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Abstract It was demonstrated recently that ideal capacitors can not exist physically and that the

behavior of real-world inductors and capacitors is characterized by fractional-order (FO) models.

Therefore, the modeling and analysis of FO electrical circuit networks (FO-ECN) has gained con-

siderable interest. This paper introduces the basic principles of a class of rectangular prism n-units

(}� n) RLC FO-ECN, including the mathematical modeling and the analysis of the impedance

magnitude and phase. Three general formulas of the equivalent impedance between two nodes of

the FO-ECN are obtained by the matrix transform method. The relationship between the impe-

dance and the FO-ECN parameters, including the capacitance, inductance, number of circuit units

and FO are investigated. Numerical simulations reveal dynamical phenomena not exhibited by

ordinary ECN.
� 2020 The Authors. Published by Elsevier B.V. on behalf of Faculty of Engineering, Alexandria

University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).
1. Introduction

The fundamental concepts of fractional calculus (FC) were
introduced three centuries ago. However, the application of

FC to real-world problems is just a few decades old. The tools
of FC have several advantages for describing systems with
hereditary and memory properties [1–22]. Recently, researches

showed that real inductors and capacitors exhibit fractional-
order (FO) behavior [23–28] and introduced FO models for
describing electrical devices [29–37]. In fact, inductors and
capacitors have a fractional nature. Circuit models with FO
inductors and capacitors can describe circuit characteristics

more accurately than standard ones, allowing a high flexibility
in matching real-world experimental measurements. Semary
et al. [33] proposed the realization of a FO capacitor using pas-

sive symmetric networks. Machado and Galhano [38] studied
the skin effect and developed a new method for implementing
FO inductive elements. Jiang and Zhang [34] discussed the

realization of a high-power fractional capacitor of order
1 < a < 2. Tsirimokou et al. [35] addressed the experimental
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verification of on-chip CMOS FO capacitor emulators. Tripa-
thy et al. [36] presented the hardware realization and perfor-
mance analysis of fractional inductors of order 0 < a < 2.

Electrical circuit networks (ECN) consist on a set of electri-
cal components connected to each other, that are used to
transmit, transform, process and store electrical energy or sig-

nals. The ECN modeling and analysis has been an important
research topic in the last few years. The stability [39], sensitiv-
ity [40], passivity [41] and impedance calculation are funda-

mental problems in the study of ECN. On the other hand,
considerable efforts have been devoted to the study of infinite
ECN composed entirely of resistors or capacitors. Owaidat
et al. [42] adopted the lattice Green function to calculate the

efective resistance between any two nodes of a resistive ECN
when two additional resistances are introduced. Asad [43] con-
sidered the equivalent capacitance between two adjacent nodes

in an infinite dimensional capacitive ECN composed of identi-
cal capacitors. Hijjawi et al. [44] applied the lattice Green func-
tion to calculate the resistance between two arbitrary nodes of

a ECN of resistors when the network is perturbed with the
inclusion of an extra resistor between two arbitrary nodes. In
spite of these advances, the modeling and analysis of ECN

has been mostly based on the concept of integer order induc-
tance and capacitance. Therefore, often a simple integer-
order model is not accurate enough and does not reflect the
essential characteristics of the ECN. Despite the research car-

ried out on ECN, the study of the impedance characteristics of
multiple-component ECN, and the study of FO-ECN, have
been somewhat overlooked. The FO characteristics of induc-

tance and capacitance not only will directly affect the perfor-
mance of the whole ECN, but also will bring flexibility to
the ECN design. With the FO characteristics of actual induc-

tance and capacitance in mind, FO-ECN are presently receiv-
ing great attention. For examples, Chen et al. [45] introduced
the fundamentals of a LbCa infinite rectangle FO-ECN and

discussed its relevance and symmetry properties. Zheng et al.
[46] analyzed a LbCa FO-ECN filter. Ün [47] proposed a
2� n FO-ECN and calculated its equivalent impedances based
on the mesh current method. Zhou et al. designed a three-

dimensional [48] and a multifunctional n-step honeycomb
RLC FO-ECN [49] and investigated their impedance charac-
teristics. In this paper, a novel rectangular prism n-units

(}� n) RLC FO-ECN is introduced and its impedance (mag-
nitude and phase) characteristics are analyzed. This article
aims to study phenomena that classic ECN do not exhibit.

The contributions of the paper include (i) the mathematical
modeling of a class of }� n FO-ECN with multiple-
components, and (ii) the determination of the impedance mag-
nitude between two FO-ECN nodes for three different cases,

based on FC theory and the matrix transformation method.
The effect of six system parameters (number of circuit units
(n), fractional order (a; b), capacitance (C), inductance (L),

and resistance (R)) on the impedance magnitude characteristics
between three different nodes are systematically studied.
Moreover, the impedance phase characteristics in two typical

situations are analyzed and compared. The relationship
between the impedance phase and the order is also illustrated.

The organization of the paper is as follows. Section 2 intro-

duces the necessary definitions and the model of the }� n
RLC FO-ECN. Section 3 derives general formulas of the impe-
dance between two FO-ECN points, using the matrix trans-
form method for three cases. Section 4 analyzes the
impedance magnitude characteristics. Section 5 performs the
numerical verification and analyses of the accuracy of the
method. Section 6 investigates the impedance phase character-

istics. Section 7 concludes the paper.

2. Preliminaries and model description

Let us consider a function xðtÞ, where t denotes time. The FO
derivative of xðtÞ can be calculated according to several defini-
tions. The three more common are the Riemann–Liouville

(RL), Grünwald-Letnikov (GL) and Caputo (C), given as
follows.

Definition 1 [4]. The RL derivative of FO a of xðtÞ is:

aD
a
t fðtÞ ¼

1

Cðn� aÞ
dn

dtn

Z t

a

fðsÞ
ðt� sÞa�nþ1

ds;

Definition 2 [4]. The GL derivative of FO a of xðtÞ is:

aD
a
t fðtÞ ¼ lim

h!0

1

ha

� � X½ðt�aÞ=h�

j¼0

ð�1Þj a

j

� �
fðt� jhÞ;

Definition 3 [4]. The Caputo derivative of FO a of xðtÞ is:

CD
a
t0 ;t
xðtÞ ¼ 1

Cðn� aÞ
Z t

t0

ðt� sÞn�a�1
xðnÞðsÞds;

where n� 1 < a < n; n 2 N and CðsÞ ¼ R1
0

ts�1e�tdt is the

Gamma function.

The inductors and capacitors are crucial elements in inte-
grated circuits and are used extensively in many systems.
Recently, several researches showed that the dielectric materi-

als exhibit FO behavior and that an ideal capacitor is not phys-
ically realizable. Moreover, real-world inductors and
capacitors exhibit FO dynamics [38]. Their impedances are
given in [50] andthe mathematical description can be found

in the Appendix A. Hereafter, in order to have well understood
physical meaning of the initial conditions, the Caputo FO
derivative is considered. The fractional models of the inductor

and the capacitor can be written as:

ZL ¼ xbL cos bp
2

� �þ jxbL sin bp
2

� �
;

ZC ¼ cos xp
2ð Þ

xaC
� j

sin xp
2ð Þ

xaC
;

where the constants L and C represent the inductance and

capacitance, while b and a denote the FO of the inductor
and capacitor, respectively.

Herein, a class of }� n RLC FO-ECN is introduced, with

the topological structure depicted in Fig. 1. The symbols z0; z1
(in blue) and z (in red) denote resistance, FO inductor and FO
capacitor, respectively.

3. Equivalent impedance between two different points

3.1. The equivalent impendance between the points a and c

In this section, we use ECN analysis, matrix transformations
and difference equations to derive the impedance between

the FO-ECN points a and c.



Fig. 1 The topology of the }� n RLC FO-ECN. The elements

z0; z1 (in blue) and z (in red) denote the resistance, FO inductor

and FO capacitor, respectively.
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3.1.1. Establishment of the model

Fig. 2 depicts the sub-network between the points a and c,
where the current flows from c to a. The currents in the three
rows and in the two columns of the circuit are denoted by

Iak; Ibk and Ick, and Ikand I0k, respectively.
From Fig. 2, and applying the Kirchhoff’s current law

(KCL), we obtain the equations relating the currents at points

g; h and i, as follows:

Iak þ 2Ik � Iak�1 ¼ 0; ð1Þ

Ibk þ I0k � Ik � Ibk�1 ¼ 0; ð2Þ

Ick�1 þ 2I0k � Ick ¼ 0: ð3Þ
From the Kirchhoff’s voltage law (KVL), the equations relat-
ing the voltages in the two loops k can be expressed as:

Ibkzþ Ikz0 � Ikþ1z0 � Iakz1 ¼ 0; ð4Þ

I0kz0 � I0kþ1z0 � Ickz1 � Ibkz ¼ 0: ð5Þ
Similarly, the voltage equations in the two loops k� 1 are:

Ibk�1zþ Ik�1z0 � Ikz0 � Iak�1z1 ¼ 0; ð6Þ

I0k�1z0 � I0kz0 � Ick�1z1 � Ibk�1z ¼ 0: ð7Þ
Combining expressions (4)–(7) results in:

ð2Ik � Ikþ1 � IK�1Þz0 þ ðIbk � Ibk�1Þzþ ðIak�1 � IakÞz1 ¼ 0;

ð8Þ
Fig. 2 The sub-network between the points a and c of the }� n

RLC FO-ECN. The elements in blue and red denote the FO

inductor and FO capacitor, respectively.
ð2I0k � I0kþ1 � I0k�1Þz0 þ ðIck � Ick�1Þz1 þ ðIbk�1 � IbkÞ ¼ 0: ð9Þ
From (1)–(3), expressions (8) and (9) can be rewritten as
follows:

ðIkþ1 þ Ik�1Þz0 ¼ ð2z0 þ zþ 2z1ÞIk � zI0k; ð10Þ

ðI0kþ1 þ I0k�1Þz0 ¼ ð2z0 þ zþ 2z1ÞI0k � zIk: ð11Þ
Expressions (10) and (11) yield:

Ikþ1 þ Ik�1 ¼ ð2þ aþ 2bÞIk � aI0k; ð12Þ

I0kþ1 þ I0k�1 ¼ ð2þ aþ 2bÞI0k � aIk; ð13Þ
where a ¼ z=z0 and b ¼ z1=z0.

The formulation (12) and (13) can be written in matrix form
as:

Ikþ1

I0kþ1

� �
¼ 2þ aþ 2b �a

�a 2þ aþ 2b

� �
Ik

I0k

� �
� Ik�1

I0k�1

� �
: ð14Þ

To solve for Ik and I0k, we multiply (14) by a second-order

matrix
k1 1
k2 1

� �
, yielding:

k1 1

k2 1

� �
Ikþ1

I0kþ1

� �
¼ k1 1

k2 1

� �

� 2þ aþ 2b �a

�a 2þ aþ 2b

� �
Ik

I0k

� �
� k1 1

k2 1

� �
Ik�1

I0k�1

� �
:

ð15Þ

Assuming that there exist two undefined constants t1 and t2,
such that:

k1 1

k2 1

� �
2þ aþ 2b �a

�a 2þ aþ 2b

� �
¼ t1 0

0 t2

� �
k1 1

k2 1

� �
;

ð16Þ
then, from (16), we have:

k1ð2þ aþ 2bÞ � a �ak1 þ 2þ aþ 2b

k2ð2þ aþ 2bÞ � a �ak2 þ 2þ aþ 2b

� �
¼ t1k1 t1

t2k2 t2

� �
;

ð17Þ
that can be expressed as:

kið2þ aþ 2bÞ � a ¼ tiki
�aki þ 2þ aþ 2b ¼ ti

�
; ð18Þ

where i ¼ 1; 2.
We obtain two solutions for expression (18), namely:

k1 ¼ 1

t1 ¼ 2þ 2b
;

�
ð19aÞ

k2 ¼ �1

t2 ¼ 2þ 2aþ 2b
:

�
ð19bÞ

Substituting (19) into (15) and (16), expression (15) can be

written as:

I0kþ1 þ Ikþ1

I0kþ1 � Ikþ1

" #
¼ t1 0

0 t2

� �
I0k þ Ik

I0k � Ik

� �
� I0k�1 þ Ik�1

I0k�1 � Ik�1

� �
: ð20Þ

With the solution method of the second-order linear difference
equation, the characteristic equation of (20) is given by:
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x2

y2

� �
¼ t1 0

0 t2

� �
x

y

� �
� 1

1

� �
: ð21Þ

Let p and q (and c and d) stand for the two solutions of the Eq.
(21) about x (and about y). Therefore, the solutions are given
by:

p

q

� �
¼

1
2

2þ 2bþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2þ 2bÞ2 � 4

q� �

1
2

2þ 2b�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2þ 2bÞ2 � 4

q� �
2
6664

3
7775; ð22Þ

and

c

d

� �
¼

1
2

2þ 2aþ 2bþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2þ 2aþ 2bÞ2 � 4

q� �

1
2

2þ 2aþ 2b�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2þ 2aþ 2bÞ2 � 4

q� �
2
6664

3
7775: ð23Þ

Using I0kþ1 þ Ikþ1 ¼ xkþ1 and I0kþ1 � Ikþ1 ¼ ykþ1, expression

(21) can be rewritten as:

xkþ1 ¼ ðpþ qÞxk � pqxk�1; ð24aÞ

ykþ1 ¼ ðcþ dÞyk � cdyk�1: ð24bÞ
From (24), one can easily obtain:

xkþ1 � pxk ¼ qk�1ðx2 � px1Þ
xkþ1 � qxk ¼ pk�1ðx2 � qx1Þ

�
; ð25Þ

ykþ1 � cxk ¼ dk�1ðx2 � cx1Þ
ykþ1 � dxk ¼ ck�1ðx2 � dx1Þ

(
: ð26Þ

Therefore, it follows from (25) and (26) that:

xk

yk

� �
¼

1
p�q

½ðx2 � qx1Þpk�1 � ðx2 � px1Þqk�1�
1

c�d ½ðx2 � dx1Þck�1 � ðx2 � cx1Þdk�1�

" #
; ð27Þ

where k ¼ 3; 4; 5; � � �.
Finally, the solutions of the second-order difference Eqs.

(14) can be obtained as follows:

I0k ¼ 1
2
xk þ ykð Þ

¼ 1
2

1
p�q

½ðx2 � qx1Þpk�1 � ðx2 � px1Þqk�1



þ 1
c�d ½ðx2 � dx1Þck�1 � ðx2 � cx1Þdk�1�

�
;

ð28Þ

Ik ¼ 1
2
ðxk � ykÞ

¼ 1
2

1
p�q

½ðx2 � qx1Þpk�1 � ðx2 � px1Þqk�1



� 1
c�d ½ðx2 � dx1Þck�1 � ðx2 � cx1Þdk�1�

�
:

ð29Þ
Fig. 3 The diagram of the }� n RLC FO-ECN between the

points a and c, with boundary conditions. The elements in blue

and red denote the FO inductor and FO capacitor, respectively.

The first loop is shown in purple.
3.1.2. The law of the boundary current

Fig. 3 depicts the }� n RLC FO-ECN between the points a
and c, with boundary conditions. Exploring the symmetries

of the FO-ECN, we verify that Ik ¼ I0k. Therefore, expression
(12) can be rewritten as:

Ikþ1 ¼ ð2þ 2bÞIk � Ik�1;
and from (30):

Ik ¼ 1

p� q
½ðI2 � qI1Þpk�1 � ðI2 � pI1Þqk�1�: ð31Þ

Furthermore, we may write:

Xnþ1

i¼1

2Ii ¼ I: ð32Þ

Summing the nþ 1 currents in (31) and using (32), it yields:

2

p� q
ðI2 � qI1Þ

1� pnþ1

1� p
� ðI2 � pI1Þ

1� qnþ1

1� q

� �
¼ I: ð33Þ

Exploring the FO-ECN symmetry, the equations relating the
currents on the left part are:

Ic1 þ 2I01 ¼ I; Ib1 ¼ 0; Ia1 þ 2I1 ¼ I; ð34Þ
and the equation relating the voltages in the first loop, shown
in purple in Fig. 3, is:

� I2z0 þ Ib1zþ I1z0 � Ia1z1 ¼ 0: ð35Þ
Therefore, based on expressions (34) and (35), we have:

I2 ¼ I1ð1þ 2bÞ � bI: ð36Þ
Since p and q in (22) are the two solutions of the equation

about x, expression (36) can be rewritten as:

I2 ¼ I1ðpþ q� 1Þ � I

2
ðpþ q� 2Þ: ð37Þ

Then, substituting (37) into (33) yields:

I1 ¼ 1

2
1� pn � qn

pnþ1 � qnþ1

� �
I: ð38Þ
3.1.3. The equivalent impedance between the points a and c

From Fig. 3, the voltage between the points a and c can be
expressed by:

Uac ¼ I1z0 þ I01z0: ð39Þ
Exploring the FO-ECN symmetry, we have the relation

I1 ¼ I01. Therefore, expression (39) is equivalent to:

Uac ¼ 2I1z0: ð40Þ



Analysis of a rectangular prism 3095
Furthermore, using the Ohm’s law, the equivalent impedance

between the points a and c is given by:

ZacðnÞ ¼ Uac

I
¼ 2

I1
I
z0: ð41Þ

Hence, combining (38) with (41) yields:

ZacðnÞ ¼ 1� pn � qn

pnþ1 � qnþ1

� �
z0; ð42Þ

where n ¼ 1; 2; 3; � � �.
Expression (42) represents the equivalent impedance

between the points a and c of the FO-ECN. It should be noted
that this impedance is independent of the FO capacitors.

Moreover, from (22), it follow that p > q and

lim
n!n0

q

p

� �n

! 0: ð43Þ

Thus, expression (42) can be rewritten as:

lim
n!n0

ZacðnÞ ¼ 1� 1

p

� �
z0: ð44Þ
3.2. The equivalent impedance between the points c and f

In this section the equivalent FO-ECN impedance between the
points c and f is calculated.
3.2.1. Establishment of the model

Fig. 4 depicts the }� n RLC FO-ECN sub-network between
the points c and f. Comparing Figs. 4 and 2, we verify that they
differ essentially on the direction of the currents. Therefore,

the analyses presented in Section 2 can be adopted herein,
yielding the difference equations:

I0kþ1 þ Ikþ1

I0kþ1 � Ikþ1

" #
¼ t1 0

0 t2

� �
I0k þ Ik

I0k � Ik

� �
� I0k�1 þ Ik�1

I0k�1 � Ik�1

� �
: ð45Þ

Expressions (45) and (20) are identical, meaning that despite
representing different cases, both sub-networks have the same

model. Therefore, the solutions of expression (45) are those in
(28) and (29).
Fig. 4 The sub-network between the points c and f of the }� n

RLC FO-ECN. The elements in blue and red denote the FO

inductor and FO capacitor, respectively.
3.2.2. The law of boundary current

Fig. 5 represents the }� n RLC FO-ECN between the points c

and f, with boundary conditions. Based on the KCL, the
boundary current is given by:

I2

I02

� �
¼ 1þ aþ b �a

�a 1þ aþ b

� �
I1

I01

� �
� 0

bI

� �
: ð46Þ

Since xk ¼ I0k þ Ik and yk ¼ I0k � Ik, expression (46) becomes:

x2

y2

� �
¼ ðpþ q� 1Þx1

ðcþ d� 1Þy1

� �
þ �bI

�bI

� �
: ð47Þ

Furthermore, according to the direction of the currents, we
obtain:Pnþ1

i¼1 I
0
i ¼ 0;Pnþ1

i¼1 Ii ¼ 0:

(
ð48Þ

Hence, taking the sum of the variables xk and yk, for

k ¼ 1; � � � ; n, and using expression (48), it results:

1
p�q

ðx2 � qx1Þ 1�pnþ1

1�p
� ðx2 � px1Þ 1�qnþ1

1�q

h i
1

c�d ðx2 � dx1Þ 1�cnþ1

1�c � ðx2 � cx1Þ 1�dnþ1

1�d

h i
2
64

3
75 ¼ 0

0

� �
: ð49Þ

In view of (47) and (49), the formula of the boundary current

is:

x1

y1

� �
¼

1
2

1� ðpn�qnÞþðp�qÞ
pnþ1�qnþ1


 �
b

2aþ2b
1þ ðdn�cnÞþðd�cÞ

cnþ1�dnþ1


 �
2
64

3
75I: ð50Þ
3.2.3. The equivalent impedance between the points c and f

In Fig. 5 we observe that it is easily to derive the voltage equa-
tions between the points c and f, that yield:

Ucf ¼
Pn

i¼1Iaiz1 þ ðI1 þ I01 � Inþ1 � I0nþ1Þz0;
Ucf ¼

Pn
i¼1Ibizþ ðI01 � I0nþ1Þz0;

Ucf ¼
Pn

i¼1Iciz1:

8><
>: ð51Þ

Adding the three equations in (51) results:

3Ucf ¼
Xn

i¼1

ðIaiz1 þ Ibizþ Iciz1Þ þ ð2I01 þ I1 � 2I0nþ1 � Inþ1Þz0:

ð52Þ
Fig. 5 The diagram of the }� n RLC FO-ECN between the

points c and f, with boundary conditions. The elements in blue and

red denote the FO inductor and FO capacitor, respectively.



Fig. 6 The diagram of the }� n RLC FO-ECN between the

points c and d, with boundary conditions. The elements in blue

and red denote the FO inductor and FO capacitor, respectively.
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Moreover, exploring the FO-ECN symmetries, we obtain:

I0nþ1 ¼ �I01;

Inþ1 ¼ �I1;Pn
i¼1ðIai þ 2Ibi þ IciÞ ¼ nI:

8><
>: ð53Þ

According to the KVL, we also have:Pn
i¼1Ibi ¼ 1

z
z1
Pn

i¼1Iai þ 2z0I1
� �

;Pn
i¼1Ici ¼ 1

z1
z1
Pn

i¼1Iai þ 2z0 I1 þ I01
� �� �

(
: ð54Þ

Combining expressions (52) and (54) with (53) yields:

3Ucf ¼ 3z1
Xn

i¼1

Iai þ 6z0ðI1 þ I01Þ: ð55Þ

Similarly, substituting (54) into (53) results in:

Xn

i¼1

Iai ¼
nIz
z1
� 2zz0

z2
1

þ 4z0
z1


 �
I1 � 2zz0

z2
1

I01

2dþ 2
: ð56Þ

Therefore, it follows from (55) and (56) that:

3Ucf ¼ 3nz

2dþ 2
Iþ 6� 6þ 3d

dþ 1

� �
I1 þ 6� 3d

dþ 1

� �
I01

� �
z0; ð57Þ

where I1 ¼ x1�y1
2

and I01 ¼ x1þy1
2

.

Obviously, expression (57) can be rewritten as:

Ucf ¼ ½ nz

2dþ 2
þ 1

2
1� pn � qnð Þ þ p� qð Þ

pnþ1 � qnþ1

� �
z0

þ 1

2 dþ 1ð Þ2 1þ dn � cnð Þ þ d� cð Þ
cnþ1 � dnþ1

� �
z0�I: ð58Þ

Therefore, the equivalent impedance between the points c and

f is given by:

ZcfðnÞ ¼ nz

2dþ 2
þ 1

2
1� pn � qnð Þ þ p� qð Þ

pnþ1 � qnþ1

� �
z0

þ 1

2 dþ 1ð Þ2 1þ dn � cnð Þ þ d� cð Þ
cnþ1 � dnþ1

� �
z0; ð59Þ

where n ¼ 1; 2; 3; � � �.

3.3. The equivalent impedance between the points c and d

3.3.1. Establishment of model

From Fig. 4 and the results obtained previously, the difference
equations model for the impedance between the points c and d
is as follow:

I0kþ1 þ Ikþ1

I0kþ1 � Ikþ1

" #
¼ t1 0

0 t2

� �
I0k þ Ik

I0k � Ik

� �
� I0k�1 þ Ik�1

I0k�1 � Ik�1

� �
: ð60Þ

Therefore, the solutions of (60) are those of the model (20), as

given by expressions (28) and (29).

3.3.2. The law of boundary current

Fig. 6 depicts the }� n RLC FO-ECN between the points c

and d, with boundary conditions. The boundary current can
be expressed as

x2

y2

� �
¼ ðpþ q� 1Þx1

ðcþ d� 1Þy1

� �
þ �bI

�bI

� �
: ð61Þ
Furthermore, from Figs. 4 and 6 and considering the direc-

tions of the currents, we have:

Pnþ1
i¼1 I

0
i ¼ 1

2
I;Pnþ1

i¼1 Ii ¼ 1
2
I:

(
ð62Þ

Hence, summing xk and yk; k ¼ 1; . . . ; n, and in view of (62), it
yields:

1
p�q

ðx2 � qx1Þ 1�pnþ1

1�p
� ðx2 � px1Þ 1�qnþ1

1�q

h i
1

c�d ðx2 � dx1Þ 1�cnþ1

1�c � ðx2 � cx1Þ 1�dnþ1

1�d

h i
2
64

3
75 ¼ I

0

� �
: ð63Þ

Substituting of (63) into (62) gives:

x1

y1

� �
¼

1
2

1þ ðp�qÞ�ðpn�qnÞ
pnþ1�qnþ1


 �
b

2aþ2b
1þ ðdn�cnÞþðd�cÞ

cnþ1�dnþ1


 �
2
64

3
75I: ð64Þ
3.3.3. The equivalent impedance between the points c and d

From Fig. 6, we can obtain the voltage equations between the
two points c and d as follows:

Ucd ¼
Pn

i¼1Iaiz1 þ ðI1 þ I01Þz0;
Ucd ¼

Pn
i¼1Ibizþ ðI01 � Inþ1Þz0;

Ucd ¼
Pn

i¼1Iciz1 þ ðI0nþ1 � I0nþ1Þz0:

8><
>: ð65Þ

Adding the three equations in (65) we obtain:

3Ucd ¼
Xn

i¼1

ðIaiz1 þ Ibizþ Iciz1Þ þ ð2I01 þ I1 þ 2Inþ1 þ I0nþ1Þz0:

ð66Þ
Exploring the FO-ECN symmetries we have:

I0nþ1 ¼ I1;

Inþ1 ¼ I01;Pn
i¼1ðIai þ 2Ibi þ IciÞ ¼ nI:

8><
>: ð67Þ

Therefore, adopting the method of analysis presented in the

determination of the impedance between the points c and f,
from (65)–(67), the equivalent impedance between the points
c and d can be given by:
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ZcdðnÞ ¼ nz

2dþ 2
þ 1

2
1þ ðp� qÞ � ðpn � qnÞ

pnþ1 � qnþ1

� �
z0

þ 1

3ðdþ 1Þ2 1þ ðdn � cnÞ þ ðd� cÞ
cnþ1 � dnþ1

� �
z0; ð68Þ

where n ¼ 1; 2; 3; � � �.

4. Magnitude characteristics of the impedance

In this subsection, we analyze numerically the magnitude char-
acteristics of the impedance of the FO-ECN between the

points a and c, and c and f. We use the three impedance formu-
las (42) and (59) obtained in Section 3 to carry out simulation
experiments. Several sets of parameter values
(R;L;C; a; b; n;x) are adopted to obtain simulation results

that are illustrative. The software MATLAB R2014b was used
in all experiments.

4.1. Magnitude characteristics of the impedance between the
points a and c

In the follow-up all variables are expressed in the figures cap-

tions. We start by choosing R ¼ 0:1;L ¼ 0:01 and x ¼ 300,
while varying n and b. Fig. 7 depicts the impedance magnitude,
Z, versus n 2 ½0; 50� and b 2 f0:1; 0:4; 0:7; 1; 2g. We verify that,

as n increases, Z tends to different limit values that increase
with b. In other words, when n is large, Z is affected only by
p and R, as given in expression (44). In fact, b is proportional
to zL, and based on the relation between b and zL; b is also pro-

portional to b. According to (22), p increases with b, leading to
the increase of Z for fixed values of R. In addition, we observe
that for large values, the effect of b on Z becomes weaker.

We now vary b and R, while fixing n ¼ 50 and maintaining
the other parameters. Fig. 8 shows the evolution of Z versus
b 2 ½0; 2�, for R 2 f0:1; 0:3; 0:5; 1g. The value of Z gradually

increases with b, reaching limit values that increase with R.
At the same time, we can see that the effect of R on the impe-
dance between the points a and c is smaller as R decreases.
Moreover, b can vary within a large range (as shown in

Fig. 7 when R ¼ 0:1), showing that the fractional order induc-
tance can have high influence on the impedance.

Finally, we vary b and L, while keeping the values of the

other parameters. Fig. 9 shows the evolution of Z versus
Fig. 7 The magnitude of the impedance, Z, of the FO-ECN

between the points a and c versus n 2 ½0; 50� and

b 2 f0:1; 0:4; 0:7; 1; 2g, for R ¼ 0:1;L ¼ 0:01 and x ¼ 300.
b 2 ½0; 2�, for L 2 f0:01; 0:03; 0:05; 0:1g. We verify that, for
large values of b, the magnitude of the impedance Z tends to
the same value, independently of L. This is explained by the

fact that p in (44) does not vary in this case. Therefore, the
effect of b can either be increased or decreased to meet the
requirements of any practical application, which is not possible

with traditional integer-order ECN.
From Figs. 8 and 9, we verify that when the FO parameter

b is small, L plays a major role in Z. On the contrary, when b is

large, R plays a leading role. This behavior is not observed in
integer-order ECN.

4.2. Magnitude characteristics of the impedance between points c
and f

We chose R ¼ 0:1;L ¼ 0:01;C ¼ 1;x ¼ 300 and we vary the
number of units n and the FO values a and b. Figs. 10 and

11 depict the evolution of Z versus n 2 ½0; 50� and
a 2 f0:1; 0:4; 0:7; 1; 2g for b ¼ 1, and versus n 2 ½0; 50� and
b 2 f0:1; 0:4; 0:7; 1; 2g for a ¼ 1, respectively. We verify that,

for any values of a and b, the magnitude of the impedance Z
varies with n, increasing linearly for fixed values of a and
non linearly for fixed values of b.

The impedance analysis between the points c and d is omit-
ted here, since comparing expressions (59) and (68), we verify
that the two impedances are similar.

4.3. Relationship between the impedance magnitude and the
fractional-order

From Figs. 10 and 11, we also verify that the influence of the

number of units n on Z diminishes as a and b increase. In the
limit, namely for a; b ¼ 2, the effect on Z is minimal. This is
consistent with the results in Figs. 12–17, that depict Z

between the points c and f for different parameter combina-
tions, with x ¼ 300 and n ¼ 50.

Fig. 12 represents Z versus R 2 f0:1; 0:2; 0:4; 0:6; 0:8; 1g
and b 2 ½0; 2�, for L ¼ 0:01;C ¼ 1 and a ¼ 1. For a given b,
the magnitude of the impedance increases with R, approaching
distinct limit values as b increases. Meanwhile, one can observe
that the effect of R on the impedance between the points c and

f is smaller as the value of R decreases. This is an effect similar
to the one depicted in Fig. 8. Fig. 13 depicts Z versus a 2 ½0; 2�,
Fig. 8 The magnitude of the impedance, Z, of the FO-ECN

between the points a and c versus b 2 ½0; 2� and

R 2 f0:1; 0:3; 0:5; 1g, for L ¼ 0:01;x ¼ 300 and n ¼ 50.



Fig. 9 The magnitude of the impedance, Z, of the FO-ECN

between the points a and c versus b 2 ½0; 2� and

L 2 f0:01; 0:03; 0:05; 0:1g, for R ¼ 0:1;x ¼ 300 and n ¼ 50.

Fig. 10 The magnitude of the impedance, Z, of the FO-ECN

between the points c and f versus n 2 ½0; 50� and

a 2 f0:1; 0:4; 0:7; 1; 2g, for R ¼ 0:1;L ¼ 0:01;C ¼ 1;x ¼ 300 and

b ¼ 1.

Fig. 11 The magnitude of the impedance, Z, of the FO-ECN

between the points c and f versus n 2 ½0; 50� and

b 2 f0:1; 0:4; 0:7; 1; 2g, for R ¼ 0:1;L ¼ 0:01;C ¼ 1;x ¼ 300 and

a ¼ 1.

Fig. 12 The magnitude of the impedance, Z, of the FO-ECN

between the two points c and f versus b 2 ½0; 2� and

R 2 f0:1; 0:2; 0:4; 0:6; 0:8; 1g, for L ¼ 0:01;C ¼ 1;x ¼ 300; n ¼ 50

and a ¼ 1.
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while b ¼ 1 and maintaining the rest of the parameters. As a
increases, Z decays rapidly to a stable value close to 0. Com-
paring Figs. 12 and 13, we verify that for obtaining a small

Z, we only need to choose a small R. This corresponds to a
reduced power loss in the FO-ECN. Fig. 14 depicts the evolu-
tion of Z versus b 2 ½0; 2� and

L 2 f0:01; 0:02; 0:04; 0:06; 0:08; 0:1g, for R ¼ 0:1;C ¼ 1 and
a ¼ 1. The magnitude of the impedance Z converges to the
value Z ¼ 0:13 as b increases, independently of L. This agrees
with expression (59). Meanwhile, for large values of b, the

magnitude of the impedance Z tends to the same value, inde-
pendently of L (similarly to the effect observed in with
Fig. 9). Fig. 15 shows Z versus a 2 ½0; 2� for b ¼ 1 and main-

taining the values of the other parameters. We note that the
value of L has little effect on Z and that Z decays rapidly to
values nearly 0 when a increases.If we want to adjust the value

of L, then a can take any value within the interval ½0� 2� and
will not affect the Z. This shows that the choice of the frac-
tional order capacitor can have a considerable freedom.
Figs. 16 and 17 depict the effect of C 2 f1; 2; 4; 6; 8; 10g for

a ¼ 1 with b 2 ½0; 2�, and for b ¼ 1 with a 2 ½0; 2�, respectively,
when R ¼ 0:1 and L ¼ 0:01. Independently of C, the magni-
tude of the impedance Z increases with b and decreases with

a, reaching stable values. Moreover, the influence of C on Z
becomes smaller as C increases. Large values of Z can be
obtained by choosing small values of a. The relationship

between Z and the parameters ðR;L;C; nÞ depends on the
orders b and a. Therefore, in practical applications, if we need
large, or small, values of Z, then we can adjust b and a. This
behavior emphasizes the flexibility of the FO-ECN.

5. Validity of the derivation

The impedance equations of the FO-ECN were derived for
three different cases, using matrix transformation and con-
structing differential equations. In the follow-up, we compare
our results with those obtained with the conventional equiva-

lent resistance calculation method.
We verify the accuracy of the equivalent impedance for-

mula between the two points a and c derived in Section 3. Sim-

ilarly, the equivalent impedance equation between the points c
and f, or c and d, can also be verified by using the equipotential
method and the Y�4 transformation. Due to space con-

straints, they will be omitted here.
Based on the symmetry of the FO-ECN, we have Ibn ¼ 0,

meaning there is no current flows through the fractional capac-

itance in the circuit. Therefore, according to this property, we
simplify the circuit diagram, and the circuit diagram when
n ¼ f1; 2; 3g is shown in Figs. 18–20.



Fig. 13 The magnitude of the impedance, Z, of the FO-ECN

between the two points c and f versus a 2 ½0; 2� and

R 2 f0:1; 0:2; 0:4; 0:6; 0:8; 1g, for L ¼ 0:01;C ¼ 1;x ¼ 300; n ¼ 50

and b ¼ 1.

Fig. 14 The magnitude of the impedance, Z, of the FO-ECN

between the two points c and f versus b 2 ½0; 2� and

L 2 f0:01; 0:02; 0:04; 0:06; 0:08; 0:1g, for R ¼ 0:1;C ¼ 1;x ¼ 300;

n ¼ 50 and a ¼ 1.

Fig. 15 The magnitude of the impedance, Z, of the FO-ECN

between the two points c and f versus a 2 ½0; 2� and

L 2 f0:01; 0:02; 0:04; 0:06; 0:08; 0:1g, for R ¼ 0:1;C ¼ 1;x ¼ 300;

n ¼ 50 and b ¼ 1.

Fig. 16 The magnitude of the impedance, Z, of the FO-ECN

between the two points c and f versus b 2 ½0; 2� and

C 2 f1; 2; 4; 6; 8; 10g, for R ¼ 0:1;L ¼ 0:01;x ¼ 300; n ¼ 50 and

a ¼ 1.

Fig. 17 The magnitude of the impedance, Z, of the FO-ECN

between the two points c and f versus a 2 ½0; 2� and

C 2 f1; 2; 4; 6; 8; 10g, for R ¼ 0:1;L ¼ 0:01;x ¼ 300; n ¼ 50 and

b ¼ 1.

Fig. 18 Circuit diagrams of the circuit network between a and c

at n ¼ 1.
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According to the equipotential method and the calculation

formula of series and parallel resistances, from Fig. 7 we get:

Zacð1Þ ¼ z20 þ 2z0z1
2z0 þ 2z1

: ð69Þ

Similarly, from Figs. 8 and 9, we obtain:
Zacð2Þ ¼ z30 þ 4z0z
2
1 þ 6z20z1

3z20 þ 4z21 þ 8z0z1
; ð70Þ

Zacð3Þ ¼ z40 þ 12z30z1 þ 8z0z
3
1 þ 16z0z

2
1 þ 4z20z

2
1

4z30 þ 8z31 þ 16z21 þ 8z0z
2
1 þ 8z0z1 þ 12z20z1

: ð71Þ

From expression (42), it yields:



Fig. 19 Circuit diagrams of the circuit network between a and c

at n ¼ 2.

Fig. 20 Circuit diagrams of the circuit network between a and c

at n ¼ 3. Fig. 21 The phase of the impedance, /, between the points a and

c versus b 2 ½0; 2� and R 2 f0:1; 0:4; 0:7; 1g, for L ¼ 0:01;x ¼ 300

and n ¼ 50.

Fig. 22 The phase of the impedance, /, between the points a and

c versus b 2 ½0; 2� and L 2 f0:01; 0:04; 0:07; 0:1g, for

R ¼ 0:1;x ¼ 300 and n ¼ 50.
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Zacð1Þ ¼ 1� p� q

p2 � q2

� �
z0; ð72Þ

Zacð2Þ ¼ 1� p2 � q2

p3 � q3

� �
z0; ð73Þ

Zacð3Þ ¼ 1� p3 � q3

p4 � q4

� �
z0: ð74Þ

The numerical values (i) z0 ¼ 1; z1 ¼ 0:01, (ii)
z0 ¼ 0:5; z1 ¼ 0:01, (iii) z0 ¼ 1; z1 ¼ 0:1 were substituted into

Eqs. (69)–(71) Eqs. (72)–(74) for numerical verification and
the results are listed in Table 1. We verify that the results are
identical for the three different sets of z0 and z1, when using
the previous method and the formulas derived in Section 3.1.

Additionally, the accuracy and validity of the impedance
equation derived in this paper is confirmed.
Table 1 Verification of the accuracy and validity of the equivalent

Computing method Formula z0 = 1, z1 =

Previous method Zac(i) in (69) 0.5050

Zac(ii) in (70) 0.3442

Zac(iii) in (71) 0.2670

Proposed method Zac(i) in (72) 0.5050

Zac(ii) in (73) 0.3442

Zac(iii) in (74) 0.2670
6. Phase characteristics of the impedance

In this section, we investigate the relationship between the
impedance phase and the FO, under different values of the

parameters R;L;C and x.

6.1. Phase characteristics between the points a and c

We now select a ¼ 1; n ¼ 50 and b 2 ½0; 2�. Fig. 21 depicts the
impedance phase, /, versus b and R 2 f0:1; 0:4; 0:7; 1g, for
L ¼ 0:01 and x ¼ 300. Fig. 22 shows / versus b and

L 2 f0:01; 0:04; 0:07; 0:1g, for R ¼ 0:1 and x ¼ 300. Fig. 23
presents / versus b and x 2 f100; 200; 300; 400g, for R ¼ 0:1
impedance formula between two points a and c

0.01 z0 = 0.5, z1 = 0.01 z0 = 1, z1 = 0.1

0.2549 0.5455

0.1774 0.4271

0.1415 0.3854

0.2549 0.5455

0.1774 0.4271

0.1415 0.3854



Fig. 23 The phase of the impedance, /, between the points a and

c versus b 2 ½0; 2� and x 2 f100; 200; 300; 400g, for

R ¼ 0:1;L ¼ 0:01 and n ¼ 50.

Fig. 24 The phase of the impedance, /, between the points c and

f versus b 2 ½0; 2� and R 2 f0:1; 0:2; 0:4; 0:7; 1g, for

L ¼ 0:01;C ¼ 1;x ¼ 300; n ¼ 50 and a ¼ 1.

Fig. 25 The phase of the impedance, /, between the points c and

f versus b 2 ½0; 2� and L 2 f0:01; 0:02; 0:04; 0:07; 0:1g, for

R ¼ 0:1;C ¼ 1;x ¼ 300; n ¼ 50 and a ¼ 1.

Fig. 26 The phase of the impedance, /, between the points c and

f versus b 2 ½0; 2� and C 2 f1; 2; 4; 7; 10g, for

R ¼ 0:1;L ¼ 0:01;x ¼ 300; n ¼ 50 and a ¼ 1.

Fig. 27 The phase of the impedance, /, between the points c and

f versus b 2 ½0; 2� and x 2 f100; 200; 300; 400g, for

R ¼ 0:1;L ¼ 0:01 and C ¼ 1; n ¼ 50 and a ¼ 1.

Fig. 28 The phase of the impedance between the points c and f

versus a 2 ½0; 2� and R 2 f0:1; 0:2; 0:4; 0:7; 1g, for

L ¼ 0:01;C ¼ 1;x ¼ 300; n ¼ 50 and b ¼ 1.
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and L ¼ 0:01. We verify that as b increases, / gives a leading
angle that increases to a maximum and then decreases to val-

ues close to 0. The maxima are obtained for R ¼ 1:0;L ¼ 0:001
and x ¼ 100, respectively. Moreover, it can be seen that the
leading angle increases with R and decreases with L and x.

6.2. Phase characteristics of the impedance between the points c

and f

In this case, we maintain the values of a ¼ 1; n ¼ 50 and
b 2 ½0; 2�. Fig. 24 depicts / versus b and
R 2 f0:1; 0:2; 0:4; 0:7; 1g, for L ¼ 0:01;C ¼ 1 and x ¼ 300.
Fig. 25 shows / versus b and L 2 f0:01; 0:04; 0:07; 0:1g, for
R ¼ 0:1;C ¼ 1 and x ¼ 300. Fig. 26 illustrates the evolution

of / versus b and C 2 f1; 2; 4; 7; 10g, for R ¼ 0:1;L ¼ 0:01
and x ¼ 300. Fig. 27 represents / versus b and
x 2 f100; 200; 300; 400g, for R ¼ 0:1;L ¼ 0:01 and C ¼ 1.

We note in Figs. 24 and 26 that / changes from lag to lead,
while in Figs. 25 and 27 the angle / corresponds always to a
lag. Moreover, the lag angle decreases with the increase of

R;L;C and x. When x ¼ 100 and L ¼ 0:01, the phase angle
first decreases and then increases with b, revealing a particular
behavior, as shown in Figs. 25 and 27.



Fig. 30 The phase of the impedance between the points c and f

versus a 2 ½0; 2� and C 2 f1; 2; 4; 7; 10g, for

R ¼ 0:1;L ¼ 0:01;x ¼ 300; n ¼ 50 and b ¼ 1.

Fig. 29 The phase of the impedance between the points c and f

versus a 2 ½0; 2� and L 2 f0:01; 0:02; 0:04; 0:07; 0:1g, for

R ¼ 0:1;C ¼ 1;x ¼ 300; n ¼ 50 and b ¼ 1.

Fig. 31 The phase of the impedance between the points c and f

versus a 2 ½0; 2� and x 2 f100; 200; 300; 400g, for

R ¼ 0:1;L ¼ 0:01 and C ¼ 1; n ¼ 50 and b ¼ 1.

Fig. 32 Variation of /ðacÞ and /ðcfÞ versus L 2 ½0; 0:1�, for

a ¼ b ¼ 0:5.

Fig. 33 Variation of /ðacÞ and /ðcfÞ versus x 2 ½0; 400�, for

a ¼ b ¼ 0:5.

Fig. 34 Variation of /ðacÞ and /ðcfÞ versus n 2 ½50; 200�, for
a ¼ b ¼ 0:5.

Fig. 35 Variation of /ðacÞ and /ðcfÞ versus a;b 2 ½0; 2�, for

a ¼ b.
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We now select b ¼ 1 and a 2 ½0; 2�, while maintaining the
remaining parameters. Figs. 28–31 show / versus a for various

values of R;L;C and x. We verify that, as a increases, the lag
angle / first increases to a maximum and then decreases reach-
ing a limit value. Moreover, the lag angle / increases with R;C
and x, and remains almost unaffected by L.

6.3. Comparative analysis

Let us denote by /ðacÞ and /ðcfÞ the phase of the impedance
between the points a and c, and c and f, respectively. Figs. 32–
34 depict the relation between /ðacÞ and /ðcfÞ, and the param-
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eters L;C and n, respectively. We verify that /ðcfÞ is a lag angle
that increases with L;x and n. On the other hand, /ðacÞ is a
lead angle that decreases with L and x, and is not affected

by n.
Fig. 35 depicts the variation of /ðacÞ and /ðcfÞ versus

a; b 2 ½0; 2�, for a ¼ b;x ¼ 300;R ¼ 0:1;C ¼ 1;L ¼ 0:01 and

n ¼ 50. We notice that /ðacÞ is a lead angle that firstly
increases and then decreases with a and b. On the other hand,
/ðcfÞ is firstly a lead angle and then changes to lag, when a and
b increase. In both cases the evolution is smooth with lead and
lag peaks.

7. Conclusion

This paper introduced the modeling and analysis of a class of
}� n RLC FO-ECN. First, an equivalent circuit network

model was established. Then, using the Kirchhoff’s laws, a
recursive relation of the equivalent resistance was found.
Finally, three general models for the impedances between
two nodes of the FO-ECN were derived. The effect of the

FO-ECN parameters R;L;C; n; b; a and x on the impedance
magnitude and phase characteristics were studied. The results
show that the characteristics of complex FO-ECN are different

from those of the integer-order resistance network. Moreover,
some new dynamical phenomena not observed in classical
integer-order ECN were unraveled. These characteristics are

relevant since having more flexibility to the design of ECN.
Therefore, it is possible to use the derived formulas to design
and analyze the ECN in practical applications. Carrying out
laboratory experiments to illustrate the results of theoretical

and numerical analysis is the work to be developed in the
follow-up of this study.
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Appendix A. The fractional impedance of inductors and
capacitors is given by:
ZLðsÞ ¼ sbL;

ZCðsÞ ¼ 1
sxC

:

By substituting s ¼ jx in ZL and ZC, the frequency-dependent
impedance is given as follow:

ZLðjxÞ ¼ ðjxÞbL ¼ jbxbL;

ZCðjxÞ ¼ 1
ðjxÞaC ¼ 1

jaxaC
¼ j�a

xaC
;

Taking the logarithm on both sides of the Euler formula

ejx ¼ cos xþ j sinx, one can get:

jx ¼ lnðcos xþ j sin xÞ;
For x ¼ p

2
, it yields
p
2
j ¼ lnðjÞ;

Then one can obtain

j ¼ e
p
2j;

so that

jb ¼ e
bp
2
j;

j�a ¼ e
�ap
2 j:

Substituting the above two formulas into ZL and ZC, one has

ZLðjxÞ ¼ jbxbL ¼ e
bp
2 jxbL;

ZCðjxÞ ¼ j�a

xaC
¼ e

�ap
2

j

xaC
:

It follows from Euler’s formula ejx ¼ cos xþ j sinx that

ZLðjxÞ ¼ xbL cos bp
2

� �þ jxbL sin bp
2

� �
;

ZCðjxÞ ¼ cos xp
2ð Þ

xaC
� j

sin xp
2ð Þ

xaC
:
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