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Abstract

We prove a one-to-one correspondence between (i) ct* conjugacy classes of c*H cantor excha nge
systems that are c*H fixed points of renormalization and (ii) ct* conjugacy classes of c*H diffeo-
morphisms f with a codimension 1 hyperbolic attractor A that admit an invariant measure
absolutely continuous with respect to the Hausdorff measure on A. However, we prove that thereis no
c*2 cantor exchange system, with bounded geometry, that is a c1*2 fixed point of renormalization
withregularity a
greater than the Hausdorff dimension of its invariant Cantor set.

1. Introduction

The works of Masur [11], Penner and Harer [14], Thurston [27,28] and Veech [29] show a
strong link between affine interval exchange maps and Anosov and pseudo-Anosov maps. We
develop a smooth version of the above link proving that every C1** diffeomorphism f on a sur-
face, with a codimension 1 hyperbolic attractor, induces a C**" Cantor exchange system Q@ .
E. Ghys and D. Sullivan (see E. Cawley [3]) observed that Anosov diffeomorphisms on the torus
determine circle diffeomorphisms that have an associated renormalization operator. In the
same direction, we prove that every C'*M diffeomorphism f on a surface, with a
codimension 1 hyperbolic attractor, determines a renormalization operator acting on the
topological conjugacy
class [@f] co of @f. Then, we go one step further proving that every C'* conjugacy classes



of C*" Cantor exchange systems @ € [@f]othat are C1*" fixed points of renormalization, [Ry
®Olcin = [@)crn , determines a unique C**" diffeomorphism g, topologically conjugateto f,
with an invariant measure absolutely continuous with respect to the Hausdorff measure on

its invariant set. Furthermore, there is a Teichmiiller space of solenoid functions (as introduced
in [19]) which characterizes the set of all C!* conjugacy classes of C1*H Cantor exchange
systems @ € [@f]cothat are C1*" fixed points of renormalization [Rf @]ciu = [@]c1+n . Denjoy
[4] has shown the existence of upper bounds for the smoothness of Denjoy maps (see
related re- sults of J. Harrison [8] and A. Norton [13]). We prove that there is no C1*® Cantor
exchange system W € [@f ] , with bounded geometry, that is a C*** fixed point of

renormalizationwith regularity a greater than the Hausdorff dimension of the Cantor invariant
setof Y.

1.1. Train tracks

A train track T= " ~ 1j/ ~ s the disjoint union of non-trivial compact intervals /; € R
with a given endpoints e{fulivalence relation. Let " 4 be afinite disjoint union of non-trivial
j=1
compact intervals j; € R. An endpoints eqtyz_lence relation consists in fixing pairwise disjoint
equivalence classes E1, ..., E; such that Ij:1 Ej is equal to the set of all endpoints of the
intervals h, ..., I, and any two endpoints x and y are equivalent if, and only if, they belong to
a same set Ej. Weallow the case where some equivalence classes are singletons.

Aparametrization a:l > Tin Tistheimage of anon-trivialinterval/ in Rbyahomeomor-
phismontoitsimage.If/isclosed (respectively,open),wesaythata(/)isaclosed(respectively,

open) arcin T.A chart in Tis the inverse of a parametrization. A topological atlas B on the train
track T is a given set of charts {(j, J)} on the train track covering locally every arc. A C1*2,
with a> 0, atlas B on the train track T is a topological atlas such that the overlap maps are C1*®
and have uniformly €1** bounded norm. A C1** atlas B is a C1*? atlas, for some a> 0.

1.2. Cantor exchange systems

A C1** exchange system @ ={¢;; i=1, ..., n}on atrain track Te, with a C**# atlas Bo, is a
finite set of maps @ : lp; = Jp; with the following properties:

(i) Thesets i(p,- and .](p,- are closed intervals in the train track T, and, for some a >0, the maps
@i € @ are C** diffeomorphisms with respect to the charts in the atlas Bo;
(ii) 1f @;:lp; > Jp; isin @, then there s ¢ :i,pj éjlpj in @ such that i(pj =]¢,,J(pj =y, and
Pi=¢
(iii) For every x €To, there exist at most two distinct intervals Iy, and i¢j containing x.

We note that condition (i) implies that the intervals ]¢, are also closed intervals. We say
that a finite sequence {(pr4- € (D};":1 or an infinite sequgnce {(p,;] € D}n;21 is admissible with re-
spect to x, if @i, °° @i (X) Ei(p;,, cand @i, /=9, . for all n > 1. We define the invariant
set Qo of @ as being the set of all poings x € Te for which there are two distinct infinite ad-
missible sequences {¢" € ®}n;21 and {¢@° € O}n;21 with respect to x. The forward orbit O"(x)

In In
of a point x € Qg is the set {(piFn(x): n € 1}, and the backward orbit 08(x) of x is the set
{(pﬁ'1 (x): n € 1}. We will assume that the invariant set Qg is minimal, i.e., for every x € Qg ,the
closure OF (x) is equal to the invariant set Qg and that the closure 08(x) is also equal to the



invariant set Qg. Furthermore, without loss of generality, we will assume that there are

inter-vals /o, Clp,, ..., lp, Clp, such that the endpoints of the intervals Iy,, ..., Iy, belong
to the

invariant set Qg and Qg c/i”:1 lp;. We denote the Hausdorff dimension of Qg by HD(Qo).
If 0 < HD(Qo )< 1, we call ® a C**" Cantor exchange system, which is the case studied in this
paper.

We say that a Cantor exchange system @ is determined by a map ¢ : Ip 9 Jo if all the maps
@i :lp; > Jy; contained in @ are the restriction of the map ¢ or its inverse to ly;. In thiscase,

we call ¢ a Cantor exchange map. We note that not all Cantor exchange systems are
determined

by a Cantor exchange map.

We say that two C1*® Cantor exchange systemps @ ={pi:lp , SJp;;i=1,...,n}and ¥ =
{Wi: Ilp,» 9]4,,-; i=1,...,n},witha>0,areC conjugateifthereisamaph: Qe - Qu, with
a homeomorphic extension : Tp = Ty to the train track T, such that h ° @;(x) = i ° h(x)
for all x € Qp . Wedenote by [@]o the set of all C1*" Cantor exchange systems that are  ¢°
conjugate to @. By minimality of the invariant set Qg , the map h is unique (but its
extension £ is not necessarily unique). If h has a C1*® diffeomorphic extension, with respect to
the C1* atlas Bg , to the train track Tp, then we say that @ and W are C*® conjugate. We
denote by [@]ci« the set of all C*® Cantor exchange systems that are C'*® conjugate to
@, and we J
denoteby[@]a+ntheset™ ,5o[@]c 1+a-

1.3. Renormalization

Let @ ={@itip; >Jp; i=1,...,n}and W ={iiy; >y i=1,...,m}be C LHH
Cantor exchange systems. We say that W is a renormalization of @ if there is a renormalization
sequence set § =S(®, W) ={s',...,s™} with the following properties:

(i) Foreveryi€{1,..., n}, we have that
Ui =g, C""Oﬁf’;" Iy,

where 5° :-"L.‘-, ...5y € 8. In particular, 2y C 29 and Iy, C 1y, .
5 4

S

(ii) Forevery x € Q¢ \Qu, there are exactly two distinct sequences s',s/ €S with the property
that there are points y; € ly;, yj € ly;such that

x=qg -C""C'ﬁb.s'i{-"f'} and x=4¢ ; 01--0(_25_\_{[_\‘;‘],

i
Spi i) 53
kix.i) “k(x, )

for some 0 < k(x,i) < k[if} and 0 < kix, j) = k{i*"].

If W is a renormalization of @, with renormalization sequence set S(®, W ), then there is a
unique renormalization operator R = Rsip,y): [@]co > [V ] defined as follows: Let @ bea

C*H Cantor exchange system topologically conjugate to @. Let £ : Tp > Tw be a homeo-
morphic extension to the train track T of the topological conjugacy h : Q@ - Qu. Since h is

unique, by minimality of Qg, for every s’ €S, &(ly;) and &(Jy;) are the smallest closed arcs,

containing h(ly;) and h(Jy,), respectively,and, so, are uniquely determined. Define the C
Cantor exchange system ¥ by

¥ = |1."r.=¢ i oo E(Iy) — E(Jy). forevery 5° ES(fI).lI‘]}.
. L ! !



By construction, ¥ _is topologically conjugate to ¥ and does not depend on the extension ¢

of

1+H
h considered in the sets (1y, ), . . ., &(ly, ). Furthermore, WisaC Cantor exchange sys-
tem that is a renormalization of @ with respect to the renormalization sequence set S(Q,¥ ) =

S(®, W). Hence, the renormalization operator R is well defined by RO =Y.

Definition 1.1. Let R : [@]0 = [W ]0 be a renormalization operator. We say that a C1** Cantor
exchange system I € [@] o is a C* fixed point of the renormalization operator R, if Rl is C1*%
conjugated to I, i.e., [RI ]cira = [ ci+a. We say that a C1*F' Cantor exchange system/” € [®@]co
is a C1** fixed point of the renormalization operator R, if I is C1*2 fixed point of

the renormalization operator R, for some a> 0.

1.4. Codimension 1 attractors

Throughoutthis paper, (£, A, M)isa C** diffeomorphism fwith acodimension 1 hyper-
bolic attractor A and with a Markov partition M on A satisfying the disjointness property as
we pass to describe.

Wesaythat (f,A)isa C1*H diffeomorphism f with a codimension 1 hyperbolic attractor
A, if (f,A)hasthefollowing properties:

(i) £:5->Sisac'*diffeomorphismofacompactsurface S withrespecttoa C**¥structure
on S, for some a>0.

(if) AisahyperbolicinvariantsubsetofSsuchthatf|AistopologicallytransitiveandAhas
a local product structure.

n
(iii) Thereisanopenset O cSsuchthatA= .20f" O.

A c** diffeomorphism (f,A) with codimension 1 hyperbolic attractor has the property that
the local stable leaves intersected with A are Cantor sets and the local unstable leaves
are 1-dimensional manifolds (see Appendix A.1, and also [1] and [30]). Let HD(A®) be the
Haus- dorff dimension of the stable leaves intersected with the basic set. Furthermore,
(f,A\) has a Markov partition M on A with the following disjointness property: The unstable
leaf bound- aries of any two Markov rectangles do not intersect except, possibly, at their
endpoints (seealso Appendix A.3).

Let f be a C*" diffeomorphism with codimension 1 hyperbolic attractor A and with a
Markov partition M satisfying the disjointness property. In Section 2, we present an explicit
construction of a C1** Cantor exchange system @y \, induced by (f, A, M). Let (£ g be
the topological conjugacy class of @f pg. In Section 3, we present an explicit construction of a
renormalization operator Rg, pg: (e, ng = (g, pg acting on the topological conjugacy class Ce pg
ofthe C!*" Cantor exchange system @y, , induced by (f, A, M).

Let F be the set of all C*" codimension 1 hyperbolic diffeomorphisms topologically con-
jugateto f (see AppendixA.6).

Theorem 1 (Teichmiiller space). Let (f, A, M) be a C**" diffeomorphism f with a codi-
mension 1 hyperbolic attractor A and with a Markov partition M for f on A satisfying the
disjointnessproperty. Thereisaunique map

Tim :f:{lglt-l-u: \[;E}_} —-C= I[a’)lc-nu: (bEC_lr__M}



defined by Tem(lglcin ) = [@g,m, lc1+n, where My is the pushforward of the Markov parti-
tion M of f by the topological conjugacy between f and g. The map T =Tgp:F - C has
the following properties:

@) If [@lcrst =T [g)crsn, then HD(To) =HD(Ag);

(b) T(F) = Cg, where Cgr c Cis the set of all C**" conjugacy classes [®] 1+ € C that are
Cc**" fixed points of renormalization, [R®)cien = [@]cien;

(c) For every [@)cin € Cr there is a unique C**" conjugacy class of C* hyperbolic diffeo-
morphisms g € T ~Y([®] 11 ) with a codimension 1 hyperbolic invariant set Ay that admits
an invariant measure absolutely continuous with respect to the Hausdorff measure on Ag;

(d) The set Cris characterized by a moduli space consisting of solenoidfunctions.

The above solenoid functions are introduced in [19] where they were used to construct
a moduli space for the set of all c1*" diffeomorphisms on a surface § with a hyperbolic
invariant set A contained in S (see Appendices A.10-A.16).

Remark 1. We note that in Theorem 1, if the unstable lamination of the attractor set A is
ori- entable, then the Cantor exchange systems in (¢ ps are determined by Cantor exchange
maps.

1.5. Upper smooth bounds for Cantor exchange systems

Let @ and ¥ be C*" Cantor exchange systems such that & is a renormalization of @ with
renormalization sequence set S = S(®, W ). Let us suppose that ¥ is topologically conjugateto
O, i.e., ®is a Y fixed point of renormalization [R®] o = [@]co. In this case @ is an infinitely
renormalizable C1** Cantor exchange system, i.e., there is an infinite sequence

(R™® ={¢\™:I[;" — I™: i=1.....n(m)})

mzl

of Cantor exchange systems inductively determined, for every m € 1, by R™® =R(R™1®)
with S(R™®, R™1®) =5(®, ¥).
Set
L}f;] — I{ﬁ(.:irl o _‘_oét.:rrjt:nlﬁ.ri-#]\): ‘;;;.»—I) c ‘r:?:']‘ D‘QK < “LJ s; ESI,
.\x l‘ *r " 1

.\
1

Set, inductivelyon; €1, thesets

Ly = Ids“” o™ T LYTD, Tl 0<k<k(s,), 5 €S).
i 94
N . .
By construction, L0+1)CL0)and() o L9 we call L(J)thejth level of the parti-
j;?1 m m

tion of R ®. Let thej g{apuset G{” of R™® be the set of all ['naximal closed intervals / such
that / cJ forsomeJ €LY and intl Nk =0, for every K €L, We say that the C1*"
m

Cantor exchange system @ has bounded geometry, if there are constants 0 < c1, ¢2 <1 such
that,
for aIUQl andallintervals/ EL(”BJG(/) cco)ntamed inasameinterval KeL0™Y

c1 <|Z()IL(K)| <c2  atlas Bo.

,we have
"0



, Where the length is measured with respect to any chart { in the Cl*®
Before proceeding, we present the following notion of C%"P regularity of afunction.



Definition 1.2. Let ¢ : | - J be a homeomorphism between open sets/ c RandJ c R.If0
<a <1,then @ is said to be CV® if it is differentiable and for all points x, y €/

6" (v) —¢' ()] < xp(ly —x1) (n

where the positive function yo(t) satisfies lime=so o (t)/t* =

In particular, a c**8 diffeomorphism is C¥®for all 0 <a < 8. Furthermore, a C+® homeo-
morphism is C1* . Hence, for all 0 <a < 8, we have C1*6 c cV@ c cl*2,
Theorem 2. Let (¢ pg be the topological conjugacy class of C - cantor exchange systemsde-
termined by a C**! diffeomorphism F with codimension 1 hyperbolic attractor A and with
a Markov partition M satisfying the disjointness property (as in Theorem 1). There is no
CLHD(Q[D) Cantor exchange system @ € Cf, Iy with bounded geometry, that is a CLHD(O(D}
fixed point of renormalization operator, i.e., [Re @] comoiee) =@ Ho00)-

2. Induced Cantor exchange systems

In this section, given a C1*" diffeomorphism F with codimension 1 hyperbolic attractor
AN and with a Markov partition M satisfying the disjointness property, we present an
explicit
construction oftheinduced C1** Cantor exchange system @ =Q@f ™.

Suppose that M and N are Markov rectangles, and x € M andy € N. We say thatx and
y are stable holonomically related if (i) there is an unstable leaf segment £Y(x,y) such
that
O£Y(x,y) ={x,y}, and (ii) £/(x, y) c £“(x, M) U£"(y, N). Let P =P w be the set of all pairs
(M, N) such that there are points x € M and y € N stable holonomically related.

For every Markov rectangle M € M, choose a spanning leaf segment £y in M. Let / =
E@VI: M € M3}. For every pair (M,N) EP, thereDare maxirPaI leaf segments £° (M,N) C £m,

mn) © £n such that the holonomy hmn )i £y ) = £y ) 1S Well defined (see Appen-
dix A.3). We call such holonomies hjm,n ) : £D(M’N) - E(CM,N) the (stable) primitive holonomies
associated to the Markov partition M.

Definition 2.1. The set H={hmn): £ (M,N) — E?:M,N) ; (M, N) EP}is acomplete set of stable
holonomies.

In Fig. 1, we consider a derived-Anosov diffeomorphism g : T = T semi-conjugated, by
a map rm:T > T, to the Anosov automorphism f:T = T defined by f(x,y) =(x +
Yh&x’,uyyh?x,%)fhfs,&i,%@’ x Zw.)1 We exhibit the complete set of holonomies Hy, ™M =
(AAY h(A By h(BA} associated to the Markov partition M = {A, B}
of f. The derived-Anosov dlffeomorphlsm g admits a Markov partition Mg ={A1, A2, B1}with
the property that A=m(A1) Umn(A2) and B = nLgB1) The complete set of holonomleB Hg,m,

hiana) o m |"(EQ%A1))

is related to Hrpg as foll%ws hia,g) o m | (£ ) =1 ha, B
(B A)

1t o h(a,,Ay), h(B,A) ot | (£ J=me h(s A('L)laﬁd h(,a)e°mt nz
(B1,A1) (B1L,A2)

Lemmal. Thetriple (f, A\, M)induces atraintrack Tr with a set of canonical parametriza-
tions. Furthermore, the atlas A*(f,p) induces a C*** atlas BS(f,p) in T¥.
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Fig. 1. The complete set of holonomies Hg,Mg = {h(A1'31)'h(Az'Al)'h(31'A1)'h(311A2)'h_ 1 ,h_1

P -1 (A1,B1) (A2,A1)
(B ALY (31 A )} for the derived-Anosov diffeomorphism g : T - T semi-conjugated, byamapmn: 7> T, to

the Anosov automorphlsmf T = T defined by f (x, y) = (x + y, y). The complete set of holonomies for
Hie pprosiy saurdmogpispn Fh T % T associated to the Markov partition M ={A, B} is glveR/,by

(AA)' h(Am}' h(BA)} The complete set of holongmies H is re-
lated to H{’M as follows hiag) °mt|m(£, =4t > hiay, )1), h(;},?\) anln(E(A2 A1)) 7t o h(a,Aq),

’

h(ga)° rt| (£ )=mehg, A)and h(s,aj olh}}-r(f
(B1,A1) 1 (B1,A2) 1 z



Proof. For every leaf segment £u1 €/, let £ be the smallest full leaf segment containing £u
(see definition in Appendix A). Let £y be a full leaf segment that is a small extension of the
leaf f/\//, that compactly contains fM, and does not intersect any other Markov rectangle. By
the Stable Manifold Theorem, there are C1** diffeomorphisms ks : £v = Kvi. We choose the
c*H diffeomorphisms kns : £pm = K with the extra property that their images are pairwise
disjoint, i.e., Ky nKy = @ for all M, N € M such that M /=N. Set K =kn1(£m),

fz_\.t = K’M,- 1\4 = uf,u_,. i,\,{ = fT,w, and Laq= [_\4 NAg. (2)

Let k:Lng = Kng be the map defined by k|£n = kn, for every M € M. Let

"

HZU.M;—-L)H (3)
i=l
be the projection defined by (i) = yi, where y; € f“Mi (xi) "Ly for every x; EM;. The end-
points X € £p, and Xj EfMj are in the same endpoints equivalence class, if there are points
xi € £;; and xj € £a; with the followingproperties:

() kg v DN Ay =kl (s

i) k3 (37 51N A p =k (xj):
(iii) There is a closed stable leaf segment £°(y;, y;) such that

£ (i yi) N Ay = £ (e y) 0 {ine £, (kg (o). it €4, (A-;,j ()}

The endpoints equivalence class in Ly is the minimal equivalence class satisfying the above
properties.

For every stable leaf segment £°, consider the smallest full leaf segment £ containing £° and
a chart j :£ =/ in the atlas AS(f, p). By [18], for every Markov rectangle M, the holonomy h
(£ 0 M = £ has a C* extension with respect to the charts in the atlas A°(f, p), which
implies that the map km °h °j'1[j(l\f n£5) has a C1*® diffeomorphic extension uy to the train

o j” i (£S5 ; ; .

S et kA e 2R A M A oh?;;, e s R Soratom, for

such that kM
every Markov rectangle M. The inverse of these parametrizations t together with the
previou,\s;lcharts k™, for every M € M, forma C*? atlas B5(f, p) induced by A(f,p). *
Lemma2.Thetriple (f, A, M)inducesa C'*" Cantorexchange system

P=dsp= {"'1‘“--’\'1 tkat [:f:’fum} - k-’\"(fﬁw..\']) [(M.N)e ?}'

with bounded geometry with respect to the atlas 5°( f, p) on Ty = Ty. Furthermore, for every
(M.N)e P, e lkar(£5y y,) =kn 0 hipawy o k'



Proof. Define emn )| km (ff(’M N)) =kn °him,n) okt Ry Theorem 2.1in [18], the map ku °
hain) °k;\|1 % (EZV, n)) extends (not uniquely) toa c*a diffeomorphism e (v - K(ERL N ) =
k(£(CM,N)) for some a >0. By Lemma 1, the set {em,n): (M, N) € P} satisfies properties (i),

(i) and (iii) of the definition of a C1** Cantor exchange system. *
3. Renormalization of Cantor exchange systems

Inthis section, given a C1*H diffeomorphism fwith codimension 1 hyperbolicattractor
A and with a Markov partition M satisfying the disjointness property, we present an
explicit construction of a renormalization operator R = R g acting on the topological
conjugacy
class of the C**/ Cantor exchange system @y n, induced by (f, A, M). Let the Markov
partition N =M be the pushforward of the Markov partition M, i.e., for every M € M,
N =f(M)EN.

1+H

Lemma3.LletDrpjand Qg betheC Cantor exchange systems induced (as in Lemma 2),
respectively, by (f,A, M)and(f,\,N). Thereisawell-definedrenormalizationoperator

R = R_Ir__\_'[ : |d)f,'n/f ]L'--Z: — |¢’f__.‘.v-'lc-i:.

Proof. For simplicity of notation, let us denote ky; by k (see (2)). Wechoose a map

a:{l...., ny—={1,.... n} 4)

with the property that Ni N Mg(i) /= @, where N; € N and Mgyj) € M. Foreach N; E N, let
£n; be the stable spanning leaf segment £um,,, N7T{N;), and let fN,- be the corresponding full

stable spanning leaf (i.e., E'N,- NA =£p;), where 7t : i—1 Mi > Ly is the natural projection as
defined in (2). Set

Ly = O £y. and Ly = CJ é N;+
i=l

i=l

The set iy determH1es the trajn track Ty with atlas B(f, p) as constructed in Lemma 1. Let

Hn ={hn,n)) :E(Nl_’,\,_ éf(Ni Nj)l(N,', N;j) EPn}be the (stable) primitive holonomic sys-
temassociated totjﬁe Markov partition N. By construction, forevery (N, Nj)EPythereisa
sequencehqy, ..., ha, of holonomiesin Hysuch that

fo
hc“\‘;..‘f}\ =hg, 00 "mlf_\"_‘-

D a i
e N g (Ev ) = ko (B vn)

be given by eqw; N;) = €a, 0 - - 0 €. where e, € Py pq and eg; A({I’)\, Ny = kahg o
i n -+ i.Nj

L—1 L cpD :

k “’:..v,,wj-ﬂ- Set

¥ = feavvp k(ER; ) = K(EGy ) | (N Nj) € P






By construction, ¥ = @r y (as constructed in Lemma 2), andso ¥ isa C 1 cantor exchange

system. Since the set S(®@y, p, @, n) of all sequences a1... an such that (NyN;) =€an O+ °

ea,, for some (Nj, Nj) € Py, form a renormalizable sequence set, the C Cantor exchange

system @y yisarenormalization of @r . Therefore, by Sectign 1.3, thereisawell-
defined rénormallzatlonoperatorR=7ﬂ9;,’M:[CDﬁM]Co [Drn]co. %

Lemmaa4. The C'* Cantor exchange system @¢, |, is a C*** fixed point of renormalization,

i.e., [ROrpmlco =[@Pgnmlco, where R=Rep: [@fplco = [@pn]co is the renormalization
operator (as constructed in Lemma 3).

Proof. We construct a C1** conjugacy O : K N > Kpg between g and g . For every
(0] M O

N €N and M =£"1(N), there is a holonomy 9y between the spanning leaf segments £ 1(£n)

and £up. By Theorem 2.1 in [18], the holonomy Oy has a C*® diffeomorphic extension

W Ev) Stuw.letO:K N >Kpg bethe cl*@ diffeomorphism given by

Olk(in)y=kobyof ok ()
for every N € N. We observe that each pair

(e"'v'-r', !"'il-j 1= .p'.u"

determines a unique pair (M;, Mj)=(f‘1(/\g),f1(Nj))EP /\/I,Dand vice versa. Hence, it is

enoughto provethat@conjugﬁ_ltescp(,v,,/vj)|£(Ni,Nj)with cp(M,.,Mj)|£(Mi’Mj),forevery(N,-, N;j)e
Py, to show that @gpsisa C fixed point of renormalization.
By construction of the maps ¥n; and Jn;, we have that

D —1 . —1
hovts v |t aayy =0 0 f 7 o b o fefly.
and so
& oen; N;) © e-! |£{?”f M=k oby; o _.l"_1 ok ' oko hin:.n; ok™! oko f oH;I ok

=koho; u)) ok~

= €M M)

which ends the proof. O

4. Markov maps versus renormalization

The map F:T->T determines a C* Markov map, with respect to the atlas B and with
invariant set Q, if the following properties are satisfied:

(i) F:T>Tis a local C** diffeomorphism with respect to the C'*® atlas B on the train
track T.



(if) There exist c> 0 and A> 1 such that, for every x €Q,

|d(juoF o i_'}{.\'}| =", (6)
withrespect
tochartsi,j, €B.
(iii) The map F admits a Markov partition{}l,..., Km}, i.e., there exists a finityet of arcs
m m I

{K, ..., Kn}suchthat (a) Ki =k nQ, (b)
foreveryj=1,..., m.

i_10kcQ,and (c) F(ok)c i1 0K,

LetF:L \, > L \, bethemapinducedbytheactionoff on stable leaf segments, i.e.,
-1
F(x) =m °f1(x) for every x EL (see (3)). Since f is a local diffeomorphism, the map Fis a
local homeomorphism. Let F : kn(Lai) = km(La) be the map defined by F =k o F k2.
SinoceIU?e holonomies have C*®extensions (see Theorem 2.1 in [18]), and the map
fis C1*%, for some a > 0, the map F has a C1*® extension Fr g :Tf —>Ts , with respect to
the atlas B'(f, p), (not uniquely determined) thatis a C1** Markov map with Markov partition
{kppom(M1),..., kppomt(Mi)}, where M ={M31,..., Mi}is the Markov partition of f (Sﬁg
also A. Pinto and D. Rand [19]). Hen{ge, the map Ff,/\/[Zth - Tr constructed aboveisa C
Markov map. For every j €1, let L be the jth |evel of the partition of oF e as presented
0 K
()
in Section 1.5. By construction, the map Fgp sends each interval /€ L,  onto an
g, interval  (-1)
ml(l) €L, , for everyj > 0.

Definition 4.1. Let h : Q@ - Qu be the topological conjugacy between a C**" Cantor ex-
change system W ={;:ly; > Jy;; i=1,..., myand @ppg ={@i :lp; > Jp;; i =1,..., n}.Wesay
that & induces a C1*" Markov map

qu :':‘u'; — Tqy.

(x), for every x € Qu.

if Fy is a C** Markov map, for some a> 0, and Fy °h(x)=h°Ff ™

Lemma 5. Let @ pgbea C W cantorexchangesysteminducedby(f, A, A/I1)+'/-/A c* can-

tor exchange system W € [®f m] o, with bounded geometry, lglﬁt“ermines aC Markov map
Fy topologically conjugate to Fg pqif, and only if, ¥ isa C fixed point of therenormaliza-
tion operator Ry .

Remark 2. Lemma 5 also holds for €2 regularities.

Proof of Lemma 5. For sjmplicity of notation, let us denote ky; by k (see (2)). Let
O: Ky = Kp be theC diffeomorphism as constructed in (5). Forevery NEN, let
M=f YN )€ M. Recall that £y © £ o) © Lpm (see (4)). By constructionof F = F £n
and O, the spanning leaf segment £y C Ly has the property that F o k(£n) = k(£m) and
F|k(fn) = 0. Therefore,



FlKy=6. )



Every leaf segment £ C Lp; with the property that F ck(£) =k(£pm) is a spanning leaf segment
of N. Therefore, there is a sequence eq, ..., eq, of Cantor exchange maps in @ =@ ps such
that

g 0 0y (k) =k(Ey).
Furthermore,

FA{EJ:(#)ce",pol--oem. (8)

7y

Let ¢: i=1loi — /,-:"1 ly; be a homeomorphic extension of the conjugacy between ¥ and

a)l
and Ou:¢(Kn) = £(Kp) be the homeomorphic extension of the conjugacy between ¥ and
its renormalization RW. For every e €@, there is a unique e €W such that e =£ce €71, Since
Fuy is topologically conjugate to F, by (7), we havethat

Fyl6(Kp) =0, (9)
Letting fn, £and €ay, - - -, €a, be as above, by (8), we obtain that

Fﬂ&okif}z(ﬂw 0fg, 0 0Ly (1

—|

By (9), if Fw is C1*® then Oy is C1*2, By (10), if Oy is C1*® then Fy is C1*.

Let L0 0 ) be thejthlevel ofthe partition of ¥ (see Sectl?n 1.3). By construction, the map Fy
sends eachinterval / €LY onto aninterval Fw(I)EL foreveryj >0.Hence, if ¥ has
0

bounded geometry we obtain that the length of the sets |rbL(/) converge exponentially fast
to 0 when tends to infinity. Therefore, using the Mean Value Theorem, we obtain that if ¥
has bounded geometry then Fy satisfies property (ii) and, conversely, if Fy satisfies
property (ii)

we obtain that W has bounded geometry. So, we conclude that if ¥ is a C** Cantor exchange
system, with bounded geometry, then Fy is a C1** Markov map, and vice versa.

5. Proofs of Theorems 1 and 2

Proof of Theorem 1. Let g € F be topologically conjugated to £ by a map ug : Ur = Ug, where
Ur and Ug are open neighborhoods of Af and Ay, respectively. The Markov partition M deter-
mines a Markov partition My such that, for every M € M, we have that Mg =ug(M) € My.
We denote the set ug(lM) by Lg Letting Lg =Zg N Ag, we have that Lg = ug(Lpg). By the
Stable Manifold Theorem, there is a C*/ diffeomorphism kg :lg = Kg with,the similar
properties as the map k: Ips = Kp . The triple (9, Ng, Mg) induces a C Cantor exchange
system

D nt, = e,y ks (0, ) = ke (DG, ) | (M5 N € P

- Ug,,wWhere
with bounded geometry. Let g1,g2 € F be C**" conjugate by a map u:Ug 92

Ug, and Ug, are open neighborhoods of Ag, and Ag,, respectively. By construction, the
map



- i 1+H  diffeomorphism, and
u=kg puck? g 5@ C

= l() /, ou.
£ ke (€5 U0 E(My, Nyy) O 1
(Mg, Ngp) Ky (h.\f”‘h”.] u i



Therefore, uisa C**" conjugacy between @y, My and @y, Mg, and so the map Tf'/\// is
1 1 1 1

well
defined.

Proof of statement (a). Since the holonomies are C1** (see A. Pinto and D. Rand [18]), the
Hausdorff dimension of the stable leaf segments £ is the same independently of the stable
leaf

segment considered, and so equal to HD(Ag). In particular, all leaf segments € Ig havethe
£my

same Hausdorff dimension which is equal to the Hausdorff dimension of Lg. Since the Can-
tor invariant set To, ,,, is equal to k(Lg), the Hausdorff dimension HD(Tog,Mg) is equal to
HD(/).

Proof of statement (b). By Lemma 4, if g €F, then the C1** Cantor exchange system @y, ™y
is a fixed point of the renormalization operator Ry, that, by construction, is the same as
Rfm.Hence, T (F) C Cg.

The proof that T (F) D Cr follows from the proof of the statement (c) below.

Proof of statement (c). Let ® be a C'*" Cantor exchange system such that [R®]cuw =
[@]cusn. Since [RO)cien = [@]cusn, by Lemma 5, the € Cantor exchange system @ in-
duces a Markov map Fg. Therefore, (@, Fp) is a self-renormalizable structure as defined in [15]
and [16]. By Theorem 1.14 in [15] (see also A. Pinto and D. Rand [16]), there is a one-to-one
correspondence between C*" conjugacy classes of (@, Fg) and C*" conjugacy classes of c1*H
diffeomorphisms g(®, Fp) with hyperbolic invariant set Ag, and with an invariant mea- sure
absolutely continuous with respect to the Hausdorffmeasure.

Proof of statement (d). Let @ be a C**" Cantor exchange system such that [R®] ¢t = [@] c1en
Since [R®]cun = [@)cen , by Lemma 5, the C* Cantor exchange system @ in-duces a

Markov map Fo. Let Cr be the set of all C*/ conjugacy classes of pairs (@, Fp). Hence,
there is a one-to-one map mi : Cg > Crgiven by mi1(®) = (®, Fp). By Lemma 4.2 in [15] (see
also A. Pinto and D. Rand [16]), there is a well-defined Teichmdller space TS con-

sisting of solepoid functions, and a one-to-one map m2 : TS > Cr given by ma(s) = (®, Fo).
Therefore, ml °omy: TS - Cr is a one-to-one map. *

Lemma 6. Let D ppbea C 1+H Cantorexchange system induced by (f,\, M). The Cantor

exchange system W is a C1*8 fixed point of the renormalization operator Rg, w1, for some 8 >0,
if, and only if, W is induced by a C*** diffeomorphism with a codimension 1 ﬁ)éuerbolic attractor,
with o €p 6, topologically conjugate to f . In particular, @gpg isa C fixed point of the
renormalization operator Ry, for some 8 >0.

Proof. By Theorem 1.14 in [15], given a C1*® Cantor exchange system ¥ and a C** Markov
map Fy, there is a C1*® diffeomorphism with a codimension 1 hyperbolic attractor set with
an invariant measure absolutely continuous with respect to the Hausdorff measure,
topologically

conjugate to f which induces . Hence, by Lemma 5, ¥ is a C1*6 fixed point of renormaliza-
tion, forsome 8 >0, whichimplies Lemma6. *

Proof of Theorem 2. Let us suppose that the Cantor exchange system W is a C%fixed point
of the renormalization operator Rgps with a = HD(Tw ) and with bounded geometry. Hence,

by Lemma 5, ¥ induces a €@ Markov map Fy. Let § be the homeomorphic extension of the



conjugacy between @ and ¥, and setn=§° ko m. Let Tpbe the set of all pairs (I, J) such that
(i) /is a stable leaf n-cylinder, (ii) J is a stable leaf n-cylinder or a stable n-gap cylinder, and (iii)
I and J have a unique common endpoint (see Appendix A.4). Lsing the Mean Value
Theoremandthat FyisaC*Markovmap, thefunctionr: n21 Tn > R given by

) _ no f™(J)
D= el

is well defined, where |L| means the length of the smallest interval containing L € R. By
bounded geometry of ¥ , we obtain that r is bounded away from zero. Furthermore, using
that Fy is a €@ Markov map, for every pair (I, J ) € Tn, we get

n(J)]|
[n(h]

o n(Jd .
(1=Cy(|nt L.J)| )) = r(!J).«:;:Zi—hjll(l+C,,.(|x;t!uj;- 1) (1)

where Cp € R+§onverges to zero when n tends to infinity.
Let h =hm,n) D (M,N) — E"(CM N) be a t-primitive holonomy. Since the Cantor exchange

system is C%@, for every (/,J) € Tn such that / UJ c £° (M,N), We get

a
a _ |n(D] Ineh()] «
L= Calptu | < 22 <1+ Gl u g (12)
It O D < L mehay <+ Gl VD
where Cp € R+Gonverges to zero when n tends to infinity.
From (11), we obtain that
[9(D] |n o h(])] ay _ rlh(D), k(1))
[n( Y| | oh(l) (I_C"MU Uhl) s r(l,J)
_ Il [n 0 ha(J)] ey
< L+ Calntt U %),
“In(J)] I?fohut!}l( I )
Thus, using (12) we get
) “(h(1), h(J)) . 1
I—C,'.-'FIUL.J}-“&;;%:;1+C;,|:J[!UJJ|" 1-C n(1uJ

where C' €R" converges to zero when n tends to infinity.
n 0

Since a =HD(Ty ), by the Rigidity Lemma 4.1 in [17], we obtain that r is a stable trans-
versely affine ratio function (see definition in Appendix A.7). However, putting together Theo-

rem1landlemmalin [221{, there are no stable transversely affine ratio functions with respect
to the stable lamination of Af, and so we get a contradiction. *
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Appendix A

In this appendix, we present some basic facts for C1** hyperbolic diffeomorphisms (f, A),
that we include for clarity of the exposition. We say that (f, A) is a C*** hyperbolic diffeomor-
phism, if (f, A) has the following properties:

(i) f£:5->Sisac* diffeomorphism of acompact surface S with respect toa C1*® structure
on S, for some a>0.

(if) AisahyperbolicinvariantsubsetofSsuchthatf|AistopologicallytransitiveandAhas
a local product structure.

In particular, a C1*" diffeomorphism f with a codimension 1 attractor A is a C**" hyperbolic
diffeomorphism.

A.l. Leaf segments

Letd bea metricon M, anddefinethemap fi=fift=u, orf,=f Lifi=s. Fort€{s, u}, ifx€
Awedenotethelocalt-manifoldsthroughxby

Wix.e)= I_\' eM:d(f"(x), ") e, foralln = 0}.

By the Stable Manifold Theorem (see [9] and [25]), these sets are respectively contained in
the stable and unstable immersed manifolds

Wiy = | (W7 0. 80))

nz0

which are the image of a C1*¥ immersion k,x : R = M. An open (respectively closed) full i-leaf
segment | is defined as a subset of W!(x) of the form k,x(/1) where /1 is an open (respectively
closed) subinterval (non-empty) in R. An t-open (respectively closed) leaf segment is the in-

tersection with A of a full open (respectively closed) t-leaf segment such that the
intersection contains at least two distinct points. If the intersection is exactly two points we
call thist-closed leaf segment an t-leaf gap. An t-full leaf segment is either an open or closed (-
full leaf segment. An t-leaf segment is either an open or closed t-leaf segment. The endpoints
of a full i-leaf seg- ment are the points k,x(u) and k,x(v) where u and v are the endpoints of
I1. The endpoints of an (-leaf segment | are the points of the minimal closed full t-leaf
segment containing /. The interior of a -leaf segment | is the complement of its boundary. In
particular, a t-leaf segment

I has empty interior if, and only if, it is an t-leaf gap. A map c:/ > R is an t-leaf chart of an (-
leaf segment [ if has an extension ce:/f = R to a full -leaf segment /¢ with the following
properties: | C Igand cgis a homeomorphism onto its image. An (-full leaf segment is either
an open or close full leaf segment.



A.2. Rectangles

Since A is a hyperbolic invariant set of a diffeomorphism f : M > M, for 0 <e <&g there is
6 = 6(¢) > 0, such that for all points w,z € A with d(w, z) < 6, WY(w, €) and W?*(z, ¢)
intersect in an unique point that we denote by [w, z]. Since we assume that the hyperbolic
set has a local product structure, we have that [w, z]€ A. Furthermore, the following
properties are satisfied: (i) [w, z] varies continuously with w, z € A; (ii) the bracket map is
continuous on a &-uniform neighborhood of the diagonal in A x A; and (iii) whenever both
sides are defined f ([z, w]) = [f (z), f (w)]]. Note that the bracket map does not really depend
on 6 provided it issufficiently small.

Let us underline that it is a standing hypothesis that all the hyperbolic sets considered
here have such a local product structure.

Arectangle R is a subset of A whichiis (i) closed under the bracket, i.e., x,y ER=[x,y] €
R, and (ii) proper, i.e., is the closure of its interior in A. This definition imposes that a rectangle
has always to be proper which is more restrictive than the usual one which only insists on
the closure condition.

If £ and £V are respectively stable and unstable leaf segments intersecting in a single
point then we denote by [£, £] the set consisting of all points of the form [w, z] with

w e and z Ef“ We note that if the stable and unstable leaf segments £and £ are closed

then the set [£ £] is a rectangle. Conversely in this 2-dimensional situations, any rectan-
gle R has a product structure in the following sense: for each x € R there are closed sta-

ble and unstable leaf segments of A, E(x R) € W*(x) and £4(x, R) € WY(x) such that R
=[£(x, R), £(x, R)]. The leaf segments £(x, R) and £(x, R) are called stable and un-

stable spanning leaf segments for R. For t €{s, u}, we denote by df_‘(x R) the set consisting

of the endpoints of £(x, R), and we denote by int£(x, R) the set £(x, R) \ 0£(x, R). The in-

terior of R is given by intR =[int£(x, R), int£(x, R)], and the boundary of R is given by

OR=[0F(x, R), #(x, R)IUIE(x, R), 0£(x, R)].
A.3. Markov partitions

ByTheorem3.12inpage 79 of [2] (seealsoSinai [2)) ,aMarkov partitionof fisacollection
R={R1, ..., Rk} of such rectangles such that (i) A C i—1 Ri; (i) Rin Rj= OR; n 9R; for
alli andj; (|||) if x EintR; and fx €intR; then

(a) f(E°(x.R)) CE(fx, R;)yand F=1 (" (fx. Rj)) C 0*(x, Ri):
(b) FE"x, R)) MR =8"(fx,R;) and fF=(E(fx, R;)) N R =T (x, R).

The last condition means that f(R;) goes across R; just once. In fact, it follows from condi-
tion (a) providing the rectangles Rj are chosen sufficiently small (see Mafié [10]). The
rectangles whichmakeuptheMarkovpartitionarecalled Markovrectangles.

Wenotethatthereisa Markov partition Rof f with the following disjointness property (see
R. Bowen [2], S. Newhouse and J. Palis [12], Ya. Sinai[26]):

(i) If0<6rs<1and 0<6fy<1then the stable and unstable leaf boundaries of any two
Markov rectangles do notintersect.

(i) f0<68r.<1and0<68fg:=1then the (-leaf boundaries of any two Markov rectangles do
not intersect except, possibly, at theirendpoints.



If 6£s =6£u =1, the disjointness property does not apply and so we consider that it is trivially
satisfiedforeveryMarkov partition. Forsimplicityof ourexposition, weconsider Markov parti-
tionsthatsatisfythedisjointness property. Thisresultisalsousedin[5-7,20,21,23]and [24].

A.4. Cylinders and gaps

For t=s or u, an t-leaf primary cylinder of a Markov rectangle R is a spanning t-leaf segment
of R. For n € 1, an t-leaf n-cylinder of R is an t-leaf segment | suchthat

(1) f71is an t-leaf primary cylinder of a Markov rectangle M;
(i) fl”(f‘l(x, R)) € M for every x €/.

For n €2, an t-leaf n-gap G of R is an t-leaf gap, {x, y} in a Markoy rectangle R such that n
is the smallest integer such that both Ieavesj%”‘lf‘ (x, R) and f"‘Yf‘ (v, R) are contained in
L L
t!-boundaries of Markov rectangles; an t-leaf primary gap G is the image £.G' by £ of an t-leaf
2-gap G..
Let fbeadiffeomorphismswithacodimension1hyperbolicattractorandmtbethe
projection as constructed in (3). The projection (/) of a stable leaf n-cylinder / is in thg n-

level L™ of

the partition of @p,, (see definition of Lg’) in Section 1.5).

A.5. Basic holonomies

Suppose that x and z are two points inside any rectangle R of A. Let | and J be two
stable leaf segments respectively containing x and z and inside R. Then we define h:/ = J by
h(w) =[w, z]. Such maps are called the basic stable holonomies. They generate the pseudo-
group of all stable holonomies. Similarly we define the basic unstable holonomies.

A.6. Conjugacies

Let (f, A) be a C** hyperbolic diffeomorphism. Somewhat unusually we also desire to
highlight the C1* structure on M in which £ is a diffeomorphism. By a C1*" structure on M
we mean a maximal set of charts with open domains in M such that the union of their
domains cover M and whenever U is an open subset contained in the domains of any two of
these charts
iand j then the overlap mapj°i~t:i(U) > j (U)is C***, where a >0 depends on i, j and
U. We note that by compactness of M, given such a C** structure on M, there is an atlas
consisting of a finite set of these charts which cover M and forwhich the overlap maps are c1*¢

compatible and uniformly bounded in the €1*® norm, where a > 0 just depends upon the
atlas.

We denote by Cr the Cc*H structure on M in which £ is a diffeomorphism. Usually one is not
concerned with this as, given two such structures, there is a homeomorphism of M sending
one

onto the other and thus, from this point of view, all such structures can be identified. For
our discussion it will be important to maintain the identity of the different smooth structures
on M.

We say that a map h : A > Agis a topological conjugacy between two Cc*H hyperbolic
diffeomorphisms (f, Af) and (g, Ag) if there is a homeomorphism h:Af - Ag with the fol-
lowing properties:



() geh(x)=h-f(x) for every x ENf.
(if) The pull-back of the t-leaf segments of g by h are (-leaf segments of f.



Definition 6.1. Let F be the set of all C'*" hyperbolic diffeomorphisms (g, Ag) such that
(g,N\g) and (f,A) are topologically conjugate by h.

A.7. HR-Hélder ratios

A HR-structure associates an affine structure to each stable and unstable leaf segment in
such awaythatthesevaryHdlder continuously with theleafand areinvariant under f.

An affine structure on a stable or unstable leaf is equivalent to a ratio function r(l : J) which
can be thought of as prescribing the ratio of the size of two leaf segments / and J in the same
stable or unstable leaf. A ratio function r(l : J) is positive (we recall that each leaf segment has
at least two distinct points) and continuous in the endpoints of / and J . Moreover,

r(l:y=r(J: 17" and rH(ZUL:Ky=r(l,:K)+r(l:K) (13)

provided /1 and /> intersect at most in one of their endpoints.

We say that r is a t-ratio function if (i) for all t-leaf segments K, r(l :J) (I, ] € K) defines a
ratio function on K; (ii) r isinvariant under f, i.e., r(l :J) =r(f1 :fJ) for all i-leaf segments; and
(iii) for every basic (-holonomy map & : | = J between the leaf segment / and the leaf
segment J defined with respect to a rectangle R and for every (-leaf segment o €/ and
every t-leaf segmentorgap /1 Cl,

riftlo 010y €
— =@ . 4
S TTAR = O((da(l, 1)) (14)

where € (0, 1) depends upon r and the constant of proportionality also depends upon R, but
not on the segments considered. Since r satisfies the condition (14) and defines an affine
structure on each leaf that is f-invariant we say that r is a transversely Holder t-ratio function. A
HR-structure

is a pair (rs, ry) consisting of a stable and an unstable ratio function.

Definition 6.2. If an (-ratio function r is invariant under holonomies h (i.e., r(/ : J) =r(h(l) :
h(J))), then we say that ris a transversely affine t-ratio function.

A.8. Realized ratio functions

Let g €F and p =pg be a C* Riemannian metric on the manifold containing A. The t-
lamination atlas A'(g, p) determined by p is the set of all maps e:/ =R where / =A |
with 1 a full (-leaf segment, such that e extends to an isometry between the induced
Riemannian metric on / and the Euclidean metric on the reals. We call the maps e € Al(g, p) the
t-lamination charts. If I is an t-leaf segment (or a full -leaf segment) then by |/| =|/|, we mean
the lengthin
the Riemannian metric p of the minimal full -leaf containing /. By hyperbolicity of g in A, there
are 0 <v < 1and C >0 such that for all i-leaf segments | and all m € 0 we get |gg’l | @Ccvm|il].
Thus, using the mean value theorem and the fact that g, is C", for all short leaf segments K
and all leaf segments / and J contained in it, the t-realized ratio function rg, given by

g 1]
g7

re d:J)y= '_E!gcl



—

el (|g:’.+'r e:u|)

g1 \Tgr 7] TeE ]

gml| ﬁfl:l:t’?{ "K 1Y)
e 2L v

g:il“r r|'=.’i|'.

iy .
c::'i—..j'r_l +0("K[%))

is well defined, where a = min{1,r - 1}. This construction gives the HR-structure on A deter-
mined by g. By [19], we get the following equivalence:

Theorem 3. The map g - (rg,s, rg,u) determines a one-to-one correspondence between C**H
conjugacy classes in F and HR-structures.

A.9. Lamination atlas

Given an t-ratio function r, we define the embeddings e :/ = R by

e(x)=r(f( x), (5, R)) (15)

where £ is an endpoint of the (-leaf segment / and R is a Markov rectangle containing ¢ (see
Fig. 2). For this definition it is not necessary that R contains /. We denote the set of all

these embeddings e by A(r).

Let g € Fand A(g, p) the (-lamination atlas determined by a Riemannian metric p. Putting
together Propositions 2.5 and 3.5 of [19], we get that the overlap map e ° e”! between a
chart hasa C1*" diffeomorphic extension to the reals. Therefore,
e1€ A(g,p) anda chart ez €A(rg,.)
for all short leaf segments K and all leaf segments /| and J contained in it, we obtain that

e I, i nil.
re d:J)= lim |I,r £ — lim Ig:, li
. e |\[§’:I'J. i n— 0 glrJ |r'_..

where i is any chart in A(rg,) containing the segment g”l(< inits domain.
A.10. Realized solenoid functions

For t =s and u, let S'denote the set of all ordered pairs (I,J) of (-leaf segments with the
following properties:

Fig. 2. The embeddinge:/ -R.






(i) The intersection of / and J consists of a single endpoint.
(i) If 65, =1then/ andJ are primary t-leaf cylinders.
(i) If 0 <68£, <1then ful is an t-leaf 2-cylinder of a Markov rectangle R and_fJ is an t-leaf 2-
gap also of the same Markov rectangle R.

See Appendix A.4 for the definitions of leaf cylinders and gaps. Pairs (/,J) where both are
primary cylinders are called leaf-leaf pairs. Pairs (I, J) where J is a gap are called leaf-gap
pairs and in this case we refer to J as a primary gap. The set S$' has a very nice topological

structure. If §£,¢ =1 then the set S' is isomorphic to a finite union of intervals, and if 6 1< 1
then the set S' is isomorphic to an embedded Cantorset.

We define a pseudo-metric ds: : S x S > R* on the set S' by
ds (1. 9). (1", J") = max{da(1. 1), da(J. I}

Let g €T (f, A). For t =s and u, we call the restriction of an t-ratio function rg, to S’ a realized
solenoid function og,,.. By construction, for t =s and u, the restriction of an t-ratio function to §'
gives an Holder continuous function satisfying the matching condition, the boundary
condition

and the cylinder-gap condition as we now proceed to describe.

A.11. Hélder continuity of solenoid functions

This means that for t =(/,J) and t'=(1, J!) in S, |ou(t) -o.(t')| @ O((ds:(t, t'))*). The Holder
continuity of gg,. and the compactness of its domain imply that og,. is bounded away from
zero and infinity.

A.12. Matching condition

Let (/,J) €S be a pair of primary cylinders and suppose that we have pairs
(o, ), (I I2), e (o Do) €8

of primary cylinders such that f,f = Uﬁ;cll l;and fi.J = U'J’;i I;. Then

JAINp = IV R R vy § FY VTV Y

r - n—1 - n— i
LAl 0G0 T Wl i

o, (IJ)
7 A 1

1
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o, (I..1) UK.LUIJ:) o (1,.I) o (.1)



Fig.3.Thef-matchingconditionfor-leafsegments.



Hence, noting that g|A=f|A, the realized solenoid function og,, must satisfy the
matching condition (see Fig. 3) forallsuchleafsegments:

}.—1 J .
i di
a;._,u:n: 2 [l 7 v (16)

Zr—j\ l_]r 1 Uc.n”n L)

A.13. Boundary condition

If the stable and unstable leaf segments have Hausdorff dimension equal to 1, then leaf
seg- ments / in the boundaries of Markov rectangles can sometimes be written as the union of
primary cylinders in more than one way. This gives rise to the existence of a boundary
condition thatthe realized solenoid functions have to satisfy as we pass to explain.

If J is another leaf segment adjacent to the leaf segment / then the value of |/|/]J]

must yd
be the same whichever decomposition we use. If we write J =/p =Kg and / as mi-l /i and

jjllq.wherethe/,-andIQare primarycylinderswith /;/=Kj foralliandj, thentheabove
two ratios are

mo i IJ_ ”l i |‘;.\|
rZ:l_[”J I| |j| anK,r I|

Thus, notingthat g|A=f|A, arealized solenoid function og,, mustsatisfy the following bound-
ary condition (see Fig.4) forallsuch leaf segments:

i

]_[ aellj: u—Z]_]og.{K K1) an

Jj=I i=1 j=I

nMs

A.14. Scaling function

If the t-leaf segments have Hausdorff dimension less than one and the (-leaf segments
have Hausdorff dimension equal to 1, then a primary cylinder / in the t-boundary of a
Markov rec- tangle can also be written as the union of gaps and cylinders of other Markov
rectangles. This gives rise to the existence of a cylinder-gap condition that the t-realized
solenoid functions have to satisfy.

o, Uy.1) o, .I)

I*

o, (KU,K) \ g, (K,,K)
Gg_L(KwKz)

Fig. 4. The boundary condition for t-leaf segments.



Before defining the cylinder-gap condition, we will introduce the scaling function that will be
useful to express the cylinder-gap condition.
Let scl* be the set of all pairs (K, J) of i-leaf segments with the following properties:

(i) Kis a leaf ni-cylinder or an n1-gap segment for some n1> 1;
(ii) Jis a leaf ny-cylinder or an nz-gap segment for some n2 > 1;
(iii) m™~1K and m"2"1J are the same primary cylinder.

Lemma 7. Every function o,: ' - R* has a canonical extension s, to scl'. Furthermore, if o, is
the restriction of a ratio function r,|S'to S then s, = r,|scl".

See proof of Lemma 7 in [15].

Remark 3. The above map s;:scl' > R* is the scaling function determined by the solenoid
function o,: 8" >R*.

A.15. Cylinder-gap condition

Let (I, K) be a leaf-gap pair such that the primary cylinder / is the -boundary of a Markov
rectangle R1. Then the primary cylinder / intersects another Markov rectangle R; giving rise to
the existence of a cylinder-gap condition that the realized solenoid functions have to satisfy as
we
proceed to explain. Take the smallest / €0 such thatf’l Uf’K is contained in the intersection
of the boundaries of two Markov rectangles M1 and Mz Let M1 be the Markov rectangle
with
the property that M nﬁ is a rectangle with non-empty interior (and so nf’Rz also
R1 M2

has non-empty interior). Then, for some positive n, there are distinct n-cylinder and gap
leaf

FRED hrent SRR I AP Iar VS lindgrgtME swaty that £k 3/m and thfismalet
¢ i=1
t-leaf segment containing J;. Hence,

Hence, noting that g|A =f|A, arealized solenoid function og,, must satisfy the cylinder-gap
condition (seeFig.5)forallsuchleafsegments:




Fig. 5. The cylinder-gap condition for t-leaf segments.



m—1
o, (1. K)= Z.\-g_‘u,-. J)

i=l

where sg, is the scaling function determined by the solenoid function ay,..
A.16. Solenoid functions
Now, we are ready to present the definition of an t-solenoid function.

Definition 1. An Hélder continuous function g, :S* - R* is an t-solenoid function if o, satisfies
the matching condition, the boundary condition and the cylinder-gap condition.

WedenotebyPS(f)thesetofpairs(os, o) ofstableandunstablesolenoidfunctions.

Remark 4. Let 0,:S' > R* be an t-solenoid function. The matching, the boundary and the
cylinder-gap conditions are trivially satisfied except in the following cases:

(i) The matching condition if &z, =1.
(if) The boundary condition if 655 =654 =1.
(iii) The cylinder-gap condition if §r, <1and 6f¢=1.

Theorem 4. The map r,—> r.|S' gives a one-to-one correspondence between t-ratio functions
and t-solenoid functions.

See proof of Theorem 4 in [15].

The set PS(f) of all pairs (os, oy) has a natural metric. Combining Theorem 3 with Theo-
rem 4, we obtain that the set PS(f) forms a moduli space for the C1*" conjugacy classes of
CM*Hhyperbolicdiffeomorphismsg€eT(f,A):

Corollary 1. The map g > (rg,s |S°, rg,u|SY) determines a one-to-one correspondence between
CH conjugacy classes of g € T (f, A) and pairs of solenoid functions in PS(f).
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