical values of λ 
can be found. Thus, the choice of these parameters has to be careful. In 
addition to studying the stresses and displacements around an adhesive 
joint’s corner, the ISSF has also been used to predict the strength of 
adhesive joints. Askarinejad et al. [25] used the ISSF to predict the 
strength of Thick Adherend Shear Tests (TAST) specimens without an 
initial crack and also used the conventional SIF for TAST specimens with 
initial cracks with different lengths. In both cases, the strength pre
dictions were in line with the experimental strength. Akhavan-Safar 
et al. [26] proposed that the critical ISSF (Hc) could be determined by 
performing numerical simulations with the experimental failure loads 
imposed. In that work, they tested SLJ with varying geometrical pa
rameters, including LO, tA, substrate thickness and free length. The 

authors proposed that Hc depends on those geometrical parameters and 
recommended a function that could take these parameters into account 
to determine the maximum load (Pm). This function predicted the 
strength of the joints with good accuracy. 

All the approaches mentioned before are generally applied through 
the FEM. However, a new class of discrete numerical techniques has 
been gaining prominence: meshless methods. The necessity of dis
cretising the studied object into elements constrains the use of FEM. For 
example, an object with large deformations generates accuracy loss in 
the obtained results due to distortions in the elements [27]. Thence, the 
rise of meshless methods that do not rely on a structured mesh. One of 
the most studied meshless approaches is the Radial Point Interpolation 
Method (RPIM) [28]. The Natural Neighbor Radial Point Interpolation 
Method (NNRPIM) is a recent approach that combines the RPIM with the 
concept of natural neighbors [29]. This method considers the concept of 
“influence-cells” instead of “influence-domain” to impose nodal con
nectivity [30]. For the definition of the influence-cells, Voronoï dia
grams and Delaunay tessellation are used. These methods have been 
applied to the study of adhesive joints in recent years. In 2017, Farahani 
et al. [31] used FEM and RPIM to determine the SIF for a compact 
tension specimen (CT) after determining these parameters experimen
tally with a fatigue crack growth test with Thermoelastic Stress Analysis 
(TSA). The two numerical methods presented similar results that agreed 
very well with the experimental data. Ramalho et al. [32] also applied 
this approach to composite adhesive SLJ with a brittle adhesive and 
different LO. They overcame the difficulty of applying RPIM to 
bi-material problems by restricting the influence domains in the inter
face region between materials. With this procedure, the stresses ob
tained with the RPIM were very similar to the ones of FEM. 
Sánchez-Arce et al. [33] resorted to the NNRPIM to analyze adhesive 
joints. They measured experimental data of SLJ corresponding to four 
different LO with a brittle adhesive. Then, they simulated the geometries 
resorting to the FEM and NNRPIM. By comparing the results, it was 
concluded that the results were very similar between the two methods, 
with a maximum difference observed in the strength of 2%, proving that 
the NNRPIM is suitable for this analysis. The maximum peak shear stress 
difference between FEM and NNRPIM predictions was 6.6%, indicating 
the method’s suitability. The Boundary Element Method (BEM) is 
another discrete technique alternative to the FEM. Very recently, Wen 
et al. [34] resorted to BEM to analyze curved cracks. Until today, BEM 
has been applied to investigate the most diverse areas, such as composite 
materials [35–37]. 

The present work aims to evaluate the applicability of the ISSF cri
terion to meshless methods. In that regard, SLJ with different LO bonded 
with a brittle adhesive were studied. The influence of LO in the experi
mental results was analyzed. To predict the joint strength, the ISSF 
criterion was used. This method was numerically applied through the 
RPIM. The different steps necessary for these applications are also 
covered. In order to evaluate the influence of the discretization in the 
final results, two meshes with different levels of refinement were 
assessed. A comparison between the analytically obtained stresses and 
the ones determined numerically using RPIM was performed. Finally, 
the predicted strengths were compared with the experimental data to 
validate the applicability of the ISSF criterion to meshless methods, 
namely the RPIM. The literature survey made during the elaboration of 
this work showed that the use of the ISSF as a criterion to determine joint 
strength was only previously attempted in two works, dedicted to pre
dict the strength of TAST specimens [25] and SLJ [26]. Furthermore, 
those two works calculated the ISSF from FEM simulations. To the au
thors’ best knowledge, the present work is the first work where the ISSF 
is calculated from a RPIM simulation. Additionally, the effect of LO on 
the critical ISSF of SLJ was only previously studied in [26], which is 
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insufficient to establish a definitive conclusion. This work uses a 
different adhesive/adherend combination, so the data gathered 
regarding the effect of LO should clarify if the increase of the critical ISSF 
with LO found in Ref. [26] is universal, or if it was particular to the 
material combination used in that work. 

2. Experimental setup 

2.1. SLJ geometry and dimensions 

The meshless ISSF technique for strength prediction was validated 
with experiments, considering aluminium adherend SLJs bonded with a 
strong and brittle adhesive (Araldite® AV138). Fig. 1 overviews the 
base geometry, dimensions (LO was varied between 12.5 and 50 mm) 
and boundary conditions (BC). The applied BC aimed to emulate 
experimental testing under displacement control, and thus they involved 
clamping the left joint end, while a displacement (δ) was applied to the 
right end. Contrarily to LO, the other base dimensions were kept con
stant: adherends’ thickness tP=3 mm, adhesive thickness tA=0.2 mm, 
total joint length LT=180 mm and joint width B = 25 mm (B is not shown 
in the figure). 

2.2. Adherend and adhesive materials 

The AW6082-T651 aluminium alloy was selected as the base mate
rial for the adherends. This aluminium alloy has medium strength and 
ductility and is used in structural applications in the naval, automotive, 
and railroad industries. The unidirectional tensile behavior of this ma
terial was acquired from former works [38,39] by dogbone bulk tests 
leading to the characterization up to failure by means of the stress-strain 
(σ-ε) curves. Data analysis led to the properties defined in Table 1, 
including Young’s modulus (E), the Poisson coefficient (ν), the tensile 
yield stress (σy), the tensile strength (σf) and the tensile failure strain (εf). 

The SLJs were bonded with a strong yet brittle epoxy adhesive: the 
Araldite® AV138 from Huntsman®. Actually, the AV138 has σf ≈ 40 
MPa, which can be considered a high standard for epoxy adhesives, 
although it is brittle. As a result, the performance can be poor when 
applied to bonded joints, typically experiencing large peak stresses due 
to the sharp corners and compliance difference between adjacent ma
terials. Previous studies [38] showed that adhesives that fail to enter the 
plastic regime give usually worse results than less strong but ductile 
adhesives, particularly for large LO, due to the associated peak stresses 
arising at the overlap edges. This statement is also valid for small LO, but 
to a smaller extent, since the stress distributions in the adhesive layer 
flatten, thus decreasing the relevance of ductility. Thus, brittle adhesives 
can compete with ductile ones for small LO. The Araldite® AV138 was 
properly characterized in a former work by De Sousa et al. [9] to obtain 
the necessary input properties for strength prediction. The mechanical 
tests included bulk tensile and TAST testing. The bulk tests were 
executed following the NF T 76-142 French standard, which gives the 

specimens’ geometry and recommended manufacturing method, lead
ing to estimations of E, σy, σf and εf. On the other hand, the TAST tests led 
to the shear elastic modulus (G), shear yield stress (τy), shear strength 
(τf) and shear failure strain (γf). These tests followed the 11,003–2:1999 
ISO standard (for manufacturing and test protocols). The TAST speci
mens were thus assembled, aligned and cured in a jig with side pins to 
assure the longitudinal alignment. The adherend material for these 
specimens was steel (DIN C45E), whose stiffness manages to almost 
eliminate adherend strains that affect the stiffness calculations. All the 
obtained properties of this adhesive are presented in Table 2. 

2.3. Joint production and testing 

Joint manufacturing and testing is a highly relevant step of numer
ical validation works to be able to produce reliable and repeatable re
sults for comparison with the output of the numerical simulations for a 
clear assessment. Thus, these procedures should be carefully planned 
and executed, following the current standards and practices. The initial 
step consisted of cutting the adherends with dimensions of 140×25 
mm2. Before bonding, the adherends were sandblasted with corundum 
sand particles to remove the oxide layer and dirt/contaminants, which 
could prevent a good bond and trigger premature adhesive (interfacial) 
failures. Following, before bonding the adherends in a steel jig, prepa
ration was required. Actually, for the fabricated joints to achieve tA=0.2 

Fig. 1. SLJ geometry and dimensions in mm (LO was varied between 12.5 and 50 mm).  

Table 1 
Tensile properties of the AW6082-T651 aluminium 
alloy [38,39].  

Property Value 

E (GPa) 70.1 ± 0.83 
ν 0.30 
σy (MPa) 261.67 ± 7.65 
σf (MPa) 324.00 ± 0.16 
εf (%) 21.70 ± 4.24  

Table 2 
Properties of the Araldite® AV138 [9].  

Property AV138 

E (GPa) 4.89 ± 0.81 
ν 0.351 

σy (MPa) 36.49 ± 2.47 
σf (MPa) 39.45 ± 3.18 
εf (%) 1.21 ± 0.10 
G (GPa) 1.56 ± 0.01 
τy (MPa) 25.1 ± 0.33 
τf (MPa) 30.2 ± 0.40 
γf (%) 7.8 ± 0.7  

1 Data from the manufacturer. 
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mm, it was necessary to place Teflon® wire, having a diameter of 0.2 
mm, between adherends during the curing process. These stoppers were 
placed between 1 and 2 mm inside the overlap region to provide the 
minimum disruption to stress distributions in the adhesive layer but 
keeping the surfaces separated apart by 0.2 mm when applying pressure 
to the joints. To help with this process, the adherends were inserted in 
the jig with lateral guidance to prevent misalignments. After applying 
the adhesive to the lower adherend in the jig, the top adherend was 
slowly set in position and manually pressured against each other, such 
that the excess adhesive could flow out of the bonding length without 
the creation of voids. The specimens were then pressured at the overlap 
with grips and left to cure at room temperature. After curing, the excess 
adhesive was removed by milling to achieve the geometry of Fig. 1 as 
closely as possible. The joints were tested in a Universal Testing Machine 
(UTM), considering LT=180 mm for all joint configurations. A Shimadzu 
AG-X 100 UTM, equipped with a 100 kN load cell, was used. Loading 
was performed under displacement control, with a constant velocity of 
1 mm/min. Each joint configuration gave at least 4 valid tests, which 
enabled calculating the average failure load and considering it the 
experimental Pm for numerical model validation. 

3. Numerical analysis 

3.1. RPIM formulation 

The implementation of the RPIM is similar to the FEM, representing 
an advantage to adapt existing FEM software to RPIM. It all starts with 
the discretization of a domain Ω into a nodal set N = {n1,n2,..., nN} with 
coordinates X = {x1,x2,…, xN} ∈ Ω. Afterwards, it is necessary to define a 
background integration grid used to create the integration points. For 
instance, one can use the finite element mesh as the RPIM integration 
grid. The integration technique used to perform the numerical integra
tion of the stiffness matrix was the Gauss-Legendre quadrature. Within 
this technique, the grid-cells created are filled with integration points, 
following the Gauss-Legendre quadrature rule. Thus, inside each inte
gration cell, 2 × 2 integration points were inserted as Fig. 2(a) shows. 

The procedure applied within this rule can be found in detail in the 
literature [30,40]. Then, the influence domain of each integration point 
is determined. The FEM counterpart of influence domains is how the 
elements are organized in a matrix. The influence domain of an inte
gration point consists of a set of nodes used to construct the RPIM shape 
functions. There are several different techniques to determine the in
fluence domains, but each influence domain should possess a similar 
number of nodes. Due to that, in the simulations performed in this work, 
the influence domains of each integration point are composed of the 16 
nodes closest to it, which is within the advised number of nodes per 
influence domain found in the literature [30,41]. It is important to note 
that any given node possibly belongs to several influence domains. This 
concept (called domain overlapping) allows imposing the nodal con
nectivity [30]. The concepts described previously are presented in Fig. 2 
for two example integration points. 

In addition to the influence domains vs elements, the RPIM and the 
FEM also differ in how the shape functions are determined, which is 
described in detail in Section 3.1.1. Apart from that, the implementation 
of the RPIM is very similar to the FEM implementation. A global stiffness 
matrix is assembled from all the local stiffness matrices obtained using 
the shape functions and material properties. The natural (imposed 
forces) and essential (displacement constraints/imposition) boundary 
conditions are imposed, and the global system of equations is solved. 
These steps are performed in the same manner as in the FEM. 

3.1.1. Shape functions 
For an integration point xI⊂Rd, in the domain Ω, presented in Sec

tion 3.1, any field variable u(x) can be interpolated using the radial point 
interpolation technique[30]. Thus, interpolated value of an integration 
point xI, u(xI), can be obtained with: 

u(xI) = r(xI)
T a(xI) + p(xI)

T b(xI), (1) 

Being r(xI) the radial basis function vector, p(xI) the polynomial 
basis function vector and a(xI) and b(xI) the non-constant coefficients of 
r(xI) and p(xI), respectively. While a(xI) and r(xI) will have a size equal 
to [n × 1], b(xI) and p(xI) will have a size equal to [m × 1]. The total 

Fig. 2. (a) RPIM 2 × 2 integration scheme. (b)Representation of RPIM concepts.  
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number of nodes in the influence domain of xI is denoted by n, while the 
number of monomials of the complete polynomial basis, defined ac
cording to Pascal’s triangle, by m. 

In this work, a linear polynomial basis was used in the RPI formu
lation (p(x) = {1xy}T,m = 3), since a higher polynomial basis results in 
longer computational times and the results did not change significantly 
with them. The Radial Basis Function (RBF) used in this work was the 
multi-quadrics (MQ) RBF, but there are other alternatives such as the 
Gaussian RBF or the thin plate spline RBF [30]. The MQ-RBF is defined 
as ri(xI) = (d2

iI + (γda)
2
)
p
[30], being γ and p the MQ-RBF shape param

eters, da the integration weight of the interest point xI and diI the 
Euclidean norm between node i and the integration point I. For the 
RPIM, the parameters that provide the best results are γ=1.03 and p =
1.42, as suggested by Wang and Liu [42]. Thus, these values are used in 
this work. Applying Eq. (1) to each node of inside the influence domain 
of xI, leads to the following system of equations [30]: 

Ra(xI) + Pb(xI) = us, (2)  

where uT
s = { u1 u2 … un } is a vector with the field function values 

at each node inside the influence domain of xI, which can be the 
displacement, velocity, temperature or another variable, depending on 
the problem under analysis. The MQ-RBF moment matrix, R, will have a 
size equal to n × n, while the polynomial moment matrix, P, will have a 
size equal to m × n. To obtain a unique solution it is necessary to add 
another set of equations [30]: 

PT a(xI) = z, (3)  

being z a null vector with size [m × 1]. The combination of Eqs. (2) and 
(3) leads to the final set of equations [30]: 
[

R P
PT Z

] {
a(xI)

b(xI)

}

= MT

{
a(xI)

b(xI)

}

=

{
us
z

}

, (4)  

being Z a null matrix with size [m × m]. [30]. Then, a(xI) and b(xI) can 
be obtained: 
{

a(xI)

b(xI)

}

= M− 1
T

{
us
z

}

. (5) 

By substituting M− 1
T { us z }T into Eq. (1), the following is obtained: 

u(xI) =
{

r(xI)
T p(xI)

T } M− 1
T

{
us
z

}

. (6) 

The field function value for an interest point xI is interpolated using 
the shape function values at the nodes inside the influence domain of xI, 
which can be identified in Eq. (6) [30]: 

u(xI) =
{

Φ(xI)
T Ψ(xI)

T } M− 1
T

{
us
z

}

, (7)  

being Ψ (xI) = {ψ1(xI) ψ2(xI) … ψn(xI) }
T and Φ(xI) =

{φ1(xI) φ2(xI) … φn(xI) }
T a by-product vector with no relevant 

meaning and the interpolation shape function, respectively. A more 
complete formulation of the RPIM, including the derivatives of the shape 
functions needed to solve the Ku = f system of equations, can be found in 
the literature [30]. 

3.2. ISSF approach 

The ISSF, a fracture mechanics based approach, intends to study 
discontinuities in materials, as explained in Section 1. The present work 
uses the ISSF to analyze bi-material interface corners in SLJ, such as 
those in Fig. 3. 

The basis of the ISSF is the description of the stress, in polar co
ordinates (shown in Fig. 4), around an interface singularity based on the 
following equation: 

σij =
∑∞

n=1
Hnrλn − 1fij(λn, θ). (8) 

It can also be used to describe the displacement, also in polar co
ordinates, in the same region: 

uj =
∑∞

n=1
Hnrλn gj(λn, θ), (9)  

being n the number of singularity exponents (λ), which depends on the 
interface corner’s geometry and materials. Hn is the ISSF, or GSIF, which 
is a scalar value. The first step to solve this equation is the determination 
of λ, which are obtained by solving the following equation [43]: 

0 = e2 + b2 − (λc)2
− (λd)2

. (10) 

Equations e, b, c and d can be found in Appendix 1. The angles θ1 and 
θ2 in those equations are the angles of the materials in the interface 
corner, and α and β are the Dundurs parameters [44], which are material 
dependent and relate the properties of the interface corner materials, 
having the following definition: 

α =
G1(κ2 + 1) − G2(κ1 + 1)
G1(κ2 + 1) + G2(κ1 + 1)

(11)  

Fig. 3. Discontinuities in SLJ.  

Fig. 4. Polar coordinates in a bi-material interface corner.  
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β =
G1(κ2 − 1) − G2(κ1 − 1)
G1(κ2 + 1) + G2(κ1 + 1)

, (12)  

being κm=3,4νm in plane strain cases and Gm the shear modulus of 
material m. The subscripts 1 and 2 in this equation represent the two 
different materials of the interface corner. With λ determined, the next 
step is the calculation of the displacement and stress functions, fij(λn, θ) 
and gj(λn, θ) respectively, by solving the following system of equations: 

{ gm
rr gm

θ f m
rr f m

θθ f m
θ }

T
= NmXmY. (13) 

Here, m indicates the material and the matrices Nm and Xm, and 
vector Y are defined as [43]:   

X1 =

⎡

⎢
⎢
⎣

1 0
0 1

χ31 χ32
χ41 χ42

⎤

⎥
⎥
⎦; X2 =

⎡

⎢
⎢
⎣

χ51 χ52
χ61 χ62
χ71 χ72
χ81 χ82

⎤

⎥
⎥
⎦; Y =

{
y1
y2

}

. (15) 

The components of Xm and Y are given by the equations in Appendix 
2 [43]. 

After the two previous steps are completed, it is possible to determine 
Hn with the aid of a numerical simulation. In this work, this simulation 
was performed using the RPIM, and Hn was determined by performing 
an extrapolation to the corner, i.e. r = 0 mm, from values near it. 
However, there are other alternatives, such as performing a line or area 
integration encircling the interface corner, as in the work of Qian and 
Akisanya [43]. The extrapolation method requires a n number of points 
at different angles (θ) and at a fixed radius, equal to the number of λ, to 
determine H1 to Hn using the following system of equations: 
⎡

⎣
rλ1 − 1fθθ(λ1, θn+1) ⋯ rλn − 1fθθ(λn, θn+1)

⋮ ⋱ ⋮
rλ1 − 1fθθ(λ1, θn+n) ⋯ rλn − 1fθθ(λn, θn+n)

⎤

⎦

⎧
⎨

⎩

H1
⋮

Hn

⎫
⎬

⎭
=

⎧
⎨

⎩

σθθ(r, θn+1)

⋮
σθθ(r, θn+n)

⎫
⎬

⎭
.

(16) 

With Eq. (16), H is determined for several different r, and then it is 
extrapolated to r = 0 mm from an interval where the r vs H relationship 
is approximately linear to obtain the true H at the interface corner. 

3.3. Numerical setup 

As already stated, this work aims to validate the ISSF criterion 
through a meshless method, in this case, the RPIM. For this purpose, a 
developed meshless program running in MATLAB was used. At this 
stage, all the necessary modeling conditions to perform the numerical 
analysis were defined and input into the program. The first step was the 
creation of the geometries. Initially, a background integration grid 
(equivalent to a FEM mesh) was used to create the integration points, as 
previously described in Section 3.1. The grid was constructed through 

quadrilateral elements characterized by the four points’ coordinates 
corresponding to the vertices and the number of divisions along each 
dimension. These coordinates have to be precise to prevent the adher
ends and adhesive layer to overlap. Four geometries were created to 
evaluate the different LO. Afterwards, the material properties were 
specified. These were described in Section 2.2 for both the aluminium 
and the Araldite® AV138. For this analysis, the materials were consid
ered linear elastic. Then, the essential BC were detailed. In this manner, 
the left side of the SLJ was considered fixed (Ux=Uy=Uz=0), as shown in 
Fig. 1. On the contrary, at the right side, a prescribed displacement was 
imposed (Ux=δ; Uy=Uz=0). 

The set of nodes that describe the geometries was assigned to finish 
the pre-processing for the numerical analysis. Unlike in the FEM, it was 

not necessary to define the type of elements that describe the geometry 
at this stage because, for RPIM, only the nodes are necessary. The 
selected nodal distribution applied intended to find a balance between 
resolution and computational cost. As mentioned in Section 3.1, the size 
of each influence domain implemented was 16 nodes. Two different 
refinement levels were applied to evaluate the discretization’s influence 
in the ISSF criterion, as shown in Fig. 5(a) and (b). 

The baseline discretization has approximately half the number of 
nodes of the refined discretization at the interface corners (Fig. 5(c)). 
Material interfaces can be problematic in meshless methods like the 
RPIM. The influence domains of an integration point on a material can 
significantly penetrate the other material, influencing the numerical 
results. Several authors have proposed solutions to this problem 
[45–47]. They consist of limiting the interaction between different 
materials’ influence domains to the interfaces node layer, which was 
also adopted in this work. In summary, when the influence domain of a 
given integration point near the material interface is determined the 
algorithm considers the interface as a separation zone. So, if the inte
gration point is in the adherend it will only look for nodes in the 
adherend or the interface, while if the integration point is in the adhe
sive it will only look for nodes in the adhesive or the interface. This 
insures that there is still connectivity between the materials, since the 
nodes in the interface will belong to influence domains of both mate
rials, and that there is no influence domain penetration. An example of 
the influence domains near the interface with this restriction is shown in 
Fig. 6. All the simulations were performed under the following condi
tions: two-dimensional plane strain conditions, small deformations and 
linear elastic material behavior. After these simulations were concluded, 
the ISSF criterion was tested through a script implemented in MATLAB 
that contained the previously presented formulation in Section 3.2. 

4. Results 

4.1. Experimental results 

After concluding the experimental tests, it was possible to analyze 

Nm =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

(κm − λ)cos([λ − 1]θ)
2Gm

( − κm + λ)sin([λ − 1]θ)
2Gm

−
cos([λ + 1]θ)

2Gm

sin([λ + 1]θ)
2Gm

(κm + λ)sin([λ − 1]θ)
2Gm

(κm + λ)cos([λ − 1]θ)
2Gm

sin([λ + 1]θ)
2Gm

cos([λ + 1]θ)
2Gm

−
(
λ2 − 3λ

)
cos([λ − 1]θ)

(
λ2 − 3λ

)
sin([λ − 1]θ) − λcos([λ + 1]θ) λsin([λ + 1]θ)

(
λ2 + λ

)
cos([λ − 1]θ) −

(
λ2 + λ

)
sin([λ − 1]θ) λcos([λ + 1]θ) − λsin([λ + 1]θ)

(
λ2 − λ

)
sin([λ − 1]θ)

(
λ2 − λ

)
cos([λ − 1]θ) λsin([λ + 1]θ) λcos([λ + 1]θ)

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(14)   
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the type of fracture developed in the joints. A close inspection revealed 
that all the joints presented failure along the adhesive layer, with a 
visible and continuous adhesive layer on both failed adherends. These 
are signs of cohesive failure, indicating that joint preparation was 
accomplished correctly. Also, none of the joints presented plastic 
deformation in the adherends. The maximum sustained load (Pm) values 
were extracted from the load-displacement curves of every joint tested. 
Then, for each LO, the average Pm was obtained along with the corre
sponding standard deviation, leading to the Pm vs LO plot shown in 
Fig. 7. This curve presents an almost linear behavior, accompanied by a 
steady increase of Pm with LO, although with a reduction of the 
increasing slope of Pm for higher LO. Additionally, the Pm-LO curve is 
largely non-proportional with respect to the plot origin. The reason for 
this phenomenon is the adhesive’s brittleness or lack of ductility, which 
does not allow the joint to sustain the increasingly higher peel (σy) and 
shear (τxy) peak stresses developing at both ends of the adhesive layer for 
higher LO. Actually, this phenomenon is widely addressed in the litera
ture [9] and it contrasts with the behavior of joints bonded with ductile 
adhesives, where a close to proportional curve can be obtained if the 
adhesive is sufficiently ductile. Fig. 7 also shows low standard de
viations (maximum of 2.98% for LO=50 mm), corroborating the good 
specimen preparation and repeatability of results. 

Although the scope of the present work is restricted to the LO analysis 

and ISSF validation by changing this parameter, by comparison with 
available experimental data, other material and geometrical variables 
affect Pm.  

• Geometrically, apart from LO, the main parameters to be considered 
are tA and tP. Firstly, tA is a controversial issue in the literature 
regarding the associated phenomena leading to the modification of 
the adhesive performance with this parameter, although there is 
general a consensus that higher tA reduce Pm. Some hypotheses are 
the higher interfacial shear stresses [48], the poorer adhesive quality 
due to the introduction of micro-cracks and voids [49], or even the 
reduction of the cohesive stresses at the crack tip [50]. On the other 
hand, higher tP is often associated to improved strength, especially in 
joints bonded with brittle adhesives, due to more uniform stress 
distributions in the adhesive layer [51].  

• The effect of the adhesive and adherends’ material properties is also 
documented in the literature. Typically, and due to major stress 
gradients occurring in thin adhesive layers in bonded joints, strong 
and brittle adhesives perform well only for short LO, for which the 
stress variations are smaller, while failing to compete with less strong 
but ductile adhesives for larger LO. Actually, under these conditions, 
the peak stresses in the brittle adhesive is quickly reached at the 
overlap ends, and the joint fails prematurely. This issue was carefully 

Fig. 5. Baseline (a) and refined discretizations (b) at the overlap end and mesh detail around the interface corner (c).  
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assessed in the work of Nunes et al. [52], showing that the brittle 
Araldite® AV138 can compete with a less strong but ductile adhesive 
(Araldite® 2015) for short LO (12.5 mm), while not accomplishing so 
for larger LO (over 25 mm). The adherend material effect is closely 
related to the formerly introduced tP discussion, since higher 
adherend stiffness decreases peak stresses [53], and higher strength 
prevents adherend yielding, which can induce localized straining in 
the adhesive layer and lead to premature failures [54]. 

4.2. Determination of the stress singularities 

The first step of the ISSF estimation process was to evaluate the 
corner geometry. 

Analysing Fig. 8 and considering point A as the center of the polar 
coordinate system, the angle θ1 is associated with the adhesive layer 
geometry. In contrast, the angle θ2 defines the adherend geometry. 
Therefore θ1=π/2 rad and θ2=π rad. This corner geometry, alongside 
this material combination, leads to the existence of two exponents 
characterising the stress singularity at the adhesive/adherend interface 
corner (λ1 and λ2). Solving Eq. (10), λ1=0.6539 and λ2=0.9984 are ob
tained. As mentioned before, in this work, an interpolation method is 
applied. For that, two different angles are needed to perform the 
extrapolation, according to Eq. (16). In this case, the following angles 
were chosen: θ3=π/4 rad and θ4=-π/4 rad. These angles were not 
randomly chosen. They are the angles that allow a nodal based H1 and 
H2 determination in the two materials. Thus, one angle is in the 
ascending part of the σθθ curve (θ4) and the other one in the descending 
part of the same curve (θ3). 

The determination of the eigenvalues (λn) allowed the calculation of 
the parameter fθθ for the chosen interpolation angles (θ3 and θ4), by Eq. 
(13). This parameter completes the first matrix of Eq. (16). The matrix 
on the right side of this equation is obtained through numerical analysis. 
This equation system was repeated for different radii from the interface 
corner. The stress singularities (H1 and H2) were finally calculated for 
the different radii considered. This calculation was performed when the 
reaction forces equal the experimental failure at the end where the 
displacement was imposed. By plotting the values from the different 
radii, it was perceptible that they are stable in the interval 0.01<r<0.02 
mm (close enough to the corner tip to be influenced by other corners 
singularities). Thus, the values of H1 and H2 were extrapolated by a 
linear function to r = 0 mm from the values in this interval. In Fig. 9, this 
process was performed for the joint with LO=37.5 mm. To determine the 
stress singularities for the other LO, the extrapolations were performed at 
an imposed displacement where Hn (where n = 1 or n = 2) would be the 
same as the Hn of LO=37.5 mm at failure displacement. 

Fig. 9 shows the extrapolations for the different LO with the two 
considered discretizations. The obtained data reveals that the results are 
discretization-independent since the difference in the extrapolated H1 
between the baseline and the refined mesh is around 1%. The compar
ison between the different LO shows a more pronounced slope in 
extrapolation for larger LO. The RPIM approach also leads to slight os
cillations in the results because of the proximity to the singularity re
gion. However, these do not affect the results since they occur outside 
the r interval considered to perform the extrapolations. All the presented 
results concern only the first singularity (H1) since it is the most sig
nificant. Nonetheless, the determination of the second singularity 
component follows the same procedure. A comparison between the 
stress components obtained from the numerical simulations and the ones 
predicted by the analytical formula was also performed, as shown in 
Fig. 10. These were obtained at r = 0.01 mm, and when H1 was the same 
for all the LO. From this figure, a considerable similarity is found be
tween the numerical and analytical stresses, confirming the imple
mented formulation’s suitability. As expected, the stress components for 
the different LO are identical since the H1 was the same for all LO. 

Fig. 6. Influence domains at the material interface.  

Fig. 7. Pm vs LO plot with standard deviation.  

Fig. 8. SLJ corner geometry and anti-symmetry axis considered.  
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4.3. Numerical predictions 

The last stage of the ISSF criterion validation was the strength pre
diction and comparison with the experimental results. For this purpose, 
it was necessary to know the critical singularity components (Hc) to 
compare them with the singularity components determined in the 

previous section. This process can be carried out through different ap
proaches, such as the Reciprocal Work Contour Integral Method 
(RWCIM) [55]. However, they usually are very complicated to imple
ment. For that reason, an inverse technique was considered, consisting 
of a combination between numerical simulations and experimental data. 
In this case, the experimentally determined failure load was used as the 

Fig. 9. Extrapolation of H1 using the (a) baseline discretization and the (b) refined discretization.  

Fig. 10. Comparison between the analytical and numerical stress components: σrr (a), σθθ (b) and σrθ (c).  
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imposed load in a numerical simulation with a given LO. These simula
tions allowed the determination of the Hn values, which were then used 
as the Hnc values for the other LO, leading to Pm estimation for all LO. 
Since Hnc can be inferred for all LO, this process can be repeated for the 
four experimentally tested LO, giving four Pm vs LO prediction curves. 

The H1c attained with this method are presented in Fig. 11 for the 
different LO and the two discretizations. As previously discussed, only 
the H1 singularity component is presented due to its greater relevance to 
the predictions’ outcome. Moreover, the H1c values can be considered 
discretization-independent since the differences between the baseline 
and refined meshes are at most 1%. It was also found that the H1c esti
mates using LO=37.5 mm and LO=50 mm are very similar. Nonetheless, 
for smaller LO, the H1c results are lower, this was also observed in [26]. 
This behavior is because there is a small amount of plasticity in longer 
LO, even in this brittle adhesive. Thus, some energy would have to be 
spent in plasticizing the adhesive before creating a crack. Additionally, 
the crack can propagate stably for a few moments in longer LO, while for 
smaller LO, the whole joint fails as soon as there is a crack. 

Finally, Fig. 12 features the strength predictions where Pm was 
predicted using each H1c. These results concern the refined mesh since 
they are identical to those of the baseline mesh. By analysing the Pm vs 

LO plots, a slope increase is detected with each increment of LO. This 
observation contradicts the experimental results, where an LO increment 
leads to a slope decrease. Yet, this slope increase is minimal and does not 
affect the results in the LO range tested. The strength increases with LO 
for the two largest LO are perfectly in line with the experimental results 
(approximately a 1 kN increase), contrary to the lower strength in
creases of the smaller LO. While experimentally, a 1 kN strength increase 
(slightly over 1 kN) was verified, numerically, this increase was smaller 
than 1 kN. 

Regarding the method’s accuracy, it is perceptible that the strength 
predictions are very similar for the two largest LO, justified by a 0.87% 
percentual deviation when using LO=37.5 mm to predict the strength of 
the LO=50 mm joint. The same variation was verified when LO=50 mm 
was used to predict the strength of the LO=37.5 mm joint. For these two 
LO, predicting the strength with LO=12.5 mm is the least recommended 
procedure, given that percentual deviations of up to 14.66% were found. 
Predicting the strength of the highest LO with LO=25 mm leads to dis
crepancies around 5.58%. In the LO=12.5 mm case, the nearest pre
diction is when LO=25 mm was used. However, this originates an 
overprediction divergence of around 9.68%. Finally, for the LO=25 mm 
case, the closest prediction was found when using LO=50 mm, with a 
percentual deviation of 5.91%. These differences are only verified when 
the strength prediction of a given LO is attained with a different LO since 
each curve is based on the experimental failure load verified for that LO. 

5. Conclusions 

This work’s primary purpose was the implementation and validation 
of the ISSF criterion by a meshless method, in this case, the RPIM, for the 
strength prediction of multi-material corners in adhesively bonded 
joints. Initially, experimental tests were performed on aluminium SLJ 
with different LO, and the resulting strength data was collected to vali
date the proposed approach. In terms of the ISSF criterion, its imple
mentation started with defining the interface corner’s geometry, which 
led to two exponents characterising it (λ1 and λ2). Then, to determine Hn, 
an extrapolation method was applied, which consisted of determining 
these parameters for different radii and then extrapolating them to the 
interface corner. The results obtained in this work allow the following 
conclusions: 

• the numerical simulations showed that this technique does not de
pends on the discretization density, which constitutes a significant 
advantage in bonded joint design. Nonetheless, the RPIM results 
showed some oscillations of H1 that were not significant since they 
were not in the extrapolation interval;  

• an inverse method was applied to determine the critical singularity 
components (Hnc) necessary for the strength prediction. This 
approach combined numerical simulations with experimental data 
and led to good results for higher LO;  

• the obtained Hnc values with smaller LO showed lower strength 
predictions when a smaller LO was used to predict the strength of a 
larger LO. For this reason, it is advisable to only predict the strength 
with LO larger than the one used to determine Hnc. This way, a more 
conservative strength prediction is attained, which is recommended 
due to safety reasons;  

• the two highest LO presented incredibly similar strength predictions 
with a percentual deviation of only 0.83%. The maximum percentual 
deviation was found when the H1c determined with LO=12.5 mm was 
used to predict the strength of the LO=37.5 mm joint (14.66%); 

• the results obtained in this work validated the use of the ISSF crite
rion together with meshless methods for mixed-mode bonded joint 
analysis;  

• the proposed method for determining the Hnc values showed exciting 
results when considering its simplicity against other widespread 
approaches. 

Fig. 11. H1c comparison between the different LO.  

Fig. 12. Comparison between experimental and numerical Pm vs LO.  
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Appendix 1  

e = (α − β)
(
cos[2λθ1] − cos[2λθ1 − 2λθ2] + λ2[cos(2θ1) − cos(2θ1 + 2θ2) − 1 + cos(2θ2)]

)

+(1 + α)(1 − cos[2λθ1]) − (1 − β)(1 − cos[2λθ2])
(17)  

b = (α − β)
(
sin[2λθ1] − sin[2λθ1 − 2λθ2] − λ2[sin(2θ1) − sin(2θ1 + 2θ2) + sin(2θ2)]

)

− (1 + α)sin(2λθ1) − (1 − β)sin(2λθ2)
(18)  

c = (α − β)(cos[2λθ1] − cos[2λθ1 + 2θ2] + cos[2λθ2] − cos(2λθ2 − 2θ1) − 1 + cos(2θ1))

+(1 + α)(1 − cos[2θ1]) − (1 − β)(1 − cos[2θ2])
(19)  

d = (α − β)(sin[2θ1] + sin[2λθ2 − 2θ1] − sin[2λθ1] + sin(2λθ1 + 2θ2) − sin(2θ2))

− (1 + α)sin(2θ1) − (1 − β)sin(2θ2)
(20)  

Appendix 2  

χ31 = − cos(2λθ1) − λcos(2θ1) (21)  

χ32 = sin(2λθ1) − λsin(2θ1) (22)  

χ41 = sin(2λθ1) + λsin(2θ1) (23)  

χ42 = cos(2λθ1) − λcos(2θ1) (24)  

χ51 =
1 − β + (α − β)(λ − cos(2λθ1) − λcos(2θ1))

1 + α (25)  

χ52 =
(α − β)(sin(2λθ1) − λsin(2θ1))

1 + α (26)  

χ61 = −
(α − β)(sin(2λθ1) + λsin(2θ1))

1 + α (27)  

χ62 =
1 − β − (α − β)(λ + cos(2λθ1) − λcos(2θ1))

1 + α (28)  

χ71 =
(α − β)(sin[2λθ1] + λsin[2θ1])(sin[2λθ2] − λsin[2θ2])

1 + α

−
(1 − β + [α − β][λ − cos(2λθ1) − λcos(2θ1)])(cos[2λθ2] + λcos[2θ2])

1 + α

(29)  

χ72 = −
(α − β)(sin[2λθ1] − λsin[2θ1])(cos[2λθ2] + λcos[2θ2])

1 + α

−
(1 − β − [α − β][λ + cos(2λθ1) − λcos(2θ1)])(sin[2λθ2] − λsin[2θ2])

1 + α

(30)  

χ81 = −
(α − β)(sin[2λθ1] + λsin[2θ1])(cos[2λθ2] − λcos[2θ2])

1 + α

−
(1 − β + [α − β][λ − cos(2λθ1) − λcos(2θ1)])(sin[2λθ2] + λsin[2θ2])

1 + α

(31)  

χ82 = −
(α − β)(sin[2λθ1] − λsin[2θ1])(sin[2λθ2] + λsin[2θ2])

1 + α

−
(1 − β − [α − β][λ + cos(2λθ1) − λcos(2θ1)])(cos[2λθ2] − λcos[2θ2])

1 + α

(32) 
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y1 =
c − e

λ([λ + 1 − cos(2λθ1) − λcos(2θ1)][c − e] + b + d)
(33)  

y2 =
b + d

λ([λ + 1 − cos(2λθ1) − λcos(2θ1)][c − e] + b + d)
(34)  
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