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ABSTRACT

We derived a framework in integer programming, based on the
properties of a linear ordering of the vertices in interval graphs,
that acts as an edge completion model for obtaining interval graphs.
This model can be applied to problems of sequencing cutting pat-
terns, namely the minimization of open stacks problem (MOSP).
By making small modifications in the objective function and using
only some of the inequalities, the MOSP model is applied to an-
other pattern sequencing problem that aims to minimize, not only
the number of stacks, but also the order spread (the minimization
of the stack occupation problem), and the model is tested.

Keywords: Integer programming, Interval graphs, Sequencing cut-
ting patterns

1. INTRODUCTION

Cutting stock operations require advanced planning. The classic
cutting stock problem consists in defining the cutting patterns with
a cost minimization criterion that usually depends on the waste of
the cutting process. But even after the cutting patterns are defined,
there is more optimization that can be done in order to reduce the
cost of the operations. The sequence in which the cutting pat-
terns will be processed on the cutting equipment can be a relevant
factor for the efficiency of the operations, for the organization of
the work area space, for the fulfillment of the customers’ orders
on time, or for the fastness of the deliveries to customers. These
concerns gave rise to several pattern sequencing problems, such as
the minimization of open stacks and the minimization of the order
spread.

In literature, pattern sequencing problems have been studied both
alone and integrated with the determination of the cutting patterns.
The most used approach is to solve the problem combining two
stages, a first stage where the cutting patterns are defined and a
second stage where the sequence of the implementation of the cut-
ting patterns is decided. This work is devoted to the second stage,
when the cutting patterns are already determined but the sequence
in which they will be processed is still an open issue. The main
problem addressed is the minimization of the maximum number
of open stacks, also called MOSP.

This problem has been widely studied in literature, but there are
several other pattern sequencing problems, such as the minimiza-
tion of the order spread (MORP) and the minimization of discon-
tinuities (MDP).

The Minimization of Open Stacks Problem (MOSP) comes from
the flat glass cutting industry, but it also has many applications

in other cutting industries (wooden panels, steel tubes, paper,...)
as well as in other fields such as production planning, VLSI cir-
cuit design and in classic problems from graph theory. The MOSP
problem is based on the premise that the different items obtained
from cutting patterns are piled in stacks in the work area until all
items of the same size have been cut. Usually, machines process
one cutting pattern at a time and the sequence in which preset cut-
ting patterns are processed can affect the number of stacks that
remain around the machine.

Due to space limitations and danger of damages on the stacked
items, it is advantageous to find a sequence for the patterns that
minimizes the number of different items that are being cut and
therefore the number of open stacks.

The minimization of open stacks problem is known to have tight
relations with problems in graph theory such as treewidth, vertex
separation and the profile of a matrix. In studying these problems,
we found a type of graphs called interval graphs that can play an
important role in this work.

An interval graph is an undirected graph G such as its vertices can
be put into a one-to-one correspondence with a set of intervals 7
of a linearly ordered set (like the real line) such that two vertices
are connected by an edge of G if and only if their corresponding
intervals have nonempty intersection. 7 is called an interval repre-
sentation for G. [1]

These graphs can be used to describe a solution of the pattern se-
quencing problems, by modeling the duration of the intervals in
time in which the same piece type is being cut. Using several prop-
erties of this type of graphs we will see that it is possible to derive
a general framework that can be used to model the minimization
of open stacks problem and to model many related problems.

MOSP is modeled as an interval graph completion problem. An
initial integer programming model was derived, using the addition
of arcs to the graph and the properties of interval graphs to achieve
a solution, and based on the following characterization of interval
graphs by Olariu:

A graph G = (V,E) is an interval graph if and only if there exists
a linear ordering ¢ : V — {1,....N} such that Vi, jk € V : ¢(i) <
9(j) < @(k) we have [ik] € E = [ij] € E. [2]

The model is strengthened with inequalities derived from the rela-
tionship between the chromatic number of a graph and the number
of intersecting intervals.

The MOSP model is applied to different problems. By making
small modifications in the objective function and using only some
of the inequalities, the MOSP model is applied to the minimum
interval graph completion problem. Another pattern sequencing
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problem that aims to minimize, not only the number of stacks, but
also the order spread (the minimization of the stack occupation
problem) is considered, and the model is tested.

There is also another pattern sequencing problem called the Min-
imization of Tool Switches (MTSP) which is addressed with this
framework, using the similarities between this problem and the
MOSP, but for this problem the model has a limited use.

With the choice being integer programming, the formulation de-
veloped in this work can later be integrated in other integer pro-
gramming models for cutting stock problems, namely to create a
combined model of the stages one and two where the cutting stock
patterns are defined and sequenced.

2. MODELING THE MINIMIZATION OF OPEN STACKS

Consider a cutting machine that processes just one cutting pattern
at a time. The items already cut that are equal are piled in stacks by
the machine. The stack of an item type remains near the machine if
there are more items of that type to be cut in a forthcoming pattern.
A stack is closed and removed from the work area only after all
items of that size have been cut, and immediately before starting
to process the next cutting pattern. After a pattern is completely
cut and before any stack is removed the number of open stacks is
counted. The maximum number of open stacks for that sequence
of patterns is called the MOSP number.

There are often space limitations around the cutting machines,
there is danger of damages on the stacked items, difficulty in dis-
tinguishing similar items, and in some cases there are handling
costs of removing the stack temporarily to the warehouse. It is ad-
vantageous to minimize the number of open stacks, and that can be
done simply by finding an optimal sequence to process the cutting
patterns.

MOSP has been proved to be a NP-hard problem [3].

As suggested in [4], an instance of the MOSP can be associated
with a graph having a vertex for each item that is cut and an edge
between two vertices if the corresponding items are present in the
same cutting pattern.

To optimize the number of stacks, it is convenient to find the best
sequence to process the cutting patterns. Considering that the pat-
terns do not appear explicitly in the MOSP graph constructed in
this way, how will we find that sequence for the cutting patterns?
We will focus on finding a sequence to open the stacks, rather than
on sequencing the cutting patterns. That is not a problem, because
it is possible to take a solution for the ordering of the vertices of
the graph and construct a sequence for the corresponding cutting
patterns [5].

Given an instance of the problem, we first build a graph G = (V, E),
associating each item cut from the patterns to a vertex and creating
an arc joining vertex i and j if and only if items i and j are cut
from the same pattern. This graph may not be an interval graph
at the start, but we will add some arcs to it in such a way that it
will become one. We need this graph to become an interval graph
because, if we associate each item to the interval of time in which
the stack of that item is open, we can use the graph to model what
intervals should occur simultaneously and what intervals should
precede others. According to the sequence in which the cutting
patterns are processed, there may be more or less open stacks si-
multaneously. Each arc of the future interval graph means that, for
a period of time, the two stacks (the respective vertices of the arc)
will remain both open. The initial graph contains only the arcs that
must be there, in any possible sequence in which the patterns can
be processed. The rest of the arcs that are added later to the graph
will differ according to the sequence of the patterns. It is the choice
of these arcs that defines which are the other simultaneously open

stacks. Our model for this problem consists in finding out which
edges should be added to the original MOSP graph G = (V,E) in
order to get an interval graph H = (V,E UF) that minimizes the
maximum number of simultaneously open stacks.

2.1. The variables

We set an ordering for opening the stacks by assigning a number
to each item cut, with a bijective function ¢ : V — {1,...,N}. This
linear ordering of the vertices is set by the decision variables x;;:

o 1 ife(i) < o)) ..
ij = { 0 otherwise Vijev

Notice that x;; = 0 for any i € V and also that we have
xij=1&x;=0

These variables are setting an orientation into the arcs, for us to
keep track of the sequence of the items in the current instance. If
x;j = 1 then item i starts being cut before the item j is, even though
the corresponding stacks may overlap or not, i.e., in spite of having
an arc between the two vertices or not.

The other decision variables that will be used are concerned to the
arcs that are necessary to add to the original graph G = (V,E) to
get an interval graph H = (V,E UF) and, together with variables
x, determine which intervals will overlap in the desired interval
graph. To decide which of these additional arcs are to be added,
we define a variable y;; for each arc [i}] that did not exist before in
the graph:

Yij = { 1 %f [l]] ¢ Fand (P.(i) < (P(]) Vi, jeV:ij| ¢ E

0 if[ij] € Fore(i) = ¢(j

Notice that y;; is 1 when the arc [ij] is NOT added, because the
variable y;; works like an “eraser’variable. To get an interval
graph, if we decided to add to the original graph all the arcs that
were missing, and then remove some of them - the ones that we
do not need to have an interval graph, then variable y is 1 for these
additional arcs which are to be removed.

Variables y depend on the linear ordering of vertices, so it follows
that there is an anti-reflexive relation:

yij=1=y;;=0

When y;; = 1, the arc [ij] is not needed in the interval graph, so,
by definition of interval graph, if there is not an arc [i,], then the
intervals i and j do not intersect. Consequently, one of the intervals
should finish before the other one starts. As i < j, the interval i
opens and finishes before the interval j starts. It means that the
stacks for items i and j will never be open at the same time, so
they can share the same stack space.

To explain the relations between the intervals horizontally, we will
add an extra set of variables z, based on the asymmetric represen-
tatives formulation for the vertex coloring problem by Campélo et
al. [6]. The value of the optimum of the MOSP is equal to the size
of the biggest clique in the solution graph @(H ) and, because inter-
val graphs are perfect graphs, it is equal to the chromatic number
of the graph y(H), which is the number of colors needed to as-
sign to the vertices of the graph such that there are no two adjacent
vertices of the same color.

If we assign colors to the vertices of the desired interval graph,
such that no two adjacent vertices have the same color, we can
count the maximum number of simultaneously open stacks by count-
ing the minimum number of different colors needed, because si-
multaneously open stacks will get different colors, and stacks that
do not overlap can have the same color.
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The variables that we will use are:

if vertex i represents vertex j

1
<ij _{ 0 otherwise

Vi,jeV:[ij|¢E

Note that if i € V is a representative vertex then z;; = 1.

We will use the variable K € N to denote the maximum number of

simultaneously open stacks.

2.2. The main model

Using this variables we present the following integer programming

model for the MOSP:

Minimize K

Subject to:
0<xj+xj—xp <1
yij —%ij <0
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Yij =X <0
yij+xjp <1
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Zij < Yij
Zijtzik—Yyjk— Yk < 1
Zij < Zii

Zij +Zik < Zii

Zij+zik + 2 < Zii

Zij + Zik + Zit + Zim < Zii
Zit + 2+ 2kt i 2t
205+ Zjm + Tmj + Tk F2m <2
Xij € {071}
Yij € {0,1}
Zij € {0,1}
KeN

ik =1, Ni<j<k (1)
Vi, j =1, N < J[ij] € E 2)
Vij=1,..N.j<ilij] ¢ E 3)
Vi jok =1, Nk < j,[ij] ¢ E.Jik] € E 4)
Vi jok =1, N, j < k,[ij] ¢ E,lik] € E 5)
Vi ok =1, Nk < . lif], ik ¢ E 6)
Vi ok = 1N, < ki), ] ¢ E @)
Vi=1,..N ®)
Vi k= Lo Nwih il ¢ e lder (9)
Vi jk=1....Nwith i, [} ¢ E,il e £ (10)
Vi, okl = 1, N with i), (] € B, (1], ik e £ (11)
Vi jk=1,....N with [ij], [j&]. [ik] ¢ E (12)

Vi kD=1, N withi# j £k £,
["\']?[/1]¢E~[’/]~[/k])[k’]j/'j] €E a3
Vi ok Ly = 1o N with i £ j £k £1 £ my 14)

(ikd, i) |j1), | jm]. Vem] ¢ E. [i), [jk], (k] [1ma] [mi] € E

15)

(16)

Yi=1,.N (17

Vioj=1,...N with [ij] ¢ E (18)

Vi, jok = 1., N with i}, ik, [jk] ¢ E (19)

Vi j=1,...N with [ij] ¢ E (20)

Vi, k= 1,.,N with j <k, [ij], it] £ E,[jK] e £ (21)

Vi, okl =1, N with j <k <1, 22)

[ij].[ik], [il] & E, [ jK]. K1), [1j] € E

Vi ko Lm =1, N with j < k,j < Lk <m, 23)
[i]. (k] 1) [im] & E. [jK). Ljt) Ljm], [&1]. fent], [tm] € E

Vi jok, L= 1o, N with £ ke £1 my 24)
(k] 1) [jt), ], ko] & E. i), k), [k, ], [ € E

Vij= 1, N withi < j (25)

Vi = 1N withi £ ). [ij] ¢ E (26)

Vi j=1,...Nwith ij] ¢ E 27

(28)

Having developed a fully functional integer programming model
for the minimization of open stacks problem, we then explore
some variants of this model.

3. MINIMUM INTERVAL GRAPH COMPLETION

The main idea behind the integer programming model presented is
the completion of the MOSP graph with suitable fill edges, with
the purpose of constructing an interval graph. There are several
edge completion problems documented in literature [7]. Here we
address the Minimum Interval Graph Completion, which searches
for the minimum number of fill edges that should be added to a
graph to obtain an interval graph. With small changes in the ob-
jective function and using some of the previous constraints, we
can build an integer programming model for this problem in Graph
Theory.

We will not need the variables z;; because the number of stacks
is irrelevant in the minimum interval graph completion problem.
Therefore, inequalities (8), (15) to (24), (27) and (28) are droped
for this case.

The objective is simply completing the graph with the smallest
number of edges to obtain an interval graph. The sum of all vari-
ables y gives the number of edges that are not added to the graph
G when completing it to an interval graph H. By maximizing this
sum, we get a minimum number of added edges.

More formally, the objective function for the minimum interval
graph completion problem is

max Z Yi j (29)
lij]¢E

4. MINIMIZING THE STACK OCCUPATION

The model we have developed for the minimization of open stacks
can be used in another pattern sequencing problem, where the ob-
jective is to find an optimal sequence to process the cutting patterns
in order to minimize the occupation of the stacks.

The problem we address now is similar to minimizing the flow
time of the orders: besides having the minimum number of open
stacks, we also want to minimize the sum of the time that the stacks
remain open within the system.

The sequence in which preset cutting patterns are processed can
affect the flow and total completion time, so it is desirable to opti-
mize the occupation of the stacks to eliminate unnecessary disper-
sion.

When considering the MOSP, it is usual to find more than one
optimal solution, in the sense that there is more than one sequence
of the cutting patterns that achieves the same maximum number
of open stacks. We may be interested in choosing between these
optimal solutions of the MOSP according to a different criterion.
A natural choice is the minimization of the order spread.

Noticing that in most instances there are alternative optimal solu-
tions for the MOSP, we tried to take the problem further and added
a second step with a new objective function: the minimization of
the order spread. This pattern sequencing problem similar to the
MOSP is also related with the minimum interval graph completion
problem.

Our model consists in finding out which arcs should be added to
the original MOSP graph G = (V,E) in order to get an interval
graph H = (V,E UF) that minimizes the stack occupation while
keeping the minimum number of simultaneously open stacks.

The model we present is divided in two steps. In a first step, the
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minimum number of open stacks is determined, and then in a sec-
ond step, we search for a new sequence of the patterns that im-
proves the total stack spread while using the optimal number of
open stacks.

In the first step the formulation is the same as before, with the
objective to minimize the maximum number of open stacks. Then,
in the second step, the objective becomes the minimization of the
stack spread. To minimize the average order spread is equivalent
to minimizing the total stack spread. This is also equivalent to
minimizing the number of fill-in zeros obtained in the matrix of
the description of the cutting patterns after the columns have been
rearranged to match the sequence in which the patterns will be
processed.

This is done by minimizing the number of arcs that are added to the
MOSP graph in order to obtain an interval graph. As the variables
yij are 1 when an arc is not added to the graph, we can minimize
the number of added arcs by maximizing the sum of the variables
yij. Therefore the objective function in step 2 is expression (29).

To guarantee that the optimal number of open stacks does not in-
crease from step 1 to step 2, some of the inequalities have to be
modified accordingly. Let us denote the optimal number of open
stacks found in step 1 by MOSP*. For step 2, in the inequalities
(8) and (15), the variable K is replaced by MOSP*.

5. COMPUTATIONAL RESULTS

The integer programming models were tested on the instances of
the Constraint Modeling Challenge 2005, available at:
http://www.cs.st-andrews.ac.uk/ ipg/challenge/instances.html

The instances were provided by the participants in the challenge
and present different kinds of difficulty, such as size, sparseness
and symmetry. Computational tests were performed with ILOG
OPL Development Studio 5.5 on an Intel®Core2 Duo T7200
@2.00GHz 0.99GB RAM. For each instance, the best objective
value found by the model, the best lower bound, the gap, the num-
ber of nodes of the search tree and the runtime were recorded.

In small instances we found the optimal solution for MOSP in just
a few seconds. In larger instances we found the optimal solution
in a few seconds as well, but it takes too long to prove that it is
optimal, specially in instances with many symmetries. In really
large instances the models could not be started because there was
not enough memory to handle so many variables and inequalities.

For the problem of minimizing the stack occupation, in the second

step we were able to obtain the optimal solution in every instances
tested. This second step allowed to reduce the order spread in
almost every instance, while maintaining the same optimal number
of open stacks. This reduction was very significant in many cases,
decreasing around 75% of the number of added edges.

For the Minimum Interval Graph Completion Problem, in all of
the instances tested, the optimal solution was reached and proved
optimal.
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