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ABSTRACT 

Dcspite recent advances in robot manipulator 
!nversc_ dy?amic com~uting 111ethods, the development of 
rndus1nal 1mplementatrnns of real-time controllers is still 
hi~hly d_ifficult, and impractical, due to the large number of 
~nthmct1c and transcendental floating point operations 
mvolvcd. The paper presents a method based on the use of a 
combination of boolean and ordinary algebra that leads to a 
considerable reduction of the on-line computing time. 
Terms of the link Iorque equations are calculated by 
boolean algebra, using Binary Decision Diagrams, and are 
thcn comhined by arithmetic summations. The result is an 
cfficicnt computational technique for real-time robot 
manipulator nonlinear control which is well suited to 
today's digital technology. The method, which is not 
rcstricted to the particular application dcscribed in the 
pape_r, is well_ adapted to implementation on a parallel 
archllecturc wllh performance improvement proportional 
to thc number of processors, and without scheduling 
problcms. 

1. INTRODUCTION 

The task of computing the required joint torques for 
a given sei of positions, velocities and accelerations (i. e. lhe 
so callcd robot manipulator inverse dynamics problem), has 
becn an arca of active research for the last two decades. A 
topic of great concern, on which most research effort has 
bcen invested, is the development of techniques to reduce 
the complcxity, and increase the efficiency, of the 
computations involved, in order to allow for real time 
execution of the resulting robot manipulator control 
programs, in industrial eontrollers. 

Systematic, Lagrangian-based methods were 
pr~posed. since around 1960, and an optimal solution, for 
th1s particular formulation, was obtained by Hollerbach in 
1980 [I]. By the sarne time Luh, Walker and Paul [2] 
presented an alternative method (Newton-Euler), derived 
from cl_assical dynamics, which was shown by Silver [3] to 
bc equrv~lcnt to lhe former. Although more cfficicnt, it 
shared wrth Hollerbach's algorithm the need to evaluate a 
computationally very exp:nsive set of recursivc numerical 
expressions. 

More recently (1986), the automatic generation of 
the dynamic symboiic formulae, using LISP-based algebra 
~ystems [4-5], has become possible, leading to a considerahle 
tmprovement (up to one order of magnitude) in 
computational efficiency and performance. Symbolic 
metho~s allow a better insight into the manipulator 
dynam1cs [ 6 ]. They suggest new strategies for the design of 
the ma111pulator itself and customiution of these 
expressions for specific robots [7-8), has allowed additional 
improvements in performance. More importantly though, 
the resulting non-recursive analytical expressions lcad 
more easily to parallelism, a fact whosc consequences are 
now being actively explored. 

Robot manipulator control programs result from the 
coding of these complex analytical expressions in a high 
levei language, and their translation, by means of a general 
purpose compiler, into an object code that runs on the 
target controller (usually a high performance CPU). The 
large number of floating point operations and 
transcendental function evaluations translates into a much 
larger number of processor instructions and machine 
cycles. Furthermore, the floating point operations are 
performed with precision (and word lcngth) much larger 
than the one associated with the accuracy of typical 
manipulator hardware (sensors, A/D and D/A converters, 
etc.); clearly, calculation time would decrease if 
computations could be performed with precision matched to 
the accuracy of the manipulator hardware. 

The algorithm proposed in this paper addresses both 
points. ln a way, the basic idca is similar to the one bchind 
transform calculus (e.g. Laplace, Z-transform): instead of 
performing computations in the time and analog domain, 
where the problem is most easily formulated, we choose to 
perform simpler evaluations in an algebra whose basic 
operations are more adequate to the current processors 
instruction sets. Furthermore we can use the precision that 
is appropriate for the problem (not more, not less), given 
the amplitude ranges expected or known for the variables 
and the available accuracy of the robot manipulato; 
hardware. 

Boolean algebra seems a natural choice for this 
purpose. If both input and output variables are propcrly 
quantified and converted to binary, by means of a suitable 
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code, wc can look at the resulting (potentially gigantic) 
table as a complete description of the on-line computations 
involved. Input variables on this truth-table are the bits of 
the quantified binary coded position, velocity and 
acceleration vectors. Output variables are the bits of the 
binary coded actuator torques. On this truth-table standard 
boolean minimization techniques could be performed, 
leading to simplified expressions for each bit of the 
required Iorque. A closer look reveals however, that this 
approach would be impractical, due to the size of the 
problem. (If the intrinsic input variables and output torque 
were coded with 8 bits each, this method would require, for 
a robot with 6 degrees of freedom, 144 input bits and 48 
output bits). The strategy we followed [9] considers each 
link Iorque term separately, and leads to a hybrid algorithm 
that calculates each term by Boolean algebra, and combines 
them by means of the required arithmetic sums, to obtain 
each actuator Iorque. Details of the algorithm are given in 
section 2, and its application to a 2R robot manipulator is 
shown in [ 10]. Implementation issues, taking advantage of 
parallelism and specialized hardware are discussed in the 
last section. 

2 THE ALGORITHM 

General formula1ion 

The dynamic equations for a manipulator wilh n 
degrccs of frccdom (d.o.f.) can be wrillen in lhe form: 

T=.J(q).q + C(q.q) + G(q) ( 1) 

whcrc 

J(q) is lhe nxn inerlial ma1rix, 

e (q,q) is n-dimensional vcctor of Coriolis and 
centripetal torques, 

G(q) is the n-dimcnsional veclor of gravitalional 
torqucs 

q, q, and ij are the n-dimcnsional veclors of link 
posi1ions, velocilies and accclcrations 

Thc algorithm uses boolean algcbra to compute each 
(product) term, and binary arithmetic to add them for 
computing the link torques. A fully boolean-based 
computation for a robot with n d.o.f. would rcquire 3n input 
word variablcs (position, velocity and acccleration), each 
one quantified in an appropriate number of bits. By 
splitting each link Iorque in its terms, the size of the 
problcm is considerably reduced. The trulh table for 
computing lhe inertial lerms will require at mos! n+ 1 input 
word variables; computation of the Coriolis, centripelal and 
gravitalional terms will require, in the worst case, tables 
with n+2, n+ 1, and n input word variables, respectively. 

The number of bits required to quanlize and code lhe 
input variables and the link Iorque terms, is chosen in a 
way lhat lakes in consideration the amplitude range, the 
available precision, and the required output resolution. 
Appropriate normalization (offset plus scaling), allows for 
the sums to be performed in fixed point arithmetic. Extra 
accuracy bits are used in order to compensate for the 
degradation in overall precision brought about by the 
summation operations. If p is lhe number of tcrms to be 
added, and an overall output resolution of r bits is desired, a 
total of w=r+m bits is used for each term, where the number 
of extra bits is given by 

(2) 

The "off-line" stage of lhe algorithm we have just 
described is dominated by the generation of the tablcs and 
their minimization. Obtaining the tables for the boolean 
evaluation of lhe torque terms, is a process that bcnefits 
from a priori knowledge of the mechanical and digital 
hardware, for the selection of the appropriate ranges, 
amplitudes, precisions and resolutions. This process can 
make use of the analytical expressions known for a 
particular manipulator. li is worth noting though, that the 
tables can be generated from purely experimental data, 
without the need to make use of any mathematical modcl. 
This is of particular relevance since situations exist where 
mathematical models are inaccurate or difficult to derive. 

Table minimization may be performed using 
standard boolean minimization techniques like the tabu! ar 
method of Quine-McCluskey [li]. The resulting expressions 
will then be compiled, or assembled, into the controllcr 
object code program, for on-line execution. An alternative, 
more efficient method, based on Binary Decision Diagrams, 
is described next. 



Ilinru-L-fucision Djagrams 

Standard boolcan minimization techniques typically 
lcad 10 1wo-level, sum-of-products (or product-of-sums) 
expressions that, in the context of this work, are 
rcsponsiblc for two types of limitations: 

1) General purpose processors are not optimized for 
e fficicnt rcalization of boolean operations. Processors with 
8, 16 or 32-bit data buses, with large instruction sets (unused 
in this algorithm), and requiring severa! clock cycles for 
ANO, OR and arithmetic sums, are \argerly wasted in 
applications requmng the evaluation of bit oriented 
boolcan formulae. 

2) Boolcan formulae are lliil lhe bcst way to evaluate 
boolcan cxprcssions. ln fact, il was shown in [ 12] that, for 
n-variablc functions, up to O(211 /log n) operations may be 
rcquircd, whilc a method based on dccision diagrnms will 
ncver rcquire more than n variable evaluations. 

ln order lo avoid these shortfalls, Binary Decision 
Diagrams (BDDs) [ 13-14] are used in the (off-line) boolean 
minimization, and in lhe (on-line) function evaluation 
stages of the algorithm. BDDs are directed acyclíc graphs 
which achieve extremely efficient representations of 
complex boolean functions. One node in the graph is a 
decision clement controlled by one input variable; as such, 
nodes in lhe diagram can be directly translated into 
if ... the n ... e lse... statements. Evaluating a diagram, i.e. 
finding the value of a function for a given set of inputs, 
requircs in the worst case a number of decision tests equal 
to lhe number of input variables. For BDD synthesis, our 
mcthod uses the simplification strategy and the algorithms 
givcn in (15]. By using this technique, we achieve 
automated synthesis, compact storage for lhe simplified 
truth-tables and optimal funetíon evaluation performance. 

~ 

Figure 2 shows a log-log "hi-lo" chart comparing the 
histograms of the times required to compute severa! terms 
using the conventional arithmetic method (vertical axis) 
and the proposed algorithm (horizontal axis). By a and b we 
represem the terms m2r 1r2S 2qi2 and g(m 1+m 2)r1c 1 of T1, 

and by e and d the terms (m2rz2+1 2)ij2 and m2r 1r2S 2q1
2 of 

T 2, respcctively. The codes were written in Turbo Pascal 

V4.0, and examples were run on 8086, 8 MHz machine, under 
MSDOS V3.2. The simple term c imposes a similar load to both 
methods; the more complex terms a, b and d show a 
remarkable improvement when using the new algorithm. 
For more complex terms, like those appearing in 
manipulators with more d.o.f., the speed-up factor will be 
correspondingly higher. 

3, IMPLEMENT ATION ISSUES 

We have shown that the proposed algorithm offers 
considerable performance improvement over e;dsting 
methods, on today's industrial controllers. We will show 
now that additional benefits can be obtained from its 
implementation in a parallel architecture, using dedicated 
processors. 

The off-line stage of the algorithm generates a 
control program composed uniquely of the equivalent to 
if ... then ... else... statements. Therefore, a dedicated processar, 
optimized to execute this type of (binary) programs, will 
permit a considerable improvement in performance over a 
general purpose processor [16]. Moreover, since each bit of 
the output torque has its own binary program, nothing 
prevenis ali of the k bits to be computed simultaneous\y. 
Therefore, we can have k simple processors, one per output 
bit, computing in parallel ali the bits of lhe output torque, 
thus achieving a k-fold improvement in performance. This 
general idea is illustrated in fig. 3. 
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Fig. 2. Arithmetic vs. BDD computing time for severa! 
terms (see text). The "hi-lo"bars are centered on the 
average calcu\ation time. 

ln fact, the increase in performance is not limited 
by the number of output bits. The operations involved in 
the on-line calculations required by the algorithm, allow 
-tim.J21e. distributíon of lhe computational lo.1d amongst ll.D..Y. 
number of processors. The result is an improvemcnt in the 
on-line computing time proportional to the numbcr of 
processors. ln contras! to other parallel computing systems 
[ 14] this improvement is not subject to any theorctícal limit 
and can be achieved without the complex scheduling 
problems common to other arithmetic manipulator 
dynamics parallel computing structures [ 15). 

One final comment should be made regarding the 
applicability of the method to other types of prob\cms. The 
algorithm is, in fact, not restricted to robot dynamics. li 
may find application whenever real-time requircments can 
not be met by existing numerical or analyical 
computational mcthods, provided the description of the 
behavior of the system can be partitioned into tables of 
acceptable sizes. 
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4. CONCLUSIONS 

ln this paper we presented a new computational 
mcthod for robot manipulator inverse dynamics that 
achicves a remarkable reduction of the on-line computing 
time. The algorithm, which is not restricted to manipulator 
dynamics, leads naturally to, and takes full advantage of, 
parallel computing structures of very simple, and very fast, 
dedicated processors. 
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