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KEYWORDS Abstract It was demonstrated recently that ideal capacitors can not exist physically and that the

behavior of real-world inductors and capacitors is characterized by fractional-order (FO) models.
Therefore, the modeling and analysis of FO electrical circuit networks (FO-ECN) has gained con-
siderable interest. This paper introduces the basic principles of a class of rectangular prism n-units
(¢ x n) RLC FO-ECN, including the mathematical modeling and the analysis of the impedance
magnitude and phase. Three general formulas of the equivalent impedance between two nodes of
the FO-ECN are obtained by the matrix transform method. The relationship between the impe-
dance and the FO-ECN parameters, including the capacitance, inductance, number of circuit units
and FO are investigated. Numerical simulations reveal dynamical phenomena not exhibited by

ordinary ECN.
© 2020 The Authors. Published by Elsevier B.V. on behalf of Faculty of Engineering, Alexandria
University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/
licenses/by-nc-nd/4.0/).

Fractional-order circuit net-
works;

Impedance characteristics;
Phase characteristics

1. Introduction order (FO) behavior [23-28] and introduced FO models for

describing electrical devices [29-37]. In fact, inductors and

The fundamental concepts of fractional calculus (FC) were
introduced three centuries ago. However, the application of
FC to real-world problems is just a few decades old. The tools
of FC have several advantages for describing systems with
hereditary and memory properties [1-22]. Recently, researches
showed that real inductors and capacitors exhibit fractional-
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capacitors have a fractional nature. Circuit models with FO
inductors and capacitors can describe circuit characteristics
more accurately than standard ones, allowing a high flexibility
in matching real-world experimental measurements. Semary
et al. [33] proposed the realization of a FO capacitor using pas-
sive symmetric networks. Machado and Galhano [38] studied
the skin effect and developed a new method for implementing
FO inductive elements. Jiang and Zhang [34] discussed the
realization of a high-power fractional capacitor of order
1 < o < 2. Tsirimokou et al. [35] addressed the experimental
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verification of on-chip CMOS FO capacitor emulators. Tripa-
thy et al. [36] presented the hardware realization and perfor-
mance analysis of fractional inductors of order 0 < o < 2.
Electrical circuit networks (ECN) consist on a set of electri-
cal components connected to each other, that are used to
transmit, transform, process and store electrical energy or sig-
nals. The ECN modeling and analysis has been an important
research topic in the last few years. The stability [39], sensitiv-
ity [40], passivity [41] and impedance calculation are funda-
mental problems in the study of ECN. On the other hand,
considerable efforts have been devoted to the study of infinite
ECN composed entirely of resistors or capacitors. Owaidat
et al. [42] adopted the lattice Green function to calculate the
efective resistance between any two nodes of a resistive ECN
when two additional resistances are introduced. Asad [43] con-
sidered the equivalent capacitance between two adjacent nodes
in an infinite dimensional capacitive ECN composed of identi-
cal capacitors. Hijjawi et al. [44] applied the lattice Green func-
tion to calculate the resistance between two arbitrary nodes of
a ECN of resistors when the network is perturbed with the
inclusion of an extra resistor between two arbitrary nodes. In
spite of these advances, the modeling and analysis of ECN
has been mostly based on the concept of integer order induc-
tance and capacitance. Therefore, often a simple integer-
order model is not accurate enough and does not reflect the
essential characteristics of the ECN. Despite the research car-
ried out on ECN, the study of the impedance characteristics of
multiple-component ECN, and the study of FO-ECN, have
been somewhat overlooked. The FO characteristics of induc-
tance and capacitance not only will directly affect the perfor-
mance of the whole ECN, but also will bring flexibility to
the ECN design. With the FO characteristics of actual induc-
tance and capacitance in mind, FO-ECN are presently receiv-
ing great attention. For examples, Chen et al. [45] introduced
the fundamentals of a LgC, infinite rectangle FO-ECN and
discussed its relevance and symmetry properties. Zheng et al.
[46] analyzed a LzC, FO-ECN filter. Un [47] proposed a
2 x n FO-ECN and calculated its equivalent impedances based
on the mesh current method. Zhou et al. designed a three-
dimensional [48] and a multifunctional n-step honeycomb
RLC FO-ECN [49] and investigated their impedance charac-
teristics. In this paper, a novel rectangular prism #-units
(¢ x n) RLC FO-ECN is introduced and its impedance (mag-
nitude and phase) characteristics are analyzed. This article
aims to study phenomena that classic ECN do not exhibit.
The contributions of the paper include (i) the mathematical
modeling of a class of { xn FO-ECN with multiple-
components, and (ii) the determination of the impedance mag-
nitude between two FO-ECN nodes for three different cases,
based on FC theory and the matrix transformation method.
The effect of six system parameters (number of circuit units
(n), fractional order («, f5), capacitance (C), inductance (L),
and resistance (R)) on the impedance magnitude characteristics
between three different nodes are systematically studied.
Moreover, the impedance phase characteristics in two typical
situations are analyzed and compared. The relationship
between the impedance phase and the order is also illustrated.
The organization of the paper is as follows. Section 2 intro-
duces the necessary definitions and the model of the { x n
RLC FO-ECN. Section 3 derives general formulas of the impe-
dance between two FO-ECN points, using the matrix trans-
form method for three cases. Section 4 analyzes the

impedance magnitude characteristics. Section 5 performs the
numerical verification and analyses of the accuracy of the
method. Section 6 investigates the impedance phase character-
istics. Section 7 concludes the paper.

2. Preliminaries and model description

Let us consider a function x(¢), where 7 denotes time. The FO
derivative of x(¢) can be calculated according to several defini-
tions. The three more common are the Riemann-Liouville
(RL), Griinwald-Letnikov (GL) and Caputo (C), given as
follows.

Definition 1 [4]. The RL derivative of FO o of x(¢) is
] n 13 1
=r in / L_]drv
M@ d ), (o
Definition 2 [4]. The GL derivative of FO a of x(¢) is

oo (8) 5 (o

Definition 3 [4]. The Caputo derivative of FO o of x(7) is

_; ! __L_nocl n) '

fo

D)

CD;‘,X([)

where n—1 <a<n,neN and I'(s) =
Gamma function.

Joo e dr is the

The inductors and capacitors are crucial elements in inte-
grated circuits and are used extensively in many systems.
Recently, several researches showed that the dielectric materi-
als exhibit FO behavior and that an ideal capacitor is not phys-
ically realizable. Moreover, real-world inductors and
capacitors exhibit FO dynamics [38]. Their impedances are
given in [50] andthe mathematical description can be found
in the Appendix A. Hereafter, in order to have well understood
physical meaning of the initial conditions, the Caputo FO
derivative is considered. The fractional models of the inductor
and the capacitor can be written as:

Z, = oLcos (&) + jo’Lsin (&),
ZC _ cos ('i") _]sm (‘é”)

*C o*C
where the constants L and C represent the inductance and
capacitance, while  and o denote the FO of the inductor
and capacitor, respectively.

Herein, a class of ) x n RLC FO-ECN is introduced, with
the topological structure depicted in Fig. 1. The symbols zg, z
(in blue) and z (in red) denote resistance, FO inductor and FO
capacitor, respectively.

3. Equivalent impedance between two different points

3.1. The equivalent impendance between the points a and ¢

In this section, we use ECN analysis, matrix transformations
and difference equations to derive the impedance between
the FO-ECN points « and c.
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Fig. 1 The topology of the ) x n RLC FO-ECN. The elements
20,21 (in blue) and z (in red) denote the resistance, FO inductor
and FO capacitor, respectively.

3.1.1. Establishment of the model

Fig. 2 depicts the sub-network between the points a and c,
where the current flows from c¢ to a. The currents in the three
rows and in the two columns of the circuit are denoted by
Ly, I and Ik, and [and I, respectively.

From Fig. 2, and applying the Kirchhoff’s current law
(KCL), we obtain the equations relating the currents at points
g,h and i, as follows:

Iak + 2I/< — dlak—1 = 07 (1)
I+ 1, — I — Iy =0, (2)
Ickfl + 21;& - I(?k =0. (3)

From the Kirchhoff’s voltage law (KVL), the equations relat-
ing the voltages in the two loops k can be expressed as:

Iz + Lkzo — Ixp1zo — Luz = 0, 4)
1;(2() - 1;(+IZ() - I(kZl - Ika =0. (5)
Similarly, the voltage equations in the two loops k — 1 are:

Dpj1z + D120 — Ixzo — Lu—121 = 0, (6)
12,120 - I;{Zo —Lg—1z) — Iz = 0. (7)

Combining expressions (4)—(7) results in:

(2L = Ly — Ix—1)z0 + (ke — Tok—1)z + (L=t — L)z = 0,

I(Current)

Ick-1

Fig. 2 The sub-network between the points a and ¢ of the { x n
RLC FO-ECN. The elements in blue and red denote the FO
inductor and FO capacitor, respectively.

QL I, —I_)z0+ (I — La—1)z1 + (Tt — In) = 0. (9)

From (1)-(3), expressions (8) and (9) can be rewritten as
follows:

(st + Iim1)zo = (220 4+ 2 4 220 )1 — I}, (10)
Dy + I )20 = (220 + 2+ 221) I, — z. (11)
Expressions (10) and (11) yield:

Ik+1 +Ik,] = (2 +a+2b)]k — aI;c, (12)
L+ 1, =Q2+a+2b), — al, (13)

where a = z/zy and b = z;/z,.
The formulation (12) and (13) can be written in matrix form

as:
Liq 24a+2b —a Ii Ly
_ e RV
I, —a 24a+2b] |1 I,
To solve for I, and I,, we multiply (14) by a second-order

matrix Al , yielding:
J 1

11 Liy _ o1

b VL] [ 1
{2+a+2b —a Hlk] [zl 1HIH}
X — .
—a 24a+2b] 1, J LI,

Assuming that there exist two undefined constants ¢; and 2,
such that:

/11 1 2+(1+2b —da _ 1 0 /11 1
iy 1 —a 24a+2b] |0 6]l 1)

(15)

(16)
then, from (16), we have:
[i](2+a+2b)—a —a)q+2+a+2b} _|:11]~1 l1:|
/12(2+a+2b)7a fa22+2+a+2b - 12}4 123 ’
(17)
that can be expressed as:
/‘L,‘ 2 2b - = [,‘/{,’
(Gat )= a=ti (18)
—a/15+2+(l+2b:[,'
where i = 1,2.
We obtain two solutions for expression (18), namely:
A =1
{ ' , (19a)
ty, =2+4+2b
Ay =-—1
{ ’ . (19b)
th =2+42a+2b

Substituting (19) into (15) and (16), expression (15) can be

written as:
Loy + L | {h 0} |:I;<+Ik:| B |:I;c—l +1k—1} (20)
Iy — D 0 ol —I I — L]

With the solution method of the second-order linear difference
equation, the characteristic equation of (20) is given by:



3094

L. Chen et al.

B[ 011 o

Let p and ¢ (and y and 6) stand for the two solutions of the Eq.
(21) about x (and about y). Therefore, the solutions are given
by:

-%(2+2b+ (2+2b)2—4>
H: %(2+2b— (2+2b)2—4> 7 -

%(2+2a+2b+ (2+2a+2b)2—4)
(23)

il-
0 %(2+2a+2b— (2+2a+2b)2—4)

Using I, + Iiy1 = X% and [ — Ly = y,,, expression

+1
(21) can be rewritten as:
Xt = (P + @)Xk — Pgx;_y, (24a)
Vst = (2 F0)ye — 700y (24b)
From (24), one can easily obtain:
{ X1 — PXy = C]:(*j(xz - pXx) 7 (25)
Xiy1 — gx, = P (6 — gx))
Ve — 73 =6 (xa = pxq) (26)
Vi1 — 0x = 9 (o — )
Therefore, it follows from (25) and (26) that:
{xk} [5G = gx)p T = (v = pxy)gt] on
Yk A5l = 0x)4 1 = (v = yx)0 1] |

where k = 3,4,5,---.
Finally, the solutions of the second-order difference Egs.
(14) can be obtained as follows:

L= 30 +w)

1
r=q

sl = ox) ! = (e —)d ),

= [(x2 = gx )" = (x2 — px;)g*™! (28)

=

Ie= 50—y

(10— @ — (2 = gt )

— ﬁ%[(xz - 5X1)'yk—l _ (XZ _ ,yxl)ékfl]).

= =

3.1.2. The law of the boundary current

Fig. 3 depicts the { x n RLC FO-ECN between the points a
and ¢, with boundary conditions. Exploring the symmetries
of the FO-ECN, we verify that I, = I;. Therefore, expression
(12) can be rewritten as:

Ik+| = (2 + Zb)lk - Ik—ly

and from (30):
1 _ _
L =—— (L — ql)p*™" = (L = pL,)d""]. (31)
P—4q
Furthermore, we may write:

n+l1

Moo=l (32)

Summing the n + 1 currents in (31) and using (32), it yields:
2

—= (L—gqI

P—q {( !

Exploring the FO-ECN symmetry, the equations relating the
currents on the left part are:

I(vl “1’21(1 :I7 I[Jl :07 Ial +2[1 :17 (34)

1 — 741 1— n+1

— (L = pl)

=1 (33)

and the equation relating the voltages in the first loop, shown
in purple in Fig. 3, is:

—bLzy+ Inz+ Lizg — Iyz; = 0. (35)
Therefore, based on expressions (34) and (35), we have:
L =1,(1+2b)—bl (36)

Since p and ¢ in (22) are the two solutions of the equation
about x, expression (36) can be rewritten as:

1
12:]1(P+q_1)_§(P+q_2)~ (37)
Then, substituting (37) into (33) yields:
1 =g
]1 = 5 (1 _pn+1 _ qn+l>1' (38)

3.1.3. The equivalent impedance between the points a and ¢

From Fig. 3, the voltage between the points ¢ and ¢ can be
expressed by:

Uac :1120—‘-['120. (39)

Exploring the FO-ECN symmetry, we have the relation
Iy = I}. Therefore, expression (39) is equivalent to:

U = 21, 2. (40)

I(Current) a lat
< 3

I(Current)© I ln  f

Fig. 3 The diagram of the { x n RLC FO-ECN between the
points a and ¢, with boundary conditions. The elements in blue
and red denote the FO inductor and FO capacitor, respectively.
The first loop is shown in purple.
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Furthermore, using the Ohm’s law, the equivalent impedance
between the points ¢ and c is given by:
Um' Il

;=27 (41)

Zye(n) =

Hence, combining (38) with (41) yields:

pn _ qn
Zm-(n) = (1 _W) 20, (42)

where n =1,2,3,---.

Expression (42) represents the equivalent impedance
between the points a and ¢ of the FO-ECN. It should be noted
that this impedance is independent of the FO capacitors.
Moreover, from (22), it follow that p > ¢ and

n—ny

lim ﬁ) 0. (43)
Thus, expression (42) can be rewritten as:

limZ,.(n) = (1 —}7) 2. (44)

n—np

3.2. The equivalent impedance between the points ¢ and f

In this section the equivalent FO-ECN impedance between the
points ¢ and f'is calculated.

3.2.1. Establishment of the model

Fig. 4 depicts the ¢ x n RLC FO-ECN sub-network between
the points ¢ and f. Comparing Figs. 4 and 2, we verify that they
differ essentially on the direction of the currents. Therefore,
the analyses presented in Section 2 can be adopted herein,
yielding the difference equations:

Iy + D B |:[1 0} |:1;(+Ik:| B {1;(,1 +Ik—1:| (45)
I;(Jr] - Ik+1 0 [5) 1;( - I/( ];(,] - Ik—l .

Expressions (45) and (20) are identical, meaning that despite
representing different cases, both sub-networks have the same
model. Therefore, the solutions of expression (45) are those in
(28) and (29).

a l(Current) 1, 4 lak d

I(Current) lg4 lek

Fig. 4 The sub-network between the points ¢ and f of the { x n
RLC FO-ECN. The elements in blue and red denote the FO
inductor and FO capacitor, respectively.

3.2.2. The law of boundary current

Fig. 5 represents the ¢ x n RLC FO-ECN between the points ¢
and f, with boundary conditions. Based on the KCL, the
boundary current is given by:

|:12:|:|:1+(1+b —a }[11}7{0} (46)
I —a l+a+b][1 bl

Since x; = I, + I and y, = I, — I, expression (46) becomes:
b +q—1)x —bl

[ R e K3 )
¥ (y+d—1Dy —bI

Furthermore, according to the direction of the currents, we
obtain:

'_Hl['_ =0
[ )
Zf:l 1;=0.
Hence, taking the sum of the variables x; and y,, for
k=1,---,n, and using expression (48), it results:
gl o+l
7l [ = aw) 5 = (= p) ] m (49)
%) [(X2 —0x)) I]L/I;I — (%2 —yx1) 1716_"5”] 0

In view of (47) and (49), the formula of the boundary current
is:

Wl | (- )
["} N [<6 q) oo | T (50)
”7;,’1 + S
e (1 + W)
3.2.3. The equivalent impedance between the points ¢ and f

In Fig. 5 we observe that it is easily to derive the voltage equa-
tions between the points ¢ and £, that yield:

Uy=>7" duzi + (L + 1, — Ly — I,,)2p,
Uy = > dwiz + (1) = L)z, (51)
Uy = 1in1

Adding the three equations in (51) results:

n
3U(/ = Z(Im-zl + IbiZ + I(‘izl) + (2[’1 + 11 — 2]:1+1 - In+1)ZO-

i=1

(52)

I(Current) © it o f I(Current)

Fig. 5 The diagram of the {) x n RLC FO-ECN between the
points ¢ and f, with boundary conditions. The elements in blue and
red denote the FO inductor and FO capacitor, respectively.
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Moreover, exploring the FO-ECN symmetries, we obtain:

1:1+1 = 71(17
In+1 = 7117 (53)

Z:lzl([ai + 2Ibi + Ici) =nl.

According to the KVL, we also have:

Z:’:llbi = % (ZIZ?:IL“' + 22011)’ (54)
Z?:]Ivi = i (ZIZ;;]Iai + 2ZO<I] + 1(1)) ’
Combining expressions (52) and (54) with (53) yields:
3Uy=321) Lu+620(L +1). (55)

i=1
Similarly, substituting (54) into (53) results in:
S PP e Ll
L = - : 56
2 22 (56)

Therefore, it follows from (55) and (56) that:

_ 3nz 6+3 3d Y\,

where /; =52 and [} = 2170

Obviously, expression (57) can be rewritten as:

nz 1 @ —q")+—9q)
Usr=hr 7573 [1 T g |0
1 (0" ="+ (o ,y)}
+ I 58
2(d+1)° { el — 5! ] (58)

Therefore, the equivalent impedance between the points ¢ and
fis given by:

_onz 1 P —q)+P—9q)
ZC/'(I’I) —m‘l’i |:1 *—:| )

pn+1 _ qn+1
1 (0" =y")+(0—=7v)
VRN { e g )

where n =1,2,3,---.
3.3. The equivalent impedance between the points ¢ and d

3.3.1. Establishment of model

From Fig. 4 and the results obtained previously, the difference
equations model for the impedance between the points ¢ and d
is as follow:
Ty + T

d
Ik+1 — Lii

7{11 0}{4"‘1/»} {1;(,1-0-1/(71
Lo g I — I I — I

} . (60)

Therefore, the solutions of (60) are those of the model (20), as
given by expressions (28) and (29).

3.3.2. The law of boundary current

Fig. 6 depicts the { x n RLC FO-ECN between the points ¢
and d, with boundary conditions. The boundary current can
be expressed as

IR ras W o

Furthermore, from Figs. 4 and 6 and considering the direc-
tions of the currents, we have:

n+l

{Z[JrlIZ':;L (62)

Sl =11
Hence, summing x; and y,,k = 1,...,n, and in view of (62), it
yields:

_pntl _ ]
2 [ ) 55 = e ) i
3 (v = om) 1 — (o = 55 | L0

Substituting of (63) into (62) gives:

| (0-0)-("~")
ME (1 + 505

y b @ =) +(0=y)
! 2a+2b 1+ il g

3.3.3. The equivalent impedance between the points ¢ and d
From Fig. 6, we can obtain the voltage equations between the
two points ¢ and d as follows:

U = > 1 Luz1 + (I + 1) 2o,

U = > iz + (1) — L) 20, (65)

Uea = 3oLzt + (g — 111 %0-

Adding the three equations in (65) we obtain:

n

33U = Z(Iaizl + Iz + Lizy) + 21 + I + 2L + 1, )20

i=1

(66)
Exploring the FO-ECN symmetries we have:
I:1+1 = Il’
I)H»l = 1(17 (67)

Z?:I(I“i + 2Ib,' + Ici) = nl.

Therefore, adopting the method of analysis presented in the
determination of the impedance between the points ¢ and f,
from (65)—(67), the equivalent impedance between the points
¢ and d can be given by:

| |(Current
an d( - )

I(Current)C It

Fig. 6 The diagram of the ¢ x n RLC FO-ECN between the
points ¢ and d, with boundary conditions. The elements in blue
and red denote the FO inductor and FO capacitor, respectively.
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__nz P—q) - W' -q")
Z(:d(”)—2d+2+§{ +W 2o
1 (0" —V”)+(5—V)]
+ Zo, 68
3(d+1)° { T o

where n =1,2,3,---.
4. Magnitude characteristics of the impedance

In this subsection, we analyze numerically the magnitude char-
acteristics of the impedance of the FO-ECN between the
points @ and ¢, and ¢ and f. We use the three impedance formu-
las (42) and (59) obtained in Section 3 to carry out simulation
experiments. Several  sets of  parameter  values
(R,L,C,a, p,n,w) are adopted to obtain simulation results
that are illustrative. The software MATLAB R2014b was used
in all experiments.

4.1. Magnitude characteristics of the impedance between the
points a and ¢

In the follow-up all variables are expressed in the figures cap-
tions. We start by choosing R =0.1,L =0.01 and o = 300,
while varying n and f. Fig. 7 depicts the impedance magnitude,
Z, versus n € [0,50] and f € {0.1,0.4,0.7,1,2}. We verify that,
as n increases, Z tends to different limit values that increase
with . In other words, when n is large, Z is affected only by
p and R, as given in expression (44). In fact, § is proportional
to z;, and based on the relation between b and z;, b is also pro-
portional to ff. According to (22), p increases with f, leading to
the increase of Z for fixed values of R. In addition, we observe
that for large values, the effect of f on Z becomes weaker.

We now vary f# and R, while fixing » = 50 and maintaining
the other parameters. Fig. 8 shows the evolution of Z versus
p€10,2], for Re {0.1,0.3,0.5,1}. The value of Z gradually
increases with f, reaching limit values that increase with R.
At the same time, we can see that the effect of R on the impe-
dance between the points ¢ and ¢ is smaller as R decreases.
Moreover, f§ can vary within a large range (as shown in
Fig. 7 when R = 0.1), showing that the fractional order induc-
tance can have high influence on the impedance.

Finally, we vary f# and L, while keeping the values of the
other parameters. Fig. 9 shows the evolution of Z versus

0.1
0.09
__ 008
=N
<
N o.07f
—p=01
I B=0.4
0.06 607
——p=10
0.05¢ —— B=2.0
0.04
) 10 20 30 40 50

n

Fig. 7 The magnitude of the impedance, Z, of the FO-ECN
between the points « and ¢ versus n€[0,50] and
p€{0.1,0.4,0.7,1,2}, for R=0.1,L = 0.01 and o = 300.

p€0,2], for L €{0.01,0.03,0.05,0.1}. We verify that, for
large values of f8, the magnitude of the impedance Z tends to
the same value, independently of L. This is explained by the
fact that p in (44) does not vary in this case. Therefore, the
effect of f§ can either be increased or decreased to meet the
requirements of any practical application, which is not possible
with traditional integer-order ECN.

From Figs. 8 and 9, we verify that when the FO parameter
fis small, L plays a major role in Z. On the contrary, when f is
large, R plays a leading role. This behavior is not observed in
integer-order ECN.

4.2. Magnitude characteristics of the impedance between points ¢
and f

We chose R=10.1,L=0.01,C =1,w =300 and we vary the
number of units n and the FO values « and f. Figs. 10 and
11 depict the evolution of Z versus ne€[0,50] and
o €{0.1,0.4,0.7,1,2} for =1, and versus n € [0,50] and
p€{0.1,0.4,0.7,1,2} for a = 1, respectively. We verify that,
for any values of o and f, the magnitude of the impedance Z
varies with n, increasing linearly for fixed values of o and
non linearly for fixed values of f3.

The impedance analysis between the points ¢ and d is omit-
ted here, since comparing expressions (59) and (68), we verify
that the two impedances are similar.

4.3. Relationship between the impedance magnitude and the
fractional-order

From Figs. 10 and 11, we also verify that the influence of the
number of units # on Z diminishes as o and f increase. In the
limit, namely for «, f = 2, the effect on Z is minimal. This is
consistent with the results in Figs. 12-17, that depict Z
between the points ¢ and f for different parameter combina-
tions, with @ = 300 and n = 50.

Fig. 12 represents Z versus R € {0.1,0.2,0.4,0.6,0.8,1}
and f€10,2], for L=0.01,C=1 and o = 1. For a given f,
the magnitude of the impedance increases with R, approaching
distinct limit values as f§ increases. Meanwhile, one can observe
that the effect of R on the impedance between the points ¢ and
fis smaller as the value of R decreases. This is an effect similar
to the one depicted in Fig. 8. Fig. 13 depicts Z versus o € [0, 2],

14
R=0.1
12k R=0.3 i
R=0.5
1l R=1.0
_. 08} i
o
=
N oo} 1
0.4f g
0.2b i
o ‘ ‘ ‘
0 0.5 1 15 2

B

Fig. 8 The magnitude of the impedance, Z, of the FO-ECN
between the points a and ¢ versus fe€[0,2] and
R €{0.1,0.3,0.5,1}, for L =0.01,w = 300 and n = 50.
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Fig. 9 The magnitude of the impedance, Z, of the FO-ECN
between the points « and ¢ versus fe[0,2] and
L €{0.01,0.03,0.05,0.1}, for R =0.1,w = 300 and n = 50.

z(n,0)

=0.1
0=0.4
a=0.7 ||
o=1.0
0=2.0

n

Fig. 10 The magnitude of the impedance, Z, of the FO-ECN
between the points ¢ and f versus n€[0,50] and
o€ {0.1,04,0.7,1,2}, for R=0.1,L=0.01,C= 1,0 = 300 and
p=1.

z(n,p)

n

Fig. 11 The magnitude of the impedance, Z, of the FO-ECN
between the points ¢ and f versus n€[0,50] and
p€{0.1,0.4,0.7,1,2}, for R=0.1,L =0.01,C =1, =300 and
o=1.

while f = 1 and maintaining the rest of the parameters. As o
increases, Z decays rapidly to a stable value close to 0. Com-
paring Figs. 12 and 13, we verify that for obtaining a small
Z, we only need to choose a small R. This corresponds to a
reduced power loss in the FO-ECN. Fig. 14 depicts the evolu-
tion of zZ versus pelo,2] and
L € {0.01,0.02,0.04,0.06,0.08,0.1}, for R=0.1,C=1 and

o = 1. The magnitude of the impedance Z converges to the
value Z = 0.13 as f increases, independently of L. This agrees
with expression (59). Meanwhile, for large values of f3, the
magnitude of the impedance Z tends to the same value, inde-
pendently of L (similarly to the effect observed in with
Fig. 9). Fig. 15 shows Z versus o € [0,2] for f = 1 and main-
taining the values of the other parameters. We note that the
value of L has little effect on Z and that Z decays rapidly to
values nearly 0 when « increases.If we want to adjust the value
of L, then o can take any value within the interval [0 — 2] and
will not affect the Z. This shows that the choice of the frac-
tional order capacitor can have a considerable freedom.
Figs. 16 and 17 depict the effect of C € {1,2,4,6,8,10} for
o= 1 with p € [0,2], and for § = 1 with « € [0, 2], respectively,
when R=0.1 and L = 0.01. Independently of C, the magni-
tude of the impedance Z increases with f# and decreases with
o, reaching stable values. Moreover, the influence of C on Z
becomes smaller as C increases. Large values of Z can be
obtained by choosing small values of «. The relationship
between Z and the parameters (R,L,C,n) depends on the
orders f and a. Therefore, in practical applications, if we need
large, or small, values of Z, then we can adjust  and «. This
behavior emphasizes the flexibility of the FO-ECN.

5. Validity of the derivation

The impedance equations of the FO-ECN were derived for
three different cases, using matrix transformation and con-
structing differential equations. In the follow-up, we compare
our results with those obtained with the conventional equiva-
lent resistance calculation method.

We verify the accuracy of the equivalent impedance for-
mula between the two points a and ¢ derived in Section 3. Sim-
ilarly, the equivalent impedance equation between the points ¢
and f, or ¢ and d, can also be verified by using the equipotential
method and the Y — A transformation. Due to space con-
straints, they will be omitted here.

Based on the symmetry of the FO-ECN, we have I, = 0,
meaning there is no current flows through the fractional capac-
itance in the circuit. Therefore, according to this property, we
simplify the circuit diagram, and the circuit diagram when
n={1,2,3} is shown in Figs. 18-20.

R=0.1
12b R=0.2 d
R=0.4

R=0.6

Z(B.R)

0 0.‘5 “I 1.‘5 2
B

Fig. 12 The magnitude of the impedance, Z, of the FO-ECN

between the two points ¢ and f versus f€[0,2] and

R €{0.1,0.2,0.4,0.6,0.8,1}, for L =0.01,C = 1, = 300,n = 50

and o = 1.
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Fig. 13 The magnitude of the impedance, Z, of the FO-ECN
between the two points ¢ and f versus «<[0,2] and
R€{0.1,0.2,0.4,0.6,0.8,1}, for L =0.01,C=1,w = 300,n = 50
and = 1.
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Fig. 14 The magnitude of the impedance, Z, of the FO-ECN
between the two points ¢ and f versus f€[0,2] and
L € {0.01,0.02,0.04,0.06,0.08,0.1}, for R=10.1,C =1, = 300,
n=>50and a=1.

30
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L=0.02
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L=0.08
L=0.10

1 15 2
o

Fig. 15 The magnitude of the impedance, Z, of the FO-ECN
between the two points ¢ and f versus o€ [0,2] and
L € {0.01,0.02,0.04,0.06,0.08,0.1}, for R=0.1,C = 1, = 300,
n=>50and f=1.

According to the equipotential method and the calculation
formula of series and parallel resistances, from Fig. 7 we get:

2
_ zy+ 229z

Zy(l) = 7—F7—.
() 220+221

(69)

Similarly, from Figs. 8 and 9, we obtain:

0.14
0.12
0.1
3 0.08
~
0.06 —C=1 |{
C=2
7 c=4
0.04/ C=6
C=8
C=10
0.02 L L L
0 0.5 1 1.5 2

B

Fig. 16 The magnitude of the impedance, Z, of the FO-ECN
between the two points ¢ and f versus f€[0,2] and
Ce{l,2,4,6,8,10}, for R=0.1,L =0.01,w = 300,n =50 and
o=1.
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20BN

000000
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2(a,C)
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Fig. 17 The magnitude of the impedance, Z, of the FO-ECN
between the two points ¢ and f versus «€[0,2] and
Ce{l1,2,4,6,8,10}, for R=0.1,L =0.01,w = 300,n = 50 and
p=1

[((Current) a Z4
-

[(Current) C Z I

Fig. 18 Circuit diagrams of the circuit network between a and ¢
atn=1.

Zu(2) = z3 442023 4 62324
“ 322 + 423 + 8zyz;
z8 + 122321 + 82023 + 162023 + 42223

Zuc 3) = .
3) 4z3 + 823 + 1623 + 82922 + 829z + 1223z

From expression (42), it yields:



3100

L. Chen et al.

I(Current) ¢ Z

Fig. 19  Circuit diagrams of the circuit network between a and ¢
atn=2.

I(Current) a &
-

T

(Current) ¢ Z

Fig. 20  Circuit diagrams of the circuit network between « and ¢
atn = 3.

Zoo(1) = (1 —;;:Zz)% (72)
Z(2) = (1 *ﬁz - Zi)zo, (73)
Z.(3) = (1 —%)a). (74)

The numerical values (i) zo=1,z; =0.01, (i)
zo = 0.5,z; = 0.01, (iii)) zo = 1,z; = 0.1 were substituted into
Egs. (69)(71) Egs. (72)-(74) for numerical verification and
the results are listed in Table 1. We verify that the results are
identical for the three different sets of zy and z;, when using
the previous method and the formulas derived in Section 3.1.
Additionally, the accuracy and validity of the impedance
equation derived in this paper is confirmed.

6. Phase characteristics of the impedance

In this section, we investigate the relationship between the
impedance phase and the FO, under different values of the
parameters R, L, C and w.

6.1. Phase characteristics between the points a and ¢

We now select « = 1,n =50 and f € [0,2]. Fig. 21 depicts the
impedance phase, ¢, versus f and R € {0.1,0.4,0.7,1}, for
L=0.01 and w=300. Fig. 22 shows ¢ versus f and
L € {0.01,0.04,0.07,0.1}, for R=0.1 and w = 300. Fig. 23
presents ¢ versus f§ and o € {100, 200,300,400}, for R =0.1

R=0.1
R=0.4
0.3 R=0.7 [
R=1.0
0.25 1
_ 02f R
4
=3
g
0.15 1
0.1 1
0.05 b
o
0 0.5 1 1.5 2
B
Fig. 21  The phase of the impedance, ¢, between the points a and

¢ versus € [0,2] and R € {0.1,0.4,0.7,1}, for L = 0.01,» = 300
and n = 50.

L=0.01
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L=0.07 |1
L=0.10

0.12f

0.1F b

0.08 4

o(B.L)

0.06 1

0 0.5 1 1:5 2
B

Fig. 22  The phase of the impedance, ¢, between the points a and

¢ versus f€[0,2] and L€ {0.01,0.04,0.07,0.1}, for

R=0.1,0 =300 and n = 50.

Verification of the accuracy and validity of the equivalent impedance formula between two points @ and ¢

zo = 0.5, z; = 0.01 zo =1,z = 0.1

Table 1
Computing method Formula zo =1,z = 0.01
Previous method Z4(1) in (69) 0.5050
Z,4.(ii) in (70) 0.3442
Z,(1ii) in (71) 0.2670
Proposed method Z4(1) in (72) 0.5050
Z,4(ii) in (73) 0.3442
Z,(1ii) in (74) 0.2670

0.2549 0.5455
0.1774 0.4271
0.1415 0.3854
0.2549 0.5455
0.1774 0.4271
0.1415 0.3854
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Fig. 23  The phase of the impedance, ¢, between the points a and

¢ versus f€[0,2] and o € {100,200,300,400}, for

R=0.1,L=0.01 and n = 50.
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Fig. 24  The phase of the impedance, ¢, between the points ¢ and
f versus fe€]0,2] and R€{0.1,0.2,0.4,0.7,1}, for
L=001,C=1,0=300,n=50 and o = 1.
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Fig. 25 The phase of the impedance, ¢, between the points ¢ and
f versus f€0,2] and L € {0.01,0.02,0.04,0.07,0.1}, for
R=0.1,C=1,0=300,n =50 and o = 1.

and L = 0.01. We verify that as f§ increases, ¢ gives a leading
angle that increases to a maximum and then decreases to val-
ues close to 0. The maxima are obtained for R = 1.0, L = 0.001
and o = 100, respectively. Moreover, it can be seen that the
leading angle increases with R and decreases with L and o.

6.2. Phase characteristics of the impedance between the points ¢
and f

In this case, we maintain the values of o= 1,n=50 and
pel0,2]. Fig. 24 depicts ¢ versus S and

0 0.5 1 1.5 2
B
Fig. 26  The phase of the impedance, ¢, between the points ¢ and
f versus p€10,2] and Ce{1,2,4,7,10}, for
R=0.1,L=0.0l,0 =300,n =50 and o = 1.

b o =100 ]
=200
=300 ||
®=400

0 0.5 1 1.5 2
B
Fig. 27 The phase of the impedance, ¢, between the points ¢ and
f versus f€(0,2] and € {100,200,300,400}, for
R=0.1,L=0.01and C=1,n=50 and « = 1.

o(cLR)

Fig. 28 The phase of the impedance between the points ¢ and f
Versus ae0,2] and R€{0.1,0.2,0.4,0.7, 1}, for
L=001,C=1,w=300,n=50and = 1.

R€{0.1,0.2,04,0.7,1}, for L=0.01,C=1 and o = 300.
Fig. 25 shows ¢ versus  and L € {0.01,0.04,0.07,0.1}, for
R=0.1,C=1 and w = 300. Fig. 26 illustrates the evolution
of ¢ versus f and C € {1,2,4,7,10}, for R=0.1,L =0.01
and o =300. Fig. 27 represents ¢ versus f and
o € {100,200,300,400}, for R=0.1,L=0.01 and C=1.
We note in Figs. 24 and 26 that ¢ changes from lag to lead,
while in Figs. 25 and 27 the angle ¢ corresponds always to a
lag. Moreover, the lag angle decreases with the increase of
R,L,C and . When w = 100 and L = 0.01, the phase angle
first decreases and then increases with f3, revealing a particular
behavior, as shown in Figs. 25 and 27.
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0o 0.‘5 ‘; 115 2
Fig. 29  The phase of the impedance between the points ¢ and f
versus  « €[0,2] and L €{0.01,0.02,0.04,0.07,0.1}, for
R=0.1,C=1,0=300,n=50and f=1.

0(a.C)

Fig. 30 The phase of the impedance between the points ¢ and f
versus a€0,2] and Ce{l,2,4,7,10}, for
R=0.1,L=0.01,0 =300,n =50 and = 1.

®=400

Fig. 31 The phase of the impedance between the points ¢ and f
versus o€ [0,2] and o € {100,200, 300,400}, for
R=0.1,L=0.01l and C=1,n=50 and = 1.

We now select f =1 and « € [0,2], while maintaining the
remaining parameters. Figs. 28-31 show ¢ versus o for various
values of R, L, C and w. We verify that, as o increases, the lag
angle ¢ first increases to a maximum and then decreases reach-
ing a limit value. Moreover, the lag angle ¢ increases with R, C
and w, and remains almost unaffected by L.

6.3. Comparative analysis

Let us denote by ¢(ac) and ¢(cf) the phase of the impedance
between the points a and ¢, and ¢ and f, respectively. Figs. 32—
34 depict the relation between ¢ (ac) and ¢(cf), and the param-

0.2
01k \
or 9(ac) 1
-0.1
-0.2 4
. o=p=0.5
S
= -0.3 B
-0.4
-0.5
-0.6
-07 o(ch)
-0.8
0.02 0.04 0.06 0.08 0.1

Fig. 32 Variation of ¢(ac) and ¢(cf) versus L € [0,0.1], for
2=p=05.

0.1 #(ac)

0 50 100 150 200 250 300 350 400
[}

Fig. 33 Variation of ¢(ac) and ¢(cf) versus w € [0,400], for
a=pf=0.5.

0.2

o(ac)

a=p=0.5

9(cf)

-0.5
50 100 150 200

n

Fig. 34 Variation of ¢(ac) and ¢(cf) versus n € [50,200], for
oa=pf=0.5.

0.4

0.21

0 0.5 1 1.5 2
o=p

Fig. 35 Variation of ¢(ac) and ¢(cf) versus o, ff € [0,2], for
o=p.
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eters L, C and n, respectively. We verify that ¢(cf) is a lag angle
that increases with L, w and n. On the other hand, ¢(ac) is a
lead angle that decreases with L and w, and is not affected
by n.

Fig. 35 depicts the variation of ¢(ac) and ¢(cf) versus
o, f€[0,2], for « = f,0=300,R=0.1,C=1,L=0.01 and
n=>50. We notice that ¢(ac) is a lead angle that firstly
increases and then decreases with « and f. On the other hand,
¢(cf) is firstly a lead angle and then changes to lag, when o and
p increase. In both cases the evolution is smooth with lead and
lag peaks.

7. Conclusion

This paper introduced the modeling and analysis of a class of
$ xn RLC FO-ECN. First, an equivalent circuit network
model was established. Then, using the Kirchhoff’s laws, a
recursive relation of the equivalent resistance was found.
Finally, three general models for the impedances between
two nodes of the FO-ECN were derived. The effect of the
FO-ECN parameters R,L,C,n, 5,0 and o on the impedance
magnitude and phase characteristics were studied. The results
show that the characteristics of complex FO-ECN are different
from those of the integer-order resistance network. Moreover,
some new dynamical phenomena not observed in classical
integer-order ECN were unraveled. These characteristics are
relevant since having more flexibility to the design of ECN.
Therefore, it is possible to use the derived formulas to design
and analyze the ECN in practical applications. Carrying out
laboratory experiments to illustrate the results of theoretical
and numerical analysis is the work to be developed in the
follow-up of this study.
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Appendix A. The fractional impedance of inductors and
capacitors is given by:

Zi(s)= sPL,
Zc(s) = ﬁ

By substituting s = jw in Z; and Z¢, the frequency-dependent
impedance is given as follow:
Zi(jo) = (jo)'L=jo’L,

i) — 11 "
ZC(]CO) T (jo)'C T FforC T o*C?

Taking the logarithm on both sides of the Euler formula
€ = cos x + jsin x, one can get:

Jx = In(cos x 4 jsin x),

For x =7, it yields

57 =In(j),

Then one can obtain

j=e,

so that
J= e

= 3.

Substituting the above two formulas into Z; and Z., one has
Z(jw) =
Ze(jo) = Le=5c-

It follows from Euler’s formula ¢® = cos x + jsin x that

Z,(jo) = oLcos (&) + jo’ Lsin (£),

Zeo) = =)
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