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Abstract: In this paper, we consider a Stackelberg duopoly competition with
differentiated goods and with unknown costs. The firms' aim is to choose the output
levels of their products according to the well-known concept of perfect Bayesian
equilibrium. There is a firm ( ;) that chooses first the quantity g, of its good; the other

firm (F,) observes g, and then chooses the quantity g, of its good. We suppose that

each firm has two different technologies, and uses one of them following a probability
distribution. The use of either one or the other technology affects the unitary production
cost. We show that there is exactly one perfect Bayesian equilibrium for this game. We
analyse the advantages, for firms and for consumers, of using the technology with the
highest production cost versus the one with the cheapest cost.

Keywords: Game Theory, Industrial Organization, Optimization, Stackelberg,
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1 Introduction

A game is a situation with any kind of interactions, and it has, by definition,
participants who are called players. Bayesian games are games in which information
about characteristics of the other players (i.e. payoffs) is incomplete. Following J. C.
Harsanyi's framework, a Bayesian game can be modelled by assigning a random
variable to each player which can take values for each type of player and associating
probabilities or a probability density function to those types (see, for instance, [4, 5]). In
a Bayesian game, the incompleteness of information means that at least one player is
unsure about the type (and so the payoff function) of, at least, another player. In a non-
Bayesian game, a strategy profile is a Nash equilibrium if every strategy in that profile
is a best response to every other strategy in the profile, i.e. no player has anything to
gain from changing his or her own strategy alone. In a Bayesian game, rational players
are seeking to maximize their expected payoff, given their beliefs about the other
players. A Nash equilibrium for a Bayesian dynamic game is called a perfect Bayesian
equilibrium. The case that we will study belongs to this class of games, since there are
market conflicts in which each firm knows its production costs, but does not know the
production costs of the other firm.

Let F, and F, be two firms, each producing a differentiated product, and
competing on quantities. Von Stackelberg [7] proposed a dynamic model of duopoly in
which a dominant (leader) firm moves first and a subordinate (follower) firm moves
second. In the case of complete information, it is well-known that the leading firm has
advantages over the follower (see, for instance, [3]). The timing of the game is as
follows: (1) The leading firm chooses a quantity level g, 20 (i) The follower observes
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q,, and then chooses a quantity level g, 20.In § 2, we present the Stackelberg model
with differentiated goods. In § 3, we study this model by considering that each firm has
two different technologies, and uses one of them following a probability distribution.
The use of either one or the other technology affects the unitary production cost. We
suppose that firm F;'s unitary production cost is ¢, with probability ¢ and c, with
probability 1-¢ (where c, >c,), and firm F,'s unitary production cost is ¢, with
probability € and ¢, with probability 1-6 (where ¢, >c,). Both probability

distributions of unitary production costs are common knowledge. In this work, we
determine the quantities in the perfect Bayesian equilibrium for the above model, and
we show that the follower firm may profit more than the leading (see § 3). We also

analyse the variations of the prices and the profits over the parameters of the probability
distributions, for some different degrees of product differentiation. In [1], it is studied
the effect of the uncertain production costs on the model that considers that both firms
choose their quantities simultaneously. In that case, and with homogeneous goods, if
both firms have the same expected production costs, the firm with higher variance is the
one that expects to have higher profits.

2 The model with complete information

We consider an economy with a monopolistic sector with two firms, F, and F,.
Firm F, produces a differentiated product i at a constant marginal cost. We present the

sequential-move model, with complete information, in which firms choose quantities.
The timing of the game is as follows: (i) Firm F, (leader) chooses a quantity g, 20 for

its good; (i) firm F, (follower) observes g, and then chooses a quantity g, =20 for its

good.
The inverse demands are

p,=a-q,—74;,

provided that the quantities g, are positive, with i, je {1,2} and i # j, where a >0 and
0< y<1. The parameter ¥ expresses the degree of product differentiation (see [6]), and
since ¥<1, “cross effects” are dominated by “own effects” (see [2]). Moreover, if
¥ =1, then the goods are homogeneous, and if ¥ =0, then the goods are independent.
Firm F,'s profit, 7., is given by

ﬂi(qi’qj) =%(Pi _C)
=q,(a=q,=yq;—0),

where 0 < ¢ < a is the unitary production cost for both firms.
Now, we are going to compute the perfect Nash equilibrium (g,,q,) of this

game. Using backwards-induction, we will first compute firm F,'s reaction, ¢,(gq,), to

an arbitrary quantity g, fixed by the firm F,. This quantity g,(g,) is given by
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Q; (Q1) =arg mag)(ﬂ'z (ql’ QQ)

‘122
_a—-c—7q
2
Firm F, can anticipate g¢,(q,). Thus,

* * a—c—
7(q,,9,(q) = q,(a—c—q,— yq,(q))) = q, (a—c—% -r = Y4, j

Hence, the quantity g, is given by

_a_c_y%)

q1*=afgmaqu(a—c—%—7 >

_Q2-pla=o
22-7)

Then,
4-2y-y)a—c)
42-7y

q,(q) =

So, the perfect Nash equilibrium (g, ,g,) is equal to

(Q—?Xa—d m—zy—fXa—@J.
22-7) T 42-7)

Remark 1. Unless the goods are independent (¥ =0), the quantity of the good

produced by the leading firm is higher than the quantity produced by the follower. In
fact, we have that

. *_72(a—c)
9 Q2_4(2_72)2 .

Remark 2. Firm F,'s profit, 7, , at equilibrium is given by

_(r=2(a=0o)
ST

and firm F,'s profit, 7, , at equilibrium is given by

- 4=2y-7)(@a-cy
? 162-7)

[hen, we get
- —c)?
. . Y@A=-39(a-c) >0

—_ 9

LT 16—y

which means that, unless the goods are independent (¥ =0), the leading firm has
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advantages over the follower.

3 The model with incomplete information

In this section, we consider the model presented in the previous section, but now
with incomplete information. In a game of complete information the players' payoff
functions are common knowledge. In a game of incomplete information, in contrast, at
least one player is uncertain about, at least, another player's payoff function. These
games are called Bayesian games. We suppose that each firm has two different
technologies, and uses one of them following some probability distribution. The use of
either one or the other technology affects the unitary production cost. The following
probability distributions of unitary production costs are common knowledge among
both firms:

B

1

_ |, with probability ¢
" |¢, with probability1—¢

2

_ | ey with probability 6
- ¢, With probability1-6

We suppose that ¢, >¢,, ¢, >¢, and c,,c,,c,,c, <a.Firms' profits are given by
7(4,(¢,), 4, (c,)) = (a=q,(¢c;)) = ¥q,(c,) = ¢)q,(¢)),

7,(q,(¢)), q,(c,)) = (a—q,(c,) = 7q,(c;) —¢,)q,(c,),

where ¢, is firm F;'s unitary production cost, and the quantity g,(c;) depends upon the
unitary production cost ¢; of firm F;, for ie {1,2}.

Firm F, should choose a quantity, ¢, (c,) or g, (c,), depending on its unitary
production cost, to maximize its expected profit; and firm F, should choose a quantity,
g,(c,) or g,(c,), depending on its unitary production cost, to maximize its expected

profit.
Proposition 1. Let E(C,)=60c,+(1-8)c, be firm F,'s expected unitary

production cost. For the Stackelberg model with uncertain costs considered above, the
perfect Bayesian equilibrium is

((g; (). q () (gs(cy 1q (). gs (e, 1g; (e)). a5 (e, 1g; (e ). a5 (e, 1g; (c,)))),
where

(2-y)a=2c, +yE(C,)
22-7)

g (cy) = ; )
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2=p)a—2c, +yYE(C,)

q(cy) = 2—7) , (2)
4, (cy g/ (c,) = (4_27/_72)a+2?§("2__(;_) 2/ )6y = 72E(C2), (3)
426, 1g) () = 422 = dat 226(3‘_(;‘5 27)e, Y BG) @
46y 14 () = B2 )“”ffz‘_(;‘j)”z )y 7 EC) 5)
g1 (e, = B2 yat2ye, —(4=2y)e, —yE(C) ©)

42-7")

assuming that the parameters are such that all these quantities are non-negative.
Proof. Using backwards-induction, we will first compute firm F,'s reaction,

4,(q,), to an arbitrary quantity ¢, fixed by firm F,. We point out that
6~ 741*

* £ a
9,(c, |ql)=#, @)

with ¢, € {c,,c, }, as under the complete information case.

Firm F, can anticipate g,(g,) and then use this value to compute ¢, . If firm F's
unitary production cost is high, then

q,(c,) =arg mggq(é’(a —q,—7q,(c, 1q(c))—c)g +(1-0)a—q, —yq,(c, 1 q,(c,)—c)q,);

and if it is low, then

QI*(CB) = arg max(6(a—gq, — 7/q>2k (cy lq,(cp))—cp)g +(1-)a—q,— 7q>2k(cL lg,(cs))—cy)q,)

9 >0

Hence,
2-y)a—2c,+y(Oc, +(1-0)c,)
1\Cq) = 8
4(c,) o 8)
and
ql*(cB)= 2-y)a=2c, +y(Oc, +(1—9)CL). )

22-7°)

Replacing, in (7), g, by ¢, (c,) or ¢, (c,), given, respectively, by (8) and (9), we get

(4-2y—y)a+2yc,—(4=2y")c, -y’ (6c, +(1-6)c,)
42-7) ’

q,(c, g, (c,)) =
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(4-2y-y)a+2yc, —(4=2y")c, =y (6c, + (1= 6)c,)
42-7) ’

q,(c, 1q,(c,)) =

with ¢, € {c,.c, }.

Remark 3. Let E(C)) =¢c, +(1-¢)c, be firm F;'s expected unitary production
cost, and let E(C,) =60c, +(1—-6)c, be firm F,'s expected unitary production cost. The
expected quantity, E(g,), produced by firm F, is given by

E(q)=q,(c,)p+q, (c,)(1-9)
_(2-pa-2E(C)+7EC,) (10)
22-7%) ’

and the expected quantity, E(q, ), produced by firm F, is given by

E(qy)=(q5(cy; 1, (e NP+a5(c, 1q; (c, )(1— ) 0+

+(a3(c, 1q, (€, NP+45(c, 1, (c,))(1—9)) (1-6) (11)
_(4=2y—p)a+2yE(C)-(4-7)EG,)
42-7%)

Therefore, the expected quantity produced by a firm is decreasing with its probability
of using the more expensive technology and increasing with the probability that the
other firm is using the more expensive technology.

Remark 4. The expected aggregate quantity, E(Q"), produced by both firms is
given by

E(Q")=E(q)+E(q,)
_ 8-4y-7)a=22-pEC)-@4-27" -y E(C,)
42-7)

Therefore, the aggregate quantity is increasing with the probabilities that the firms are
using the less expensive technologies.

Remark 5. The expected market price, E(p,), of the good produced by firm F,
is given by
E(p,)=a-E(q)-7E(q,)
_(2=pa+2E(C)+EC,)
4 ,

and the expected market price, E(p,), of the good produced by firm F, is given by

E(p,)=a—YE(g)—E(q,)
_ (4-2y-y)a+2yE(C)+(4-3y°)E(C,)
42-7) '
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Therefore, the expected price of the good produced by a firm is increasing with the
probabilities that the firms are using the more expensive technologies.
Remark 6. Let V(C,) be the variance of firm F,'s unitary production cost, for

ie{1,2}. Firm F,'s expected profit, E(7, ), is given by

(@=p)a—2E(C)+7E(C))"  V(C)
+ )
82-7%) 22-77)

E(m))=
and firm F,'s expected profit, E(7,), is given by

((4—7—yz)a+2yE<cl>—<4—7z>E(cz>)2+ FVE) V()
16(2-7*) I

E(r,) =

Therefore, the expected profit of the leading firm is increasing with the variance
of its production costs, and the expected profit of the follower firm is increasing with
both variance of its production costs and variance of leading firm's production costs.

The effect of the probabilities ¢ and @ over the firms' expected profits is shown
in Figure 1 A for the case of independent goods (¥ =0), and in Figure 1 B for the case
of an intermediate degree of differentiation of the goods (¥ =0.8), for some parameter
region of the model. We see that the follower firm may expect to have higher profits
than the leading. However, if both firms have the same expected production costs, then
the leading firm has higher expected profits than the follower. We note that both firms
profit more in the case of independent goods than in the case of differentiated goods.

A B

Elx) -E(m;) E(x)) -E(I‘E)

Expected profits

Expected profits

Figure 1: Firms' expected profits, E(7r1*) and E(n;), in the case of: ( A) firms
producing independent goods (¥ =0); and ( B) firms producing differentiated goods
with degree of differentiation y=0.8. Other parameters values: a=10, ¢, =c, =5

and ¢; =¢, =3.
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4 Conclusion

For the Stackelberg model, we showed that in the case of uncertainty on the
production costs, and in contrast to the case with complete information, the follower
firm can profit more than the leading firm. We also showed that the expected profit of
the leading firm increases with the variance of its production costs, and the expected
profit of the follower firm increases with both variance of its production costs and
variance of leading firm' production cost.
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