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ABSTRACT

Pedrosa, Anténio Manuel de Carvalho. Ph.D., Purdue University, May 1994. Auto-
matic Batching in Simulation Qutput Analysis. Major Professor: Bruce Schmeiser.

We develop methodology and propose an algorithm to estimate the variance of
the sample mean of stationary stochastic processes. The algorithm, denoted by 1-2-1
OBM, is (i} automatic, in that it does not require the user to provide any parameter,
(ii) robust, in that it can be applied to any stationary stochastic process and is not
sensitive to reasonable violations of assumptions, (iii) computationally efficient, in
that the computation time is proportional to the sample size, and (iv) statistically
efficient, in that the mean squared error performance is good. We also provide a
FORTRAN implementation.

Our approach minimizes the mean squared error of estimators of the variance
of the sample mean parameterized by batch size by estimating the optimal batch
size from a_given data sample. The optimal batch size is a simple function of the
correlation structure of the data: the sum of autocorrelations, 7o, and the weighted
sum of autocorrelations, v;. We develop estimators 7 and 9; of 4o and 4;. Both 74
and 4, are obtained from overlapping-batch-means (OBM) estimators, but analogous
development can be considered for other estimators parameterized by batch size. We
develop theoretical and empirical guidelines to estimate the optimal batch size from

Jo and 7. We prove that our optimal batch size estimator converges in probability

to the optimal batch size.




We also develop asymptotically unbiased methodology to estimate the variance
of the sample mean based on classical linear regression of OBM estimators. This ap- |
proach motivates our derivation of asymptotic results regarding bias, covariance, and = |
correlation of OBM estimators. We derive analogous results for Bartlett estimators,
and we generalize these results for non-zero frequencies, 1.e., for Bartlett estimators
of the spectral density. We prove that OBM estimators and Bartlett estimators of
the variance of the sample mean are asymptotically equivalent.

In addition, we develop DPSS, a four-parameter family of stochastic processes with

good analytical, computational, and statistical properties for evaluating simulation
methods. The four parameters are related to the mean, variance, lag-one autocorre-
lation, sum of autocorrelations, and weighted sum of autocorrelations through simple
closed-form equations. The stationary marginal distribution is discrete uniform. Vari-
ates are easily and efficiently generated. The autocorrelation structure has a damped

oscillating behavior allowing for a wide range of dependency characteristics.




1. INTRODUCTION
1.1 Motivation and Topic

Models of complex stochastic systems, which can not be analyzed with analyti-
cal or numerical methods, are often simulated. Realizations from random numbers
are generated and observations are collected to estimate 0, the performance of the
system, usually expressed as an expected value. The simulation point estimator g is
a random variable, the randomness being caused by the choice of a random number
seed: choose a different seed and the value of the point estimator changes. Estimating
the magnitude of the sampling error — the deviation between ¢ and the unknown
true value 8 — is a fundamental problem of simulation experimentation.

There exists an extensive literature describing output-analysis methods for esti-
mating sampling error. Almost all approaches measure, directly or indirectly, sam-
pling error using the standard error, the standard deviation of 8. The standard-error
estimate can be used alone, to construct a confidence interval, to test a hypothe-
sis, or to determine whether more sampling is needed. For tractability, we focus on
estimating V' = var(ﬁ) rather than its square root, the standard error.

Simulation output-analysis methods require statistical expertise to be used cor-
rectly and efficiently; for example, with batch-means methods a batch size must be

selected. We are interested in methodology that, regardless of the type of data and of

the type of property being estimated, can be applied automatically. By “automatic”,




we mean that the simulation output-analysis software, without intervention from the
user, provides a good estimate of V.

Our primary measure of goodness of an estimator V is the mean squared-error
(MSE). The choice of squared-error loss is arbitrary; any loss function could be used.
The MSE combines in a simple measure the variability of the estimator (precision)
and its bias (accuracy), since mse(f/) = E(T?' - V) = var(v) + bias?'(f/), where
bias(V) = E(V) — V. Lehmann [1991, pp. 7-8] provides a good discussion of MSE
as a measure of estimator quality.

Often in simulation the measure of performance, 0, is a population mean and the
point estimator, 8, is the sample mean. This dissertation considers the estimation
of variance of the sample mean. Our main objective is to develop automatic (no
parameters for the user to specify), robust, and computationally and statistically
efficient methodology to estimate the variance of the sample mean. The primary
tangible product of this dissertation is the 1-2-1 OBM algorithm for estimating V,

which is based on the overlapping-batch-means (OBM) estimator.

1.2 Organization and Summary

This dissertation consists of nine chapters. Chapters 3, 4, 6, and 7 are based on
papers submitted for publication.

Chapter 2 is background information. We introduce notation, review batch-means
estimators of the variance of the sample mean and Bartiett estimators of the spectral
density, and discuss the location-invariance property of OBM and Bartlett estima-

tors. We also review three stochastic processes that are used in our Monte Carlo

experimentation.




In Chapter 3 we develop DPSS, a four-parameter family of stochastic processes.
The genesis of the process is the (s, S5) inventory system with Bernoulli demand. The
motivation is to create a test-bed process whose properties differ in fundamental ways
from other test-bed processes such as the MA(1), AR(1), and EAR(1), and that can
be used for evaluating simulation methods. Both variate generation and the process
properties are tractable. The stationary marginal distribution is discrete uniform.
The stationary mean, marginal variance, and autocorrelation structure are simple
functions of the parameters; the parameters are simple functions of the stationary
marginal mean, marginal variance, lag-one autocorrelation, sumn of autocorrelations,
and weighted sum of autocorrelations. The autocorrelation structure is cyclic, a more
complex behavior than that of other test-bed processes. The DPSS process is used
in the Monte Carlo experiments of Chapters 4 and 7.

In Chapters 4, 5, and 6 we derive theoretical guidelines. Some of these results
are central to the 1-2-1 OBM algorithm developed in Chapter 7 and to the method-
ology based on regression of OBM estimators developed in Chapter 8. In Chapter
4 we derive the asymptotic covariances and correlations of OBM and Bartlett esti-
mators when they are applied to a common sample from a stationary general linear
process. The asymptotic correlations, which are identical for both types of estima-
tors, are functions of the OBM batch size(s) and the Bartlett lag-window size(s.
We are motivated by the possibility of using linear combinations of these estimators,
which requires choosing p estimators and p corresponding weights. Both for dete:-

mining appropriate linear-combination weights and for choosing batch/window sizes,

the covariances and correlations are needed. Our Monte Carlo study suggests thet




the asymptotic correlation formula provides a good approximation to the true finite-
sample correlation if (1) the sample size n is at least several multiples of 4o and (2) the
both batch sizes are between o and n/2, where 7o is the sum of all autocorrelations.

In Chapter § we generalize to non-zero frequencies the results of Chapter 4. We
consider the asymptotic covariance between two Bartlett estimators of the spectral
density function applied to common data from a stationary general linear process.
The asymptotic covariance is the product of the asymptotic variance of the Bartlett
estimator with the smaller window size and a simple function of the window sizes.
As with zero frequency in Chapter 4, the asymptotic correlation and the ratios of the
asymptotic variances are independent of the spectral density, and therefore asymp-
totically independent of the application.

In Chapter 6 we derive the expected values and biases of the OBM estimator
of the variance of the sample mean and of the Bartlett spectral estimator at zero
frequency. We show that the OBM estimator is asymptotically equivalent to the
Bartlett estimator. Setting the OBM batch size to the Bartlett window size, we
show that the estimators’ correlation is asymptotically one and that the estimators
converge in mean squared error even after rescaling to estimate n V', where n is the
sample size.

In Chapter 7 we develop computationally and statistically efficient methodology
for estimating the optimal batch size of OBM estimators. We propose the 1-2-1 OBM
algorithm for estimating the variance of the sample mean of stationary processes. This
O(n) (computation time proportional to n) algorithm has good theoretical proper-
ties. Theoretical results suggest, and Monte Carlo experimentation shows, that the

MSE performance of 1-2-1 OBM approaches the idealistic performance that could

be obtained if the correlation structure of the data were known. We also derive O(n)




estimators %o and 9, of 4o (sum of autocorrelations) and 7, (weighted sum of auto-
correlations), respectively, and state conditions for 7o and 7 to be MSE-consistent.

In Chapter 8 we derive asymptotically unbiased estimators of V', ¥o, and 1, using
linear regression of OBM estimators, which is a special case of using linear combi-
nations of classical estimators. We focus on estimating V' and we discuss statistical
efficiency, computational efficiency, and implementation aspects of regression based
algorithms.

Finally, in Chapter 9, we present a summary of the results of this research and
our conclusions. We also suggest some directions for future research.

The methodology that we develop is based on OBM estimation. Analogous devel-
opment can be considered for other estimators parameterized by batch size, such as
non-overlapping batch means and standardized time series. Also, algorithms struc-

turally different from the 1-2-1 OBM {for example, with a different number of esti-

mation stages) could be based on the theoretical results derived in this dissertation.




2. BACKGROUND

Here we summarize background information about the variance of the sample
mean, overlapping batch means, and Bartlett spectral estimators. We also review

three stochastic data processes that are used in our Monte Carlo experimentation.

2.1 Variance of the Sample Mean

For stationary time series {X;} a natural unbiased estimator of the population

mean g is the sample mean
X==)>) X, [2.1]

where n is the number of observations. The variance of any sample mean 1s

1 T u

SO cov(Xi, X5). [2.2]

1=1 1=1

V =

n?

For stationary time series, cov(X;, Xiyx) = R(h) is a finite constant, yielding

(1 - %) o), 2

where 2(0) = var(X) and p(h) = corr(X;, Xiyp). Defire

h=—n

) 2.0

h=—co

If 0 < v < oo then

lim nV = =~ R(0), (2.3]

L+ OO

as shown in, for example, Anderson [1971, p. 460]. For independent and iden:i-

cally distributed (iid) data, yo = 1. Equation 2.5 implies that vy, can be thougzt




of as the number of contiguous observations that carry the same information as one
independent observation. The rate of convergence in Equation 2.5 depends on
n= ) ek —QZhP [2.6]
h=-c0
the weighted sum of the correlations. In particular, Song and Schmeiser [1994] show

that if 7, < oo then

nV = v R0) - UECO) + o<}—>. (2.7]

i n

The notation O (g(n)) and o(g(n)) has the usual meaning, i.e., (1) a function f(n)
is O (g(n)) if there is a positive finite constant M such that |f(n)|/|g(n)| £ M for n

large enough; and (2) a function f(n) is o(g(n)) if f(n)/g(n) — 0 as n — oco.

2.2 (OBM Estimator of ¥

The batch means methodology is based on dividing the n observations X, X, ...
X, into b batches of size m with lag I. Thus batch ¢ with lag { consists of observations
Xii=ty41s o Xii=1)4m- For [ =1 there is full overlap and the estimator is called
overlapping batch means (OBM) [Meketon and Schmeiser, 1984] and for [ = m there
is no overlap and the estimator is the nonoverlapping batch means (NBM) [Schmeiser,
1982]. Welch {1987] discusses partial overlapping, 1 < { < m. Fox, Goldsman and
Swain [19911 discuss spaced batch means, { > m.

The main concept underlying batch means is to include the effects of autocorre-
lation within, rather than between, the batch means. Equivalently, the main concept
is that whatever correlation that exists between batch means is due to common data

rather than to the autocorrelation structure, as discussed in a more general context

in Schmeiser, Avramidis, and Hashem [1990].




The OBM estimator of V is defined as

010) _ m > (%= X)", 2.8]

X;. [2.9]

This estimator is unbiased for iid data for any sample size n and any batch size m,
but autocorrelation can cause bias. Computation is O(n) [Meketon and Schmeiser,
1984].

The OBM is a quadratic-form estimator since it can be written as

VO =375 nl XX, [2.10]
i=1 j3=1
for constant cocflicients pﬁf},
(0) _ 0) m [EimaiiJrajj n—m+1 511
pzj p}l (?’l —m + 1)(?’2, . m) m2 mn + TL2 3 [ . ]

where a;;, the number of batches that includes both X; and Xj, is defined by

a;; = min{n —m+ 1,max(0,m — [j —¢]), min(z,7),n — max(z,7) + 1} .[2.12]

The first term, n — m + 1, is the number of batches; the second reflects the batch
size m and lag of cross product; the third and fourth terms are end effects [Song and

Schmeiser, 1993]. For later use, we rewrite the OBM guadratic-form coefficients as

O(z), i ~ j| > m,

oy ] o(mmL) i <mandj <m,

e O (Zrmerliabtt) i >n-—-mand j >n—m,
L-E)+o(2)], li-jl<m,iorj=m, andiorj<n—m

[2.13]
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2.3  Bartlett Estimator of ¥V

The Bartlett estimator [e.g., Priestley, 1992, p. 439] of the variance of the sample

0 R(R), (2.14]

where m is the truncation point of the spectral window and m is smaller than the

number of observations n. R{h), the usual lag-h sample autocovariance, is

n—ih|

( ) (X{.;_|h{ - X), 0<ih|<n—1. [2.15]

Sl

=1
Substituting Fquation 2.15 inlo Equation 2.14 yields the quadratic-form expression

for the Bartiett estimator

T

S df P(X = X) (X — X)), [2.16]

=] 3=1
where
L-E) - <m
B B n? T ? — b -
o =g = ( (2.17]
0, i — 7] > m.

Equation 2.16 can be rewritten as

P = SO ) XX [2.18]
1=1 j=1

=

where, as discussed in Song and Schmeiser [1993], pgj = q,‘1 '+ O{m/n®), i.e.,

1 N L | 4
Pij ng) = " (1 J) {1 ’ O( )], . h=m, [2'19]

0(x), i — il > m.

n

If the process mean is assumed to be known and zero, the simplified Bartlett estimator

DsBY ZZP: X, [2.20)

=1 3=1
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where p{F#) = ql-(}B) (Equation 2.17), is obtained from Equations 2.14 and 2.15 by

17
setting X = 0. This simplified form of the Bartlett estimator is often used for
analysis because it is more tractable.
Figures 2.1 and 2.2 show three-dimensional plots of pt(?) and pEfB), respectively,
as functions of 7 and j, for n = 50 observations and batch/window size m = 10.
Each figure contains three different views (front and up, left-hand corner, and top,
respectively) of the same estimator. These graphs illustrate the similarities between

OBM and simplified Bartlett estimators.

2.4 General Linear Process and Bartlett Estimator of Spectral Density

Suppose that the observations {X;} are from a stationary time series and these

data can be expressed by a general linear process of the form

+oo

X; = Z bhei_h, [2.‘211

h=—o0

where the b,’s are constants and {g;} is a sequence of iid random variables with finite

variance o2, The spectral density function is defined by

(o9}

fw)y = > R(h) e, —r<w<, [2.29]

1
2n h=-oco J

where j denotes the imaginary unit v/—1 and R(h), the lag-h autocovariance, Is

+ o0
H(h) = 052 Z b,‘ f);+|h|. [2.?3}

1= —00

At zero frequency the spectral density function is

(.i bi) | oo

1=— 0

f0) =

o
27

The Bartlett estimator of the spectral density function 1s
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where m is the truncation point of the spectral window and m is smaller than the
number of observations n. R(h) is the usual lag-h sample autocovariance (Equa-
tion 2.15). Substituting Equation 2.15 into Equation 2.25 yields the quadratic-form

expression for the Bartlett spectral estimator
Flw XY g (X = X) (4, - X) eI, [2.26]

r:l s=1

where g, is defined by Equation 2.17, i.e.,

e N IO )

m

0, lr — s| > m.

Equation 2.26 can be rewritten as

Tt

flw) = X, X, e it- [2.27]

rlsl

where, as shown in Appendix A, p,, is defined by Equation 2.19, i.e.,

LB o), b s
O(:%), lr - s8] > m.

Notice that

where V (B} is defined by Equation 2.18.
If the process mean is assumed to be known and zero, the simplified Bartlett

spectral estimator

T

FBL) = 5% g Xo Xo eI [2.29]

9
em r=1s5=1

is obtained from Equation 2.26 by setting X = 0. This simplified form of the Bartlett

spectral estimator is often used for analysis because it is more tractable.
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25 Location Invariance of OBM and Bartlett Estimators

OBM estimators of V (Equations 2.8 through 2.13), Bartlett estimators of V
(Equations 2.14 through 2.19), and Bartlett estimators of the spectral density (Equa-
tions 2.25, 2.26, and 2.27) are location invariant. Therefore, we can assume without
loss of generality that the process has zero mean. To see this, define the process
{Y;} = {X; —d}, for any constant d. Let Y and Y: be defined by Equations 2.1 and
2.9, respectively. The difference ¥; — Y equals X; — X. By Equation 2.8, the OBM
estimates for both {X;} and {¥;} are the same. Similarly, ¥; - ¥ = X; — X, and,
by Equations 2.16 and 2.26, the Bartlett estimates for both {X;} and {Y;} are the
samme. Therefore, OBM and Bartlett estimators do not depend on the process mean,

implying no loss of generality if zero mean is assumed.

2.6 Standard Results [or the Fourth Moment

The results of Chapters 4 and 5 invelve the evaluation of fourth-order functions

of {X;}. We use the standard result for quadrivariate distributions

E(X X X Xip) = B(Xi X)) B(Xips Xige) + E(XG Xops) E(Xogr Xigd)

+ B(X: Xige) B(X oy Xiws) + Ka(Xe, Xora, Xigar Xisa)s [2.30]

where, as discussed, e.g., in Priestley {1992, p. 325], K4(Xi, Xigr, Xigs, Xige) is the
fourth joint cumulant of the distribution of [ X, Xiyr, Xits, Xite]. For a general linear
process the fourth joint cumulant is
+oo
Kq(Xiy Xiwr, Xigor Xige) = Kea D bubugs bugs baye, [2.31]

h=—o00

where the by's are the constants defined in Equation 2.21 and K. 4 is the fourth

cumulant of ¢; [Rosenblatt, 1985, p. 47]. This quantity is related to the central
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moments by
Koy = fpreq — 302 [2.32]

where j1.4 = E(e; — 0)? [e.g., Kendall and Stuart, 1969, p. 70]. Let cc 4 denote the

kurtosis of £;:

,ue,4
Qeq — 0'3'. [233]
Then
Ky = ol (aeq — 3). [2.34]

2.7 Data Processes

We briefly review three data processes: iid-normal, AR(1) normal, and M/M/1-
QWT. They have different correlation structures and different marginal distributions,
but all are Markov processes: the distribution of the next value depends {at most)
on the current value.

The iid-normal process has “no memory” since its value at time ¢ is independent
of all past values. Therefore p(h) = 0 for all nonzero values of £, 4o = 1 and 7, = 0.

The AR(1) normal time series is X, = & X;_y + &, where [¢] < 1 and {&}
is a sequence of iid normal random variables with zero mean and variance 7.2 The
autocovariance and autocorrelation functions are R(h) = o.*¢! /(1 — ¢?), and p(h) =
s This geometrically decreasing correlation structure implies that the sum of
correlations is vo = (1 + @)/{1 —~ #) and the weighted sum of autocorrelations is
o= 2¢/(1 — @) = {70 — L)(7 + 1)/2. For ¢ = 0, the AR(1) reduces to the iid-
normal process.

The M/M/1-QWT is a single-queue, single-server system with independent expo-

nential interarrival times (A4;) and exponential service times (5;}). The queue waiting

e S R R P S
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time for the ¢ customer is W, = max {0,Wi_y + Sy — A;}, and the expected wait-
ing time is B(W;) = A/[v(v — A)], where X is the arrival rate and v is the service rate,
The marginal variance R(0), the sum of autocorrelations Yo, the traffic intensity 7,

and the arrival and service rates are related through

A
T o=
1
Y - T 7(2 - 1)\?
ol -7 R(0) ’
and |
S dr? y5r - o0 = 0,
! ! Y + 1

as discussed in Daley [1968, pp. 696-697]. For a given value of v, the M/M/1-QWT

has a correlation structure with heavier tails than the AR(1) process.

The weighted sum of autocorrelations can be approximated by

(w1 1 .
"= ( 2 ) (0.807 + exP(ﬁ{*/TO)/Q)' [2.35

We derived this formula empirically. This formula is exact at 7 = 0 {which corre-
sponds 19 = 1 and v; = 0). We verified computationally for many different values of

Yo between 1.05 and 200 that Fquation 2.35 yields a relative error less than 1%.

The kurtosis is

3(1’7—2?4—4)
T (2 - 1)

ey —

The time series {X;}, where X; = W, — E(W.) + u, is a generalization of {W;} to

obtain a desired mean g.

S R s T B e S B e s




17

3. DPSS: THE 4-STATE BERNOULLI-DEMAND (5,5)-INVENTORY MARKOV
CHAIN

3.1 Introduction

We develop the DPSS stochastic process, a four-parameter Markov chain based
on a simple (s, S) inventory model. Qur motivation is to obtain a new family of pro-
cesses for evaluating simulation methods. In particular, we wish to be able to obtain
process parameters as simple functions of desired process properties {of the stationary
distribution and of the autocovariance structure) and to be able to generate variates
[Devroye, 1986] easily. For example, we want to easily obtain various processes with
specified mean, variance, and sum of autocorrelations, as well as to easily generate
pseudo-random realizations.

Several such test-bed processes exist [Schmeiser and Song, 1989]. Available sta-
tionary marginal distributions include the normal (e.g., ARMA processes), exponen-
tial (e.g., Lawrance and Lewis [1981, 1982], Dewald, Lewis, and McKenzie [1989]}),
gamma (e.g., Lewis, McKenzie and Hugus [1989], and Schmeiser and Lal [1982}),
and continuous uniform (0,1) (e.g. Melamed [1991]). Many of these processes have
the geometrically decreasing correlation structure of the AR(1) (first-order autore-
gressive) processes; the more-general ARMA (p, ¢) processes yield arbitrarily complex

correlation structure, but require p + ¢ + 1 parameters, and solving for parameter

values as a function of specified properties 1s relatively difficult.
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A genesis of the DPSS process 1s as a model of inventory position in discrete time.
The acronym is based on the four process parameters: the number of states d, the
probability of zero demand p, the lower inventory level s, and the upper inventory
level S. Solving for these process parameters in terms of various process properties is
closed form. The stationary distribution is discrete uniform. Important dependency
properties, such as the lag-h autocorrelation, the sum of autocorrelations, and the
autocorrelation center of gravily are easily computed. The lag-h autocorrelation is
the sum of 2(d — 1) sinusoids (d — 1 cosines and d — 1 sines) whose frequencies are
proportional to the lag h; each sinusoid is damped by its own exponential.

This chapter is organized as follows. In Section 3.2 we define the general discrete
(s,5) inventory process, develop its model, and determine some properties. We spe-
cialize the results to Bernoulli demands in Section 3.3. In Section 3.4 we provide
the equations to determine the process parameters given the desired process proper-
ties. Section 3.5 is a summary. Appendix B contains two FORTRAN subroutines:
RDPSS generates pseudo-random DPSS(d,p,s,S) realizations and SDP5S calculates

the weighted sum of autocorrelations, 1, given the sum of autocorrelations, ~o.

3.2 Process, Model and Properties

In this section we analyze the general process, describe the model as a Markov

chain [Ross, 1983 and 1989, and Hoel, 1972}, and derive the steady-state distribution

and autocorrelation structure.

v
y

e A e S R R S e A
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3.2.1 The Process

Suppose that the product demand D® at time ¢, for ¢t = 0,1,..., has discrete

probability distribution defined by
P(DY =4 k) = Yk =01,...,d-1

and

P(DW>A(d-1)) = pg
where A is a scale parameter. The store follows an (s, §) ordering policy, where s
and S are minimum and maximum inventory level, respectively. The inventory level
at time t, XY, defines the state of the system. H the inventory level goes below s,
then an order is placed and is assumed to be immediately satisfied. Thus X® s
given by

" X=1_p o< DO < x5
XV =

S, D® > X0 _
We study the relationship between the system parameters (s, S and demand

distribution) and the following properties: inventory-level stationary distribution,

mean and lag-h autocovariance and autocorrelation for k € {0,1,2,...}.
3.2.2 The Model

The process can be modeled as a discrete Markov chain with d states, where

S s

] =
‘ A

+ 1.

The state space 1s

f': - {‘I’Il') 3:25 ‘1:3""1 :Ed}’

where

zp = S—(k=1A, Vi =1,2,....,d
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The transition probability matrix is

r 7
o+ pe P1 P2 P33 - Pd-2 Pd-1
Zi:d—] P Po P1 P2 ... Pd-3 Pd-2
P S o ope 0 po P Pic4 Pa-s
Zi:z Dk 0 0 0 ... p P1
Stape 0 0 0 ... 0 po |

3.2.3 Properties

Since the Markov chain is irreducible, aperiodic and positive recurrent, it has the

unique steady-state distribution

lim P (X0 =) =m, VE=12,...4d

{—0oo

This limiting probability 7, is the long-run fraction of time the chain spends in state k.

The steady-state distribution (m;, 72, ..., 74) also satisfies the stationarity conditions

(Fl,ﬂg,...,ﬂ'd)P = (ﬂ'l,ﬂ'g,...,i'rd)
W]+7T2+...+Trd:1,

and therefore does not depend on the initial distribution. Grassmann et al. [1983]
discuss solution algorithms. The steady-state mean of the d-state Markov chain is
d d d
po= EX o= D am = SUS— (k=AY = S—AY (k- Dm.  [3.1]
RS k=1 k=1
Theorem 3.1 provides a formula to calculate the autocovariance function. Since the

steady-state lag-h autocovariance R(h) is an even function, we will assume, without

loss of generality, that the lag A is positive, unless otherwise specified.
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THEOREM 3.1 The d-state Markov process with transition matrix P has steady-

state lag-h autocovariance
R(R) = (z*)! diag{ry, 70,..., 74} P" 2",

where z* is the vector of mean-adjusted states

¥ =2y — g, Ta— gy ..., g — )

Proof: In steady-state

P(X(t) =z )\r{t-f-h) — $k) — P(X(t) . :E,‘) P(X(t+h) - :Cklx(t) —

= ol

bl

where pf-,}:) is element (i, k) of the matrix P". By definition

R(h) = cov(XW XUy = p(Xx® ,u“))(X(““h) — pltth)y,
But in steady-state gt = p(t+h) = 4 Then

R(h) = B(XY — (X )

4 a4
= 35 (i — )z — p) P(XO =2y, XUHM = 2p)

=1 1

-
1l

u

(h)

.
T T Pig mk

i
Mn.
=

i
I
A

k
*)t diag{my, mg,..., 74} P" 2

1l

x

3.3 Specializing to Bernoulli Demands

I‘;)

In this seclion we review the symmetric two-state Markov chain and analyze the

d-state Bernoulii-demand (s, S)-inventory Markov process, i.e., we now assume the

demand probabilities P(D® =0) = p and P(D®) = A} = 1 —p. That is, p is
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the probability of zero demand. This is a special case of the process described earlier,

where pg=1p, p=1—p, pe=0, Vke{2,3,..,d}. Now the state space is still

{S,8 — A, ...,s} and the transition matrix is
M p 1—p O 0 0 ‘
0 2 1—p 0 0
P =
0o 0 0 .. p l-p
1-p 0 0 ... 0 p
If p = 0or p =1, the process, once started, is deterministic, and the analysis is

trivial. We therefore consider only 0 < p < 1.

3.3.1 The 2-State Bernouili-Demand (s, S) Inventory Markov Chain

We quickly review the more specialized case of the symmetric two-state Markov
chain, S2MC [Song, 1988, and Bhat and Lal, 1990]. The state space is {5, s} and the

transition prohahility matrix is

Since the matrix is doubly stochastic, the unique stationary distribution of the chain

is uniform with mean

S+ s
Moo= )
2
and variance
S — s)?
R(0} = ( 1 ) [3.2]
The lag-h autocorrelation 1s
o(h) = (2p — 1) 3]
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Therefore,
n ? B n — (2}9 . 1)n+1
h;np(ﬁ) - 1 - p ,
2 o (2p- 1) {1 = @p—-1)"[2n(1 —p) + 1]}
2o el = > (1= P
and

zn: (I“Eﬂ) p(h) = : p _ (Qp - 1) [1 - (Qp —- 1)?1].

n - p 2n (1 — p)?

This last equation together with Equation 2.3 yields the variance of the sample mean

h=—7n

V of n consecutive observations. The asymptotic V (Equation 2.5) is a function of

wo= Y k) = 3.4]

The weighted sum of all the correlations is

wo= S M) = g = B 55

h=-00
Like the AR{1) and EAR(l) processes, the 52MC has a geometrically decreasing

correlation structure and the relationships among o, 11 and p(1} are the same.

3.3.2 'The Diagonalization of the Bernoulli-Demand Transition Matrix

Theorem 3.1 shows that the steady-state lag-h autocovariance is a function of
pr = [p¥" . For Bernoulli demand, the elements pl;’ of P* can be calculated

= \Pi; e or Bernoulli demanda, the elements p;;° o can be calculate
using the binomial probabilities, as follows. Consider that there is a success at time ¢

if the Markov chain changes state. Let b(y, k, 1 —p) denote the (binomial) probability

of i successes in h independent Bernoulli trials with probability 1 — p of success:

(h> Phiy (l—p)y) ¥y € {U,l,...,h},
b(y,h,l—-p)x y

0, otherwise,
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where

Let

= 7z,

7 -t + d, 7 <
Then pf?) = P (X“H") = 2;| X1 = xt-) is the probability of w,u + d,u + 2d,..., or
[{h — u)/d] demands in A trials; that is,

) [(h—u)/d]
P = > blu+kd b1 p).
k=0
For any h, pS?J == pgi}l,j_l Yi,7 > 2 and pf_ﬁ) = pf’l)lid Vi > 2. That is P* is a
circulant matrix [Brockwell and Davis, 1991], and therefore, all rows can be obtained
by shifting the Ist row. Nevertheless we are interested on the diagonalization of the
transition probability matrix, P, so that we can compute lag-k autocovariances in
O(d) rather than O(h) operations.
Brockwell and Davis [1991, p. 133 and 134], letting

20k — 1
TE o= exp (i—(-wmrﬂ)i), YE e {1,2,....d},
d

state that the cigenvalues of P are

d

Ay = ZPLH-h ?“;:h
h=1
1 —
" Poovik e {1,2,..,d),
Tk

with corresponding orthonormal leflt eigenvectors

1 .
P o= e l,‘:x,v‘z,, IR A
k \/d‘ [ Ea Tk k ]

and therefore

PP = W'DMW, VY, 13.6]

e e e S U e A M Y R

T —
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where W = [ vy ]i:w W1 = W' (conjugate transpose), and D = diag{A1, Xz, ..., Ag).

Some algebra yields

| = J1 — 2(1 - p) [1wcos (2(1»;_1)71')} [3.7)

and
(1 wp)sinz—(%ilr—r
arg (Ay) = — arctan |, Vke {1,2,...,d}. (3.8
p (1 poos TE

Thus Ay =1 and |\ < 1, Vk € {2,3,..,d).

3.3.3 The Steady-State Distribution

b

When the state transition probabilities are defined by a Bernoulli distribution,

the steady-state distribution is uniform over the state space {S,5 — A, ..., s}.

THEOREM 3.2 The unique steady-state distribution of the d-state DPSS process is

d 17¢
[ﬂ.k]kzl = [3} b1 "
Proof:  Since the process is ergodic and doubly stochastic the result follows.

The next proposition, which follows from Equation 3.1 and Theorem 3.2, relates

the mean to the process parameters.

THEOREM 3.3 The steady-state mean 1s

S5+s d—1
5 mS———z——A.

po=

Lemma 3.1 provides a formula to compute the lag-h autocovariance in O(d*)
operations. By exchanging the order of the summations and developing the cosine of

a sum as the difference between the product of cosines and the product of sines, an

O(d) formula is derived in Theorem 3.4.




26

LEMMA 3.1 Let z* be the vector, and W, W~ and D the matrices, defined previ-

ously. Then the steady-state lag-h autocovariance is

2
R(h) = (—li-(:r:*)t W IDMWa* = % Z aj(h) Cj,
j=1
where
d 2(7 — 1)k —1
aj(h) = z |/\k|h cos (h arg)\k -+ (J ;( ) ‘.'T),
k=1
and
. (d-1(d+1)  (d+1-70-1)
I 12 2 ‘

Proof: By Theorem 3.1 and Equation 3.6
1 wy b -1 h *
R(h)y = 7($) W= D" W 2z~
d
Let 0y(h) = harg Ay and Ak(h) = |Ac]*. Then

DY = diag{A:(R), Ag(R)e ™) Ageifath)y

and Ap(h) = Agpa_i(h), and 0c(h) = —0upa-k(h), VE=2,3,...,d. By using simple

algebraic mantpulation

aj(h) az(h) as(h) ... ag1(h) aqu(h)
- 1 aqlh) a(h) ax{h) ... aga(h) as-i(h) ’
d

az(h) as(h) aq(h) ... aq(h) a(h)
where

d =1 k=1

ay(h) = 37 Ag(h) iloeh) + R )

k=1

Since Ap(h) = Agpai(h), and Ot(h) = —0Ou4pq-r(h), the imaginary part of this

summadtion is cancelled and the a;(h) formula follows.

e A
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Lety = (d+1)/2. Then 2" =(y—- Ly -2, y—d)A and

d
(z) WD 2™ = Z ) ¢,
where
1'd+1 J ' -1 '
¢ = S| 2 W=Ry+l-7-k+> (y—d+ji-1-ky -k
| k=1 k=1
l'd _ d
= |-k +1-j-k)+d Y (y—k)
Lk=1 k=d+2—j
l"d d
- z by+1-3) =@ +1-Dk+#]+d Y -k .
k=1 k=d+2-7

Finally, each of these sums is calenlated and y is replaced by (d+1)/2, thus obtaining
the ¢; result and proving this proposition.

We now present Lemma 3.2, which is used in the proof of Theorem 3.4.

LEMMA 3.2

ZCj = ¢
3=1
Proof:
G LTE -1 d-1 | (-1
> = 2t - oy 2
i=1 1=1 =
. d{d — 1)(d + 1) B d*(d ~ 1) n d(d —1)(2d — 1)
N 12 4 12

I
=

Theorem 3.4 provides a formula to calculate the steady-state lag-h autocovariance

in O(d) arithmetic operalions.

THEOREM 3.4 The steady-state lag-h autocovariance is

A2
R(h Z |\l {c; cos (b arg Ax) — ¢ sin (b arg \g)]},
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where, Yk = 2,...,d,

. Z o con (2(1«43{(/&—1) ) _ oy Cos(z(; — (k- 1) )

and

Z o e (241N ) - PURICELLPN LIRS )

Proof: By Lemma 3.1,

: 4 d DMk —
R{h) = Ad Y3 ¢ |kl cos (h arg A -+ 20 1;“ D Tl')

=1 k=1

L\.Q d

= = bREY: g {cos h arg Ag) cos (2(1 - 1;(10— Y :'r)

— sin(h arg Ax) sin (2(] — 131(k — 1) TF)} .

By Lemma 3.1 (definition of ¢;) and Lemma 3.2 the result follows.

Theorems 3.5, 3.6 and 3.7 provide formulas to calculate the variance, autocovari-

ance and autccorrelation {unctions.

THEOREM 3.5 The steady-state variance 1s

Proof: Applying Lemma 3.1 for A =0 we get a;(0) = d and q;(0) =10,
Y3 # 1. Then

RO} = (T YW Do w ot
2z d
= Z a;(0

1=1

|

2
::Acl.

Again, by Lemma 3.1 the result follows. Alternately, the variance (and other mo-

ments) can he derived {rom the uniform marginal distribution.
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THEOREM 3.6 The steady-state lag-h autocorrelation is

12

d
plh) = FTEE > |At {cpcos (b arg M) — ci"sin(h arg Ag)},

k=2

where ¢} and ¢ are defined in Theorem 3.4.

Proof:  Using the definition of correlation, Theorem 3.4 and Theorem 3.5 the result

follows.

THEOREM 3.7 The steady-state lag-1 autocovariance is

(d — 1)(d — 5+ 6p)
12

R(1) = A2,

and the steady-state lag-1 autocorrelation is

d—>5+6p
1) = ———.

Proof:  Applying Lemma 3.1 for h =1, we get a;(1) = d p, ay(1) =d(1 —p) and
a;(1)=0, Vi #1,2. Then

R = S5 a0
= A (ar (1) oy + az(1) ¢2)

d

= A' (pdhl + (1ﬂp)d sEN (iwp)iw—l")

12 12 2

The lag-1 antocovariance result is now obtained from simple algebraic manipulation.
The lag-1 autocorrelation is derived using the definition. Notice that p(1) = p when
d=75.

We now present Lemmas 3.3 through 3.7. They are needed to prove Theorem 3.8,

a simple formula relating 4o to the parameter p of the Bernoulli demands.
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LEMMA 3.3
¢ d(d—1)(d +1)
Z] ¢c; = — :
o 24
Proof:
L L [d=D(d+1),  ([d+1-HG=1).
i = ) T : ]
7=1 i=1
_dd-1E+1)? -1 B3 (d-1)j*+d
B 24 e 2
B d(d - 1){d+ 1) d(d - 1)(d* + 3d + 2)
B 24 24
o d{d- D(d+1)
= o .
LEMMA 3.4
N N, k=1,
Z ]/\k[h cos (harg A\p) =
h=0 Eﬁl—_ﬁi + & (N), E=23...,4d,
where
(V) = = |Xel¥F cos (N 4 1)arg A} + Ak V2 cos (N arg Ax)
et = 2 (1 —p)? [1— cos (arg As)] '
Proof: For k = 1. the result is trivial since [A| =1 and arg Ay = 0. For

ke {23, ...d},

1 — |A|cos (arg Az)
1 — 2|Ax]cos(arg i) + [Axl?
— MM cos (N 4 1) arg M) + | Ak V2 cos (IV arg A
U — 2|hlcos(arg Ae) + [Ael? ‘

N
Z [)\kih cos (harg Ak)

h=0

Using Equations 3.7 and 3.8 the result follows.

LEMMA 3.5

N 0, k=1
Z PAg fsin (harg Ax) k=1

. a
2{1-p) sin( k—;lfr)

H

oS

h=0

+ EQ(N), k;2,3,...,d,
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where

—|)\k|N“” sin ((NV + 1) arg Ay) + |Ae|¥+2sin (N arg M)

g2 N) = 2 (1 — p)? [1 - cos (arg Ay )]

Proof: For k = 1, the result is trivial since arg \; = 0. For k € {2,3,...,d},

N
S Akl sin (harg Ag)

h=0

|Ax|sin (arg Ax)
1 — 2|Ax|cos(arg Ap) + [Ak]?
ml)‘klNH sin (N + Darg Ay) + [Ax]¥F2sin (N arg Ay)
1 — 2|Xg|cos{arg Ax) + |A|?
—(1 — p)sin (Mﬂ')

2 (1 — p)? [1—cos( )]

sm( ) ( ~1 )
T ea2(N
(1-p) {1wcosz (5tn) + sin? (50r )] + €a(NV)

‘|‘5’3 N

LEMMA 3.6

k=1 3=1

Proof:  For j =1,

k=1 k=1
For any 5 > 1,
i (QU— Lk —1) ) B
cos 7] =0
k=1 d
Then
d .
Yk — ?
S m(au 1)( 1)W) g =A@
k=1j=1 d 12

LEMMA 3.7

4 8 25 — 1)k — 1 d 25 — 1)k — d (-1
ZZCJCOS( U ()1( )‘ﬂ’) = ZZCJCOS( g ()f( l)n—) = __LTJ

Salens
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Proof: Define
_cos (%l?r) SiT (Hi:%g}f:}l?r)

Qws = SIn (’fﬂ"—lw)

d

k1 = 0. For 7 > 1, by induction, yields

Qrj = 142 cos (MW) +- 2 cos (Q(j — Q;UC = 1)Tr)—kcos (Q(j — D - mar) :

d d
Then,
d d  cog k=l gin (2zDl=1) o d d
226 5 ) ,\._(1 =) D0 Qu
k=2 j=1 s1n (T’ﬂ') k=2 3=1

i
kMA
Mgh

¢ ki
j=2 k=2
L0 2(k ~ 1)
= ch 1+ 2co8| ———m ]+ -
j=2 k=2 d

cos 205 —2)(k—1)
gy ey

For any 7 > 1,

d 205 — 1)k —1
kz:;cos( Y 1()1,( )n') = 0,

4 4 cos (Eﬁ}w:rr) sin (Zﬁj—_lﬁlk—_—uw) d ‘
ch Sin(ﬁ;} ) = z;cj (d+2—25)
— iz

d

d
= —cp d + ch (d+2-27).

i=l

Now, after some algebraic manipulation and by Lemmas 3.2 and 3.3 the result follows.

TIHEOREM 3.8 The sum of the autocorrelations for the d-state DPSS process is
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Proof: By Theorem 3.6

N o d d o 1)1
S o) = g o M e [cos(% =D )cos(harg/\k)

he=tt k=2 i=

Cn (2(3 - i)cgk - 1)71‘) sin (harg )\k)]

B 12 & 2j — 1)k =11 &
— mzcjz [COS( 7 )Z'f\klhcos (harg/\k)

1=1 k=2 h=0
25 — 1)k =1 N
—sin ( U= 1)k )W) El)\k|hsin(harg )\k)} .
d h=0
By Lemmas 3.4 and 3.5, and since €1(N) and &3(V) are asymptotically zero,
ol 12 ¢ 1 2(j — D)k — L}
p(h) = —— > ¢ [ cos (
hzz;:n d(dQ—l)fz ’ kzz?(l—?)) d

cos (B57) (Z(j 1)k - m)} |
) d

By Lemma 3.7

(k) = . 1 2(j — 1)(k — Ir
Ejp(h) B m;‘;%é?(l~?)ws( d )
6
= A&~ =) fer(d = 1) = (co + 3+ + ca)]
1
-~ 2(1-p)

The result follows from this equation since
S ph) = —1 42 3 p(h),
h=0

h=—o0

Theorem 3.9 provides a formula to calculate v as a function of v (or p) and d.

THEOREM 3.9 The weighted sum of the autocorrelations for the d-state DP5S5 pro-

cess 15

, = S Bl o(R) = p - #ld)
v h;ml | o(h) (e

= [da(d) (0 + 1) — (v + 1),
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where
11 + d*
$:(d) = —55
and
19 — J4°
dy = ——.

From these equations it can be easily proven that v, < 0 whenever d > 5. For
d=4and p<09,d=13and p<?2/3andd=2and p <0.5, v is also negative.

Technically, Theorem 3.9 is a conjecture. It was derived empirically. The subrou-
tine SDPSS, given in Appendix B, was used to compute ¥,. The software package
Mathematica was used to find the exact fit to the data. An exhaustive test was per-
formed for d = 2,3,...,50. For any d in this range and for any 107* < 5, < 102,
the values of v obtained computationally and those obtained using Theorem 3.9
coincide to, at least, 6 decimal places. For +o outside that range the two vyi-values
also coincide whenever the subroutine SDPSS converged. In addition, Equation 3.5.
which was derived analytically for d=2, is a special case of Theorem 3.9. Therefore,
in spite of not providing an analytical proof, these two facts indicate that Theorem
3.9 18 true.

Figures 1 and 2 show the correlation structure for a particular DPSS process.

The correlation structure, as expected from Theorem 3.6, has an oscillating be-
havior. The amplitude of the oscillations decrease with h, approaching zero. The
damped frequency and the damping rate are determined by the eigenvalues of P
(one-step transition probability matrix) which are functions of p (probability of zero

demand) and d (number of stales) — see Equations 3.7 and 3.8. The selection of

these two parameters is, therefore, critical to obtain the desired properties (e.g.. o
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p(h)

o o o
=N

N~

d\/s‘/\1 T

-0.2
0.4

Figure 3.1 Correlation Structure for a DPSS(5, 0.2, s, S) for which v = 0.25 and
4y = —1.5625

P
Figure 3.2 Correlation Structure for a DPSS(5, p, s, 5)
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and ;) and provides flexibility to generate processes with quite different characteris-
tics. For example, the autocorrelation function converges to zero fastest when p = 1/2
(vo = 1), which corresponds to smaller amplitudes of the eigenvalues (Equation 3.7).
For small and large values of p {e.g., 0.001 and 0.999, respectively) the convergence
is very slow. On the other hand, the damped frequency increases when p decreases
(Equation 3.8). In the limit, for p = 0, the system changes state every time and the
frequency is maximum.

The number of states, d, also plays an important role. When d increases the
antocorrelation function approaches zero slower. This conclusion can be drawn from
Equation 3.7. Another way to see this is that as d increases the relative distance
between two adjacent states decreases and therefore the system changes relatively
less when it jumps [rom one state Lo the next. The damped frequency also decreases
when d increases (Equation 3.8). The recurrence time is negative binomial with d
successes and probability of success 1 — p. Therefore, the expected fecurrence time

(the reversal of the damped frequency) is d/(1 — p), an increasing function of d.

3.4 Titting and Generating the DPSS Process

The DPSS{d,p,s,5) process can be easily constructed and simulated. The param-
eters d, s and S specify the marginal distribution. The parameters d and p specify
the correlation structure. For example, given the mean g, variance £(0}, and lag-1
autocorrelation p(1), we can calculate the parameters of the d-state Bernoulli-demand

(s, §)-inventory Markov chain by means of

12 R()
A = w, [3'9]

s o= - 4, [3.10]
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d—1
S = p+ ~—2—A, (3.11]
and
_ @) - @8 w -
6 1+ h

Appendix B contains subroutine RDPSS, which generates pseudo-random realizations
of the DPSS(d,p,s,5) process.

Another possibility is to specily 1 instead of d, since by Theorem 3.9, and given
~a, d is determined by 1. Because d is an integer some adjustments on the values of
+1 and/or vo may be needed. Also, the number of observations, n, and the variance of
the sample mean, V, can be specified instead of the data variance, R(0). By Equation
2.7 and Theorem 3.9

n? Vv - oo

nvyo — [d2(d) (0 +1) = 1 (v0 + 1)

R(0). [3.13]

If n is not large enough, Equation 2.3 can be used instead:

nV
Srea (1= B p(h)

To compute R(0), employing this exact formula, a slight variation of subroutine

R(0) =

(3.14]

SDPSS (see Appendix B) can be used.

3.5 Summary

The DPSS stochastic process, a four-parameter Markov chain based on a simple
(s, 5) inventory model, is developed. The process has a discrete uniform stationary
distribution (which depends on d, s, and 5), and a relatively complex correlation
structure with a damped oscillating behavior (which depends on d and p}. The
damping frequency increases when p or d decreases. The damping rate decreases

when d increases, and given d it is maximum for p = 1/2 {(vo = 1), and decreases

AR
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when p — 0 or p — 1. The parameter p completely determines v, while
‘s a function of d and p. The selection of parameters p and d provides flexibility
to generate quite different autocorrelations. Nevertheless, the process parameters
are simple functions of desired process properties, and can be calculated using the

formulas given in Section 3.5.
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4. COVARIANCES AND CORRELATIONS OF OVERLAPPING BATCH
MEANS AND BARTLETT ESTIMATORS

4.1 TIntroduction

Classical issues in output analysis of a simulation study include (1) how to obtain
good estimates of some measure of performance, (2) how to evaluate the quality of
these estimates, and (3) how to determine the goodness of the quality measure. Often
in simulation the measure of performance is a population mean, the point estimator is
the sample mean, and the goodness of the point estimator is measured by its standard
error.

Several procedures for estimating V, the variance of the sample mean, from sta-
tionary autocorrelated data have been proposed. For example, direct [Hannan, 1957;
Moran, 1975], regenerative [Crane and Iglehart, 1975; Crane and Lemoine, 1977,
Glynn and Iglehart, 1986], non-overlapping-batch-means (NBM) [Schmeiser, 1982],
overlapping-batch-means (OBM) [Meketon and Schmeiser, 1984], standardized-time-
series [Schruben, 1983; Glynn and Iglehart, 1990] and its variations [Foley and Golds-
man, 1988; Goldsman, Kang, and Seila, 1993], and spectral [Heidelberger and Welch,
1981; Priestley, 1992]. No type of estimator dominates the others in terms of compu-
tational and statistical properties across all types of time-series data.

QOur main objective is to develop robust and computationally efficient methodology

to estimate the variance of the sample mean. The results of this chapter (summarized

earlier in Pedrosa and Schmeiser [1993b]) are motivated by previous studies {Politis
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and Romano, 1994, Song and Schmeiser, 1988a] suggesting that linear combinations
of estimators of the variance of the sample mean lead to better estimators; i.e., with
smaller mean squared error (MSE) than the component estimators. The key to using
linear combinations, as discussed in Section 4.2, is to derive the asymptotic covari-
ance/correlation between component estimators. We study OBM estimators because
they are conceptually simple methods, they are easy to compute, and they can be
written as quadratic forms, which leads to tractable analysis. We study Bartlett
estimators because they are widely accepted and quite similar to OBM estimators.
In Section 4.2 we show that any method to select optimal linear-combination
parameters must consider the estimator covariances. In Section 4.3 we develop the
theoretical structure needed to derive the asymptotic results of Section 4.4, In Section
4.5 we show empirically that the asymptotic correlation formula provides a good
approximation to the finite-sample correlation, except when the batch size 1s quite
small or larger than hall the sample size. Here “small” is with respect to the sum of

autocorrelations.

4.2 Linear-Combination Estimators of V

There arc several examples in the literature of using linear combinations of esti-
mators to obtain a better estimator in terms of statistical properties: small variance,
bias or mean squared error. The OBM estimator can be viewed as a linear combina-
tion of NBM estimators [Meketon and Schmeiser, 1984]. Schruben [1983] considered a
linear combination of the STS.A and the NBM estimators, which are asymptotically
independent. Politis and Romano [1994] propose a linear combination of two Bartlett

estimators of the spectral density with different bandwidths for the reduction of the

bias.
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The linear combination of OBM’s is

o~ ;D —
VIO = %", W, [4.1]
i=1

o~

where p is the number of components, the a;’s are the L.C. coefficients and the Vi'’s are
the OBM component estimators applied to the same data but each with a different

batch size m;. By definition, the bias of V(20 is

bias (In/([‘c)) = E(T?([‘G)) -V

P P
= o bias (17,) + -1+ Zm) v, [4.2]
1=1

i=1

and the variance is

PP

var (Iﬂ/(f“c)) = ZZag Qe cov (f/,, I’;:,) . (4.3]

i=1j=1
Since the linear-combination variance depends upon the various estimator covariances,
any method to select optimal linear-combination parameters must consider the esti-
mator covariances. This application motivates our interest in asymptotic properties
of cov (\7” IA/J) and corr (Q, f@)

4.3 Intermediate Results

In this section we develop the theoretical structure needed to derive the asymptotic

results of Section 4.4.

4.3.1 Assumptions

To derive the asymptotic results we assume that the data satisfy a set of suffi-
cient conditions, denoted by SC: {X;} is a general linear process of the form X; =
S bnern, where (1) b,'s are constants, (2} {&;} is a sequence of iid random vari-

ables with finite variance, 2, and finite fourth cumulant k. 4, and {3) 3722 |A]]0a] <
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oo. Condition S5 _|&| |bu} < oo is equivalent to by = O (|h|'2“5), § > 0, which

implies that the lag-h autocovariance

oo
R(h) = 0’52 Z bibi+|h|a

is O (]h|“2"5).

4.3.2 Derivation of Intermediate Results

4.4

The first lemma yields an equation for the covariance between two OBM estima-

tors, two Bartlett estimators, or one OBM and one Bartlett estimator of the variance

of the sample mean.

LEMMA 4.1 Suppose that the observations {X;;z = 1,...,n} satisfy conditions 5C.

Assume without loss of generality that the process mean is zero. Then

cov (‘7(1),‘7(2)) = Z(I’A —+ (I)B,

where V{0 is either an OBM or a Bartlett estimator with batch/window size m;, for

p = 1,2, and

b4 Y 0 plt = r) plu - s),
rs,lu=l
‘I’H - Z P1(~s Peu A1()\/”Xi+f.-v,Xi+saXi+t)-
r8f,u=l

Proof: By definition of covariance

Cov(f/{%)’f/{?)) = E(IA/“)IA/(Q)) _ E(V“’)E(W”).

Taking expectations and using Equations 2.10 and 2.18

cov(VO) 7@y = Z P PP E(X, X, X X,) — B(X, X,) B(X.X.)]

r,stu=i

i




By Equation 2.30

ST P pl B(X, X)) B(X, X.)

7,8, u=1

+ E(XTXU) E(Xth) + 1{4(XTaX51XfaXu)]

2 Z Pl pli B(X, X0) B(X, X.)

T,8,tum=]

+ Z p,(é) pgu I(cl XT)X.HXhX )

r,8,tu=l

Now applying the definition of autocorrelation, the result follows.
Lemmas 4.2, 4.3, and 4.4 yield some asymptotic results that we use later in the

proof of Theorem 4.1 and its corollaries.

LEMMA 4.2 Suppose that the observations {X;;é =1,...,n} satisfy conditions SC.
Assume that n — co, m; — oo, and mg — oo, while simultaneously my/n — 0 and
m/mq — ¢, where ¢ is a non-negative constant. Assume, without loss of generality,

that ms > m,. Then

6, = 2 (2) O m% 9, 1
A - 0) 7 Z pTS pT.fr + 4 + ng ‘

r,s=1

Proof:  The proof consists of showing that the second-order effects can be ignored.

By Lemma 4.1 (definition of &4} and replacing r —t by « and u— s by 3
) =1 n—s
24 o= RO Y X X A e ple)p(B):
rs=]l a=r—n f=1—s

First we show that the effect of @ and 3 through the quadratic-form coefficient, say

Ay, is asymptotically negligible. Rewrite ® 4 to obtain

n n-—-s

R Z ST el Pl ple) p(8) + Ay

rs=la=r—n=1-—s

where, by Equations 2.13 and 2.19,

1A = O(Ii Z—: ni pl) Z;fp(a)p(ﬁ)l)-

rs=1 a=r—n ﬁ:l*s
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Assumption 72 |k| |ba] = O{1) implies that

|Ai (l ZPTS m )
r8=1

Again, by Equations 2.13 and 2.19,

n r4+mi T 7 1
= =
{ TZJ: s ;1 M2 n‘* :gl r+§+1 n®

1
= o().

Next we show that the effect of r through the lower and upper bounds of a, say A,,
is also asymptotically negligible. Rewrite ® 4 to obtain

k) n -5 1

b= ROPES A A S o) 0 0(8) + 0(5) + Ae

r=1 s=1 =Ty Be=l—s

By assumption 52325, p(#) = O(1), which implies that the error term Ay is

n n n —m2—1
o] = (zz S0 4 33 ST 0 )

r==] = a=mq+1 r=1s8=1 a=r—n

—o(zi"ﬁt P S SRS p&}pﬁpw)-

r=1s5=1g=r—1 r=n—my+1 s=1 a=—mys-—1
By assumption, p{h) = O(|h|*2‘5). This implies that Foom, pla) = O(1/m,),

Sac-ms Pla) = O(1/my), 0271 ple) = O(1), and 3027, p(@) = O(1). There-

fore,

1a%] ( SoST P P,s) + O(ZZPQJPE?)-

r=1s=1 r=1s=1

By Equations 2.13 and 2.19, (see also Lemma 4.4) Y, 37, pll) p(2) = O(ma/n®).

Then




Similarly, the effect of s through the lower and upper bounds of 3 1s

a1 = o) +o(Z)

Therefore,

T

ba = ROPIS P 5@ 3 pe) S p(8) + O

r=1s5=1 a=—1n2 G=-m2

By Equation 2.4 (definition of 7o) the result follows.

Now we present the corresponding lemma for @ p.

LEMMA 4.3 Suppose that the observations {X;;i =1,...,n} satisfy conditions SC.
Assume that n — oo, m; — oo, and my — oo, while simultanecously my/n — 0 and
m,/my — ¢, where ¢ is a non-negative constant. Assume, without loss of generality,

that m, > my. Then

1
oz = O(;:a)-

Proof: Again, the proof proceeds by showing that the error caused by ignoring
the second-order effects is asymptotically zero. By Lemma 4.1 (definition of ®5) and
Equation 2.31,

¢p = Z pa(".ls) pii) I(EA Z b, bv+s-—1‘ bv+i—f bv-l-u—"‘"

r.8,f,u=1 V00

By Equations 2.13 and 2.19, pll )pgu) =O0(1/n"). Let f=v+s—r,g=v+t—rand

TS

h=uv+u—r. Rewrite ®g to obtain

oy = ( Zzbfzbzbhzb)

r=l f=-o0 g==—0a hezm oo v=—o00

By assumption Y 5o by = O(1). Therefore,

1
®s = O(E)'

The next lernma refers to the estimation of the asymptotic Z”p”)p(z)
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LEMMA 4.4 Assume that n — oo, m; — oo, and my — oo, while simultaneously
my/n — 0 and m;/m; — ¢, where ¢ is a non-negative constant. Assume, without

loss of generality, that m,; > my. Then

Qm; mqe — My 1 Tﬂ%
S el = T (1+m—~——)+0( 3)+O(_~—-;~.

rem 2mo mMan 1

Proof:  Again, the proof shows that the end-effects are asymptotically negligible.

First we decompose the summation into two summations.

S0 = 3 U 1 a3 3T p ),

r=1 r=1 r=l s=r+1

In the case of the Bartlett estimator {Equation 2.19) pl) = 1/n? + O(m;/n?).
the case of the OBM estimator (Equation 2.13) pl} = O (1/n?) for r < m; or v >
n—rm; + 1, and pl¥ = 1/n* + O(m;/n3) for m; + 1 <r < n—m;. Then,

1 il T
S A = mc IR DD DI b S

r.a=1 r=1 s=r+t1

where A, the error caused by replacing Y., pl) p(3) by 1/n?, is at most

A = O(Z—+ by mz) = o(22).

r=1 r=ma+1 n

Therefore,
™m
S = **+QZ ST pl p® +O( 2)
rs=1 r=1s=r+1

Let s vary between r + 1 and min(r -+ mq,n} instead of r + 1 and n. Notice that for

s> 71+ my, is O(m,/n*). Then

b

n min{r4my,n)

S = ey 2 A+ o (D) 4 4

r,s=1 r=1 s=r+1

where, by Equations 2.13 and 2.19,

1= 0[S 5 )

r=1 s=r+my+1




o(ZE E FeRE T

r=1 s= r+m1+1n r=1 s=r4+mz-+1
My oy
1

yielding, because m; < my,
1 n min(r4+my,n} 2
ZPT?FT-‘J‘ xﬁﬁg 22 Z pg‘ls)prs+o(n)
r,s=1 r=1 s=r+1
Replacing min(r + my, n), the upper bound of s, by r+m,

T ) n  r4mi ) m%
S = a3 5 e +O(—;;) + A,

r.5=1 r=1s=7+1
where, by Equations 2.13 and 2.19,
r4my 2
I
A3 = O Z Z :O(%).
ren—rmy 41 5= n+1 T

The next step is to replace p{l) and pl?) by respectively (1/n?)[l — (s — r)/m,] and
(1/n?)[1 = (s — r)/my]. There is an error A4 caused by these replacements. Then,
n 1 URRUE -7 s—7T myt
()2 — 1 ) o™ A
Tlésv_:,l Prs Prs ’FLB Tzl‘s;.l ( m ) ( Mg -+ ( nd + 4
where, by [Equations 2.13 and 2.19,

0 -0 (35 () () = 0 (%),

r=1s=r+41

Therefore, because m < ma,

(1) 1 o T4y 1
Zprsprs ﬁ_”";:;-FZZZ (i_

rs=1 r=1 s=r+1 nt

Let h =5 — 7. Then

1 2 &L m, 4+ m
2 1 2
o = S S (-

n n h=1
™) - 7n%

n3

r,5=1

3mgn? 3magn

The result follows after simple algebra.
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4.4 Covariance among OBM and Bartlett Estimators

Theorem 4.1 states the asymptotic covariance between two OBM, two Bartlett or
one OBM and one Bartlett estimator of the variance of the sample mean, V) and
‘,7(2), with two different truncation points m; and m; from n observations. Theorem

4.1 results directly from Lemmas 4.1, 4.2, 4.3 and 4.4.

THEOREM 4.1 Suppose that the observations {X;;¢ = 1,...,n} satisfy conditions
SC. Assume that n — oo, m; — oo, and my — oo, while simultaneously m;/n —
0 and my/my — ¢, where ¢ is a non-negative constant. Assume, without loss of

generality, that my > m,. Then

COv ({\/{”, I,-/[“) S *-—~“~“—1 il ’}(2) R(O)Z (1 + ____m? — ?nl) + 0 (ﬁ}é) + O (‘%) 1
7

3 nd 2m, nd
where V() is either an OBM or a Bartlett estimator with batch/window size my, for

i=1,2

Corollary 4.1 provides a formula to estimate the asymptotic variance of an OBM
or a Bartlett estimator of ¥V and is a direct consequence of Theorem 4.1 for m; =

Mo = 1N.

COROLLARY 4.1 Suppose that the observations {X;;¢ = 1,...,n} satisfy conditions

SC. Assume that n — oo, m - oo, while simultaneously m/n — 0. Then

we (V) = mBEOE o () 4 o( L),

3 nd nd n
where ¥ is either an OBM or a Bartlett estimator of var(X) with batch/window size

m.

This variance result was used and assumed as a conjecture in Song [1988].
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Corollary 4.2 yields an equation for the asymptotic correlation of OBM and
Bartlett estimators of the variance of the sample mean. It is obtained using the

definition of correlation, Theorem 4.1 and Corollary 4.1.

COROLLARY 4.2 Suppose that the observations {X;;1=1,..., n} satisfy conditions
SC. Assume that n — oo, my — oo, and m, -+ oo, while simultaneously m;/n —
0 and m/mq, — ¢, where c is a non-negative constant. Assume, without loss of

generality, that mq > my. Then

) = (2] (1 752) v 0(2) 1 o).
2 2 i

where V() is either an OBM or a Bartlett estimator with batch/window size my, for

Using Equation 2.7, Corollary 4.1 can be rewritten as

vr (V) = TV 4 o(f’f—) ro(s). [4.5)

nd
This result shows that, for a large fixed value of n, the variance of OBM and Bartlett
estimators is directly proportional to m and the square of the variance of the sample
mean.

Corollary 4.2 can also be rewritlen as

~ . _ 2
cov (V(l)}vw)) = %nﬂ V2 (l + M) + 0 (m_ﬁ) + 0 (%) [1.6]
n

n 21m4 n4
Therefore, the asymptotic covariance of OBM and Bartlett estimators of V can
be viewed as the product of the asymptotic variance of the estimator with smaller
batch/window size, var(VW) ~ 4 my V#/(3n), by the correction factor 1 + (mg —
mai}/(2m2). This indicates that given the data type the asymptotic covariance de-

pends only on the batch/window sizes m; and m,.
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The asymptotic corretation of OBM and Bartlett estimators does not depend
upon the data type. Rather it depends only upon the two relative batch/window

sizes through (ml/nfzg)l’r2 and 14 (mz — my)/(2ma).

4.5 Finite-Sample Results

We now describe Monte Carlo experiments that estimate the correlation between
two OBM estimators of V and compare these finite-sample results to the asymp-
totic results of the previous section. The purpose is to study the applicability of
the asymptotic formulas for finite samples and different data types. Corollary 4.2
and Egquation 4.6 indicate that the quality of the covariance approximation is simi-
lar to that provided by the correlation approximation. Therefore, we consider only

correlation here.

4.5.1 The Monte Carlo Iixperiment

The Monte Carlo experiment estimates corr (f/(i),f/U)) for six cases: two sample
sizes and three steady-state data processes. The sample sizes are n = 100 and n =
1000; the three data processes are iid normal (v = 1, v1 = 0}, AR(1) normal with
o 10 and v, = 49.5, and 5-state DPSS [Pedrosa and Schmeiser, 1993a] with
vo = 10 and 4 = -35.2 (and uniform marginal distribution). Ior each sample
{X1, Xq, ..., X..} from the data process, OBM estimates Vi) are computed for m =

1,2,...,99 i n = 100 and for m = 1,10,20,...,990 if n = 1000. From 10,000 such

samples the correlations corr (IA/("), f“’) are estimated to negligible sampling error.

We review the three data processes in Appendix.
The valucs of the process mean p and the process variance R(0) are irrelevant in

this set of experiments, because (1) OBM estimators are invariant in respect to the




a1

process mean, and (2) the correlation is unscaled. For simplicity, the mean is always
g = 0, and the marginal variance is always set so that the variance of the sample

mean is V = L.
4.5.2  Discussion of Experimental Results
The experimental results indicate that the quality of the approximation provided

by the asymptotic correlation in Corollary 4.2 is good if both batch sizes are between

vo and n/2. The quality is relatively insensitive to the marginal distribution and to

the weighted sum of correlations ;.

To aid the discussion, we introduce two figures. Figure 4.1, for normal data, and

Figure 1.2, for DPSS data, illustrate the results for n = 100, the smallest sample
size considered. Each figure contains six charts, each corresponding to a batch size
m; = 5,10,30,50,60,90. The horizontal axis is the other batch size m;, ranging from
I to n — 1. For each chart, two curves are shown: the asymptotic correlation from
Corollary 4.2 and the true finite-sample correlation; the true correlation goes to zero
for large values of m;. The closer are the two curves the better is the approximation.
The approximation is exact at m; = m;, since both the approximation and the true
correlation are then oune.
A relatively good approximation 1s shown in IYigure 4.1. The independent normal
data have vp = 1, so n = 100 is a relatively large sample size. Whenever both batch

sizes are less than n/2, the approximation quality is good. The quality typically

degenerates as either batch size increases beyond n/2. The n = 1000 graphs (not

shown) are similar to Figure 4.1 for all three process. In both the AR(1) and DPSS

cases, yo = {0, so the equivalent number of independent observations n/yy = 100.
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mi=2> m; = 10
1 1
corT CoTT
0 0
100 100
mj mj
m; = 30 m; = 50
1 1
COTT corr
0 0
100 100
my i
m; = 60 m; = 90
1 1
COIT corT
Q 0
160 100
m; my

Figure 4.1 Correlation corr (V(i}, V) as a function of m; for an iid-normal and a
sample size n = 100.
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m; =5 m; = 10
1 1
cOrIT COTT
4 G
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mj mJ
m; = 30 m; = 50
1 1
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0 a
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m; = 60 m; = 90
1 1
coIT cOoIT
0
100 0 100
my my

Figure 4.2 Correlation corr (V(i), 17(3')) as a function of m; for a

DPSS(d = 5,p = 0.91,s = —2,5 = 2) and a sample size n = 100.
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A less good approximation is shown in Figure 4.2, The DPSS dependent data
have vy = 10, so the equivalent number of independent observations is quite small,
n/~v9 = 10. Here the approximation quality degenerates when either m; is too large or
too small, as suggested by Corollary 4.2. Roughly, the quality of the approximation
is good whenever both batch sizes are between -, and n/2. Similar graphs result for
the AR(1) process with v5 = 10 and n = 100.

For sample sizes n at least a few multiples of 4o, these experimental results suggest

these four qualitative conclusions:

1. The graphs in Figure 4.1 are representative of the asymptotic correlations, re-
gardless of marginal distribution and autocorrelation structure.

2. The quality of the approximation is insensitive to the marginal distribution and
to 1.

3. The equivalent. sample size n/vp is sufficient information to characterize the

quality of the approximation.

4. The approximation is good if both batch sizes are between v, and n/2.

This robustness to batch size is encouraging since various guidelines for choosing
batch size fall within the range (yo,n/2), unless the run length is quite small. For

example, (1) Schmeiser [1982] suggests batch sizes between n/30 and n/10 for good

confidence-interval performance and (2) the optimal batch size [Song and Schmeiser,

1994] is O(/7).
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5 COVARIANCE BETWEEN BARTLETT ESTIMATORS OF THE SPECTRAL
DENSITY

5.1 Introduction

Song and Schmeiser [1988a], for frequency w = 0, and Politis and Romano [1994],
for general frequencies w, have suggested using linear combinations of classical estima-
tors to estimate the spectral density. But using linear combinations requires choosing
p estimators and p corresponding weights. A special case is to choose p bandwidths for
Bartlett estimators, a family of estimators that is both classical and relatively simple.
Both for choosing bandwidths and for determining appropriate linear-combination
weights, we are interested in the asymptotic covariances among Bartlett estimators.

The results of this chapter generalize to non-zero frequencies the results of Chap-
ter 4, which considers zero frequency (i.e., the variance of the sample mean) for the
Bartlett estimator and the asymptotically equivalent overlapping-batch-means esti-
mator [Pedrosa and Schmeiser, 1993c]. Chapter 4 also empirically suggests that the
zero-frequency asymptotic covariances provide a good approximation to finite-sample
covarlances.

In Section 5.2 we prove intermediate results, in the form of six lemmas. In Section

5.3 we derive our main resull: the asymptotic covariance between Bartlett estimators

of the spectral density function at frequency w.
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5.2 Intermediate Results

Here we develop the theoretical structure needed to derive the asymptotic results

of Section 5.3.
5.2.1 Assumptions and Notation

To derive the asymptotic results we assume that the data satisfy a set of sufh-

cient conditions, denoted by SC: {X;} is a general linear process of the form X; =

+oc

h=—0co

bn €i_s, where (1) by’s are constants, (2) {£;} is a sequence of iid random vari-
ables with finite variance, ¢2, and finite fourth cumulant ke 4, and (3) 572, |A]]ba] <

h=—00

oo. Condition $;2° _|h| 16y} < oo is equivalent to by = O (]h[“z“s), & > 0, which
implies that the lag-h autocovariance {Equation 2.23) is R(h) = O (|h|‘2‘5).
We denote the lag-h autocorrelation by p(h) and the quadratic-form coeflicients

of f)(w) and F®@(w) by, respectively, pii! and p{?). These quadratic-form coefficients

are defined by Equation 2.19.
5.2.2 Derivation of Intermediate Results

The first lemma yields an equation for the covariance between two Bartlett esti-

mators of the spectral density.

LEMMA 5.1 Suppose that the observations { X;;¢ = 1,...,n} satisfy conditions SC.
Assuwme without loss of generality that the process mean is zero, Then the covariance

between f(0{w) and f®(w) is

- n R(0)\*
cov (f(l)(w),f(z](w)) = ( 5 ) (Oa + O + O¢),
wherce
®q o= ppl e e ot — 1) plu - s),

r5,0u=l

SRR
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by = Z pld) pll) emitr=s)e == oy — 1) plt - s),
5, hu=l
1 U . _
(I)C = 2 Z pSi) pgi) 6_J(T_S)w ew}(t-—u)w I‘/4(Xi1Xi+T:X{+s=Xi+i).
R(O) r,8,tu=1

Proof: By definition of covariance

cov(JV, J¥) = E(fN®) — B(FVYE(S®).
By Equation 2.27

o~ —~ Z n
COV(f(I}’f(Q)) — (i) Z pf‘i) pgi) T s)w M_;I{f. u)w [F(A X XtX )

K)
<T rs,tu=1

— E(X, X)) B{X, X.)].
By Equation 2.30

onl FOLF®) = (J2)1 30l pfd) emilrmahe o (B(X, X,) B, X.)

27

8 tu=l
+ EB(X, XD E(XLX) + Ka(X, X, X, X))
Now applying the definition of autocorrelation, the result follows.
Lemmas 5.2 through 5.6 yield some asymptotic results that we use in the proof of

Theorem 5.1 and its corollaries.

LEMMA 5.2 Suppose that the observations {X;;¢ =1,...,n} satisfy conditions ~C,
Assume that n — oo, m; — oo, and my — oo, while simultaneously m,/n — 0 a~d
m, /ma — ¢, where ¢ is a non-negative constant. Assume, without loss of generality,

that my > m,. Then

(21Tf 1 m2
by = 0)2 Z}D”pis)w}-()(‘rzg)‘lbo _—:1% '

r,s=1
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Proof:  The proof consists of showing that the second-order effects can be ignored.

Interchanging ¢ and u in the definition of ®p in Lemma 5.1 yields
bp = 30 ppH eI eI (s ) plu — )
.81, u=l
Replacing r — & by o and v — s by
noon r—1 n—s
S S B P g e pla) p(B).
r=1s=1a=r—n B=i—¢
First we show that the effect of & and 8 through the quadratic-form coeflicient, say
A1, is asymptotically negligible. Rewrite ®p to obtain
n n r—1 )
2. A o2 e o) () + A,
y=1s=1 o=r—n J=1 -5
where by Equation 2.19

A (|Z”: >3 Sﬁ‘*ﬁ()p(ﬁn).

mnzp
r,8=1 a=r—n F=l-s

|k| |br} = O(1) implies that

IAI = (| Z p-rs ?ngn ) .

T,5=1

Assumption 3522

= O

Again, by Equation 2.19

A = (Z+Zm ) - o(is).

4
r=1s=r+41 man

Therefore,
n

r--1 n—s 7 1
>3 Al e pa)pip) + O (5).

=lo=r—nf=i-s

kil
r=1s

Next we show that the effect of r through the lower and upper bounds of a, say Ay,

is also asymptotically negligible. Rewrite 5 to obtain

n n moy o n—s e 1
SOSTH P ST pla)em e ST p(B) e O(E) + A,

r=1s5=1 Q=-—Ty O=1—s
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By assumption Y 371 _, p(8) = O(1), which implies that the error term Ay is

|As| = (ZZ Z P p(a) + 5 nil Pty )

r=1s=1 a=ma41 r=1s=1 =77

me n mp-—1 n m T—T

—O(ZZ S pPp(a) + 0 > 3 Y PP Yp(a ))-
r=1s=1 a=r—1 r=n—ma+] s=1 a=—my—1

By assumption, p(h) = O (l!zl‘2"5). This implies that (1} 3 ,.n, p(a) = O(1/my), (ii)

S wcomg Pla) = O(1fma), (i) 202,21 p(@) = O(1), and (iv) 02", -1 p(@) = O(1).

Therefore,

1As] ( > nlpm P”) + 0 (Z >l Pff?)-

r=1s= r=1 §=1

By Equation 2.19, (see also Lemma 5.5) =r_, 7, plU p{® = O(m, /n®).Then

T3 rs

a = 0(s5) + o(n:)‘

Similarly, the effect of s through the lower and upper bounds of 3 is

o1 - o(2) +o()

Therefore,

oo £ (£ aen) s o(2) + ofz)

r,5=1 Q=17

Again, by Equation 2.22, and using the relalionship between autocorrelation and
autocovariance, yields the result.

Simnilarly, there is an equivalent lemma for @ 4.

LEMMA 5.3 Suppose that the observations {X;;: = 1,...,n} satisfy conditions SC.
Assume that n — co, m; — oo, and mq — oo, while simultaneously m;/n — 0 and

mi/my — ¢, where ¢ is a non-negative constant. Assume, without loss of generality,

that mq > my. Then

() r2
(DA - (Wf ZPMP?S —32(r— sw+0(3) +O(T_4_2_)

r,s=1 n
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Proof: By Lemma 5.1 (definition of ¢4}

n

Ba = 3 p gD e e e ) plu ).

5t u=l

letao=t—rand f=s—u. Thent—u=r—s+a+ 5 and

)3

r=l s=]l a=1-yr

=]

— -

Z pl) 2 e el e ilat Bl (0 p( ).
fz=s—n

Since |e 72 73)%| = 1, we can use the same arguments of the previous lemma to obtain
3 g ) 2 1 m2
4 = Z pl p) e 20w K7 pla)emi )+ O(-—B) + 0.
s=1 a=—msg s n

By Equation 2.22, and using the relationship between autocorrelation and autoco-
variance, ylelds the result.

Now we present the corresponding lemma for ®c.

LEMMA 5.4 Suppose that the observations {X;;1 = 1,...,n} satisfy conditions SC.
Assume that n — oo, m;, — oo, and my — oo, while simultaneously m;/n — 0 and

m1/mq — ¢, where ¢ is a non-negative constant. Assume, without loss of generality,

Then

that m, > my.

0o - ofd)

Proof: Again, the proof proceeds by showing that the error caused by ignoring
the second-order effects is asymptotically zero. By Lemma 5.1 (definition of ®¢) and

Equation 2.31

bo = b S et K S b b s
(0) o8 u=l v=—oo

By Equation 2.19, pmpgi) = O(1/n"). Let f =v+s—r,g=v+i—rand h = v-tu—r.

Rewrite @~ to obtain

0ot Eufufns)

e = f g=-—00 h=—00 YO0




61

By assumption §_fo__ by = O(1). Therefore,

1
®5 = 0(5)-

The next lemma refers to the estimation of the asymptotic 7, , p”) (),

— 00

LEMMA 5.5 Assume that n — oo, m; — oo, and m; — oo, while simultaneously
my/n — 0 and mq/my — ¢, where ¢ is a non-negative constant. Assume, without
loss of generality, that m; > my. Then

I 2 —m i m?2
> = (e 2Ty o) + 022 ).
Ind 2 my Mg 7 n

r.s=1

Proof:  Again, the proof shows that the end-effects are asymptotically negligible.
First we decompose the summation into two summations.

Z pr.s p'rs Z pr:r p?‘r + 2 Z Z prs prs '

ros=1 7=1s=7r+1

By Equation 2.19 p{) = 1/n? + O(m;/n3). Therefore,
> i pl ———+ZZZPMPH+O
=1 r=1s=r+1
Let s vary between r + 1 and min{r 4+ my,n) instead of r + 1 and n. Notice that for
s > 7+ my, ptl is at most O(m;/n®). Then
n min(r4+my,n) m,
Zt ppld) = — 42 Z > ppY + O( 4) + A,
r.5= =1 s=7m+1

where, by Equation 2.19,

r=1%s=r+4m+1

Al = O(Z > ’:;p”)
+
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yielding, because ml < m2,

n n min(r+4mj,n) 2
S = Ly 5t + o).

ri=1 r=1 s=r+1

Replacing min{r + mq, n}, the upper bound of s, by r + my,

n r4m 1) () m%
Z prs prs = 22 Z Prs Prs + O(;{) + A'Za

r5=1 r=t s=r41

where by Equation 2,19

A - 0( 5> zw) - o)

4 4
r=n-—mj+1 s=n41 n m

The next step is to replace p{!} and p®) by respectively (1/n*}[1 — (s — r)/m4] and

{(1/n*)[1 — (s — r)/ma). There is an error A caused by these replacements. Then

5 N ( _T>(;_S“"")+O ma) 4 oA
Prsprq ﬂ4 My ms 4 3

r,5=1 r=1s=rtl

where, by Equation 2.19,

o= 055 (5)(2) - o ()

r=1s=r+1

Therefore, because m; < ma,

1 nr+my 1 . - . 2
S = L g Lot (-0 o2

r.s=1 ’ 7=1 s=r+1

Let h =8 —7r. Then

i 1 2 X my+m 1 2
P R I (“ 1t h2)+o(wmj)
r,s5=1 n s h—1 my Ty mims n

2 2

M,y mj 1 Ty
= — - O —1.
n3 3Imyn? t 3mgn? + ( nA )

The result [ollows after simple algebra.

Similarly, 3, , pllpi2e=72=5% {or non-zero frequency is given in Lemma 5.6.
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LEMMA 5.6 Assume that n — oo, m; — oo, and my — oo, while simultaneously
my/n — 0 and m;/m, — ¢, where ¢ is a non-negative constant. Assume, without

loss of generality, that m, > m;. Then for any w such that 0 < |w| <7

2
Z pll) pl2) em 32 =ode - = O( : 3) + 0 (Ef")
n

rs=1 my n

Proof:  First we decompose the summation into two summations.

Z ppBe 2= = 2%~ % pl) pl?) cos [2(r — s)w] + Z pl pl2).

rs=1 r=1s=r+1

We can use the same arguments of Lemma 5.5 to obtain

n n T4y 2
i 2(7~5)w m
Z pil) pgi) R CICED) =+ 2 Z Z p” p” cos [2(r —s)w] + O (n—f) :
r,5=1 r=1s=7+41

By Equation 2.19 and letting h = s —r

! 2 m 1 w2
Z PTS pTS - j U r—5)w - Z ( ny + Mo h + h )COb(QLUh)+O (.@)
r.s=1 n h=1 Ty my LIS WALY
Notice that for 0 < |Jwi < 7
‘ in(2wh) — sin [(m; + 1)w] sm(mlw)?
het sl w

and

m; . 0,
> cos(2wh) = % (_1 + sin [(2my + 1)‘*’]) .

= sin w
On the other hand,
T ) 1 d ] .
Z h cos(2wh) = = — 1 > sin(2wh) |,
k=1 d h=1

and

mi 1 2 )
> h? cos(2wh) = — 1 d(wz (Z cos(?wh)) .

h=1

h=1

S A e S
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Therefore
T ) ) it el 1 Jsinf(2my + De]  mitmy
i 173” " n3 sinw my My

d (sin [(m1 + 1)w] sin(m;w)) B 1 d? (sin[(zm1 + 1)@)}'

dw ST W 4y mq dw? sin w

These derivatives are given by

d (sin [(mq + 1)w] sin(mlw)) - sin {(2m1 + Dw] (sin(mlw))z

dw sin w sin w

sin w

and

d? (sin H(2my + I)UJ]) _ dy? sin {(2m; + 1)w]

dus? sinw

sin('n'alw))2

sin w

+4(2my+1) (

Sin w

sin w

9 (sin[(?ﬂ’n + 1w (2, +1)).

(sinw)?

After some algebraic manipulation

Z (1), (2) pmi2lr=she _ L (7?12““1011—1) sin(miw)\’ 1
= 1st e oo DR sinw 2my m2 (sinw)?
inl(2
(Tl el e +0)] + 0]

sinw
1 m?
= Ol —2].
O(m; ns) + (n“)

5.3 Covariance between Bartlett Estimators of f{w)

In this section we first develop the asymptotic covariance between two Bartlett
estimators of the spectral density, fM{w) and f(g)(w), with two different truncation
points m, and ms, from n common observations. We then discuss two corollaries.

Theorem 5.1 follows directly from Lemmas 5.1 through 5.6.

THEOREM 5.1 Suppose that the observations {X;;¢ = 1,...,n} satisfy conditions

SC. Assume that n — oo, m; — o0, and my — co, while simultaneously mi/n —
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0 and m;/m,; — ¢, where ¢ is a non-negative constant. Assume, without loss of

generality, that my; > m,. Then for any —7 <w <7

cov (f(”(w), f’u)(w)) _ 21 48)m flw)? (1 4 M) +0 GL—) + 0 (:—E) ,

3?’1 ng

where 6, = 1 for w = 0 and §, = 0 for w # 0.

Corollary 5.1 gives the asymptlotic variance of a Bartlett estimator of the spectral

density and follows from Theorem 5.1 for m; = m, = m.

COROLLARY 5.1 Suppose that the observations { X;;7 = 1,...,n} satisfy conditions
SC. Assume that n — oo, m; ~» oo, and my — oo, while simultaneously my/n
0 and m,/my — ¢, where ¢ is a non-negative constant. Assume, without loss of

generality, that mg > m;. Then for any —7 <w <=

var (f(w)) _ 2 (1 Jréw) m f(w)Z L0 (_l_) L0 (_Wﬁ)’

3n mn

where &, = 1 for w = 0 and 6, = 0 for w # 0.

Priestley [1992] derives a similar variance result, but he does not provide indication
of the magnitude of the second-order error terms.

Corollary 5.2 yields an equation for the asymptotic correlation between two Bartlett
estimators and is obtained using the definition of correlation, Theorem 5.1 and Corol-

lary 5.1.

COROLLARY 5.2 Suppose that the observations {X;;7 = 1,...,n} satisfy conditions
SC. Assume that n — o0, m; — oo, and m, — oo, while simultaneously m;/n —
0 and m/m, — c, where ¢ is a non-negative constant. Assume, without loss of

generality, that mq, > my. Then for any -7 < w <7

core (), 7)) = ()7 (14 T2 4 0(™2) 4 o),

ng

Mo n my
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The asymptotic covariance depends upon the application in a simple way: it is
the product of the asymptotic variance of the Bartlett estimator with the smaller
truncation point, var(f{}{w)), and of the correction factor 1 + (my — m1)/(2my).
Because the spectral density f(w) is fixed for a given application, the asymptotic
covariance (and therefore the asymptotic variances) depends only on the analyst-
specified truncation points m; and m,. The asymptotic correlation and the ratios
of the asymptotic variances are independent of the spectral density, and therefore
independent of the application. This independence is central to our motivation, which

is to use linear combinations of Bartlett estimators to estimate the spectral density,

without having to estimate the various covariances.
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6. EQUIVALENCE OF OVERLAPPING BATCH MEANS AND BARTLETT
ESTIMATORS

6.1 Introduction

Among the many procedures for estimating the standard error of the sample
mean from stationary autocorrelaled data are Bartlett’s spectral estimator at zero
frequency and overlapping batch means (OBM}. In proposing the latter, Meketon
and Schmeiser [1984] provided a heuristic argument that these two estimators are
essentially equivalent when the Bartlett window size equals the OBM batch size.
Welch [1987], in proposing and studying partial overlapping batch means, states that
overlapping batch means “are related to spectral estimation via the time averaging of
subsequence periodograms.” That the estimators are quite similar is also clear {from
the three-dimensional graphs of the estimators’ quadratic-form coefficients in Song
and Schmeiser [1993].

We show in two ways that Bartlett and OBM estimators are equivalent: (1) their
correlation is asymptotically one, and (2) their difference converges to zero in mean
squared error (MSE), even after rescaling to estimate nvar(X). Section 6.2 consists
of a graphical analysis of the similarities between OBM and Bartlett estimators. In

Section 6.3, the expected values and biases of each of these two estimators are derived.

In Section 6.4, we prove the asymptotic correlation and MSE equivalence of OBM

and Bartlett estimators.
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6.2 Comparison of OBM and Simplified Bartlett Estimators

We first compare the OBM and the simplified Bartlett quadratic-form coeflicients.
)

Figures 6.1 and 6.2 show three-dimensional plots of PE’?) and pEJ-SB , respectively, as
functions of ¢ and j, for n = 50 observations and batch/window size m = 10. Both
show a triangular ridge of width 2m along the main diagonal ¢ = j. These graphs
help understanding the following analysis, which is based on Equations 2.11 through
2.13 for the OBM estimator and Equation 2.17 for the simplified Bartlett spectral

estimator.

There are three effects to consider when comparing the two quadratic-forms.

1. The end effect, For 1 <i,3<morn-m-+1<t,7<n

{0)  (SB) _ 1
|Pij - Pi; | = O(_g) [6'1]

T

This effect is visible on the plots at the ends of the ridges.

2. The “scaling effect”. This effect, not visible in the graphs, is due to the different
denominators: n? for the simplified Bartlett and (n — m + 1)(n — m) for the

OBM. Then outside the “end effect” region and for [t — 7| < m

m
i = (1+0(Z)) 47,

which implies that

Y -7 = o(5). 6.2

n3
3. The “second-order effect”. This effect is for the small terms off the ridges. It

is most visible at the four edges of the plots. For |t — j| > m, pEfB) = () and

in‘jO)I = O (m/n?), and therefore

P — P = O(E) 6.3]
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Figure 6.1 Comparison of OBM and Simplified Bartlett quadratic-form coeflicients
for n = 50 and m = 10.
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6.3 Expected Values of OBM and Bartlett Estimators

To derive the asymptotic results of this Section, we assume that the data satisty
a set of sufficient conditions denoted by SC: {X;} is a general linear process of the

form X

Foo _bnei_n, where (1) by's are constants, (2) {&:} is a sequence of iid
random variables with finite variance, ¢, and finite fourth cumulant k4, and (3)

490 |Rl1by] < co. Condition TF2 __ |h]|bs] < oo is equivalent to by, = O ([h|*%),
§ > 0, which implies that the lag-h autocovariance, R(h} = o.” SR b; by, 18
O (|h}‘2‘5). We also assume, without loss of generality (see Section 2.5) that the
process mean is zero. The first result is Theorem 6.1, which provides a formula to

compute the expected value of an OBM estimator of V. Song and Schmeiser [1994]

and Goldsman and Meketon [1986] discuss this result but do not provide a rigorous

proof.

THEOREM 6.1 Suppose that the observations {X;;t = 1,...,n} satisfy conditions
SC. Assume, without loss of generality that the process mean is zero. Let (9} be an
OBM estimator of V| the variance of the sample mean, with batch size m. Assume

that n — oo and m is a function of n satisfying m — oo and m/n — 0 as n — co.

Then
E(V(O) R0}y  R(O)m L0 (_ﬂ%)
n mn n
Proof: By Equation 2.10
PO = 33O XX,
r=1s5=1

Taking expectations and using Equation 2.13,

n rmn 7 r+m

V) = RO X pPer—s) + Ay

r=1 s=max{l,r—m}
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where,

r==1 s=r4+m+1 n
m —m—1 m 7
-o(ZE e T )

As discussed earlier, assumption 272 |A] |bs| < co implies that p(h) = O(|A]7*7%)

and therefore Spom p{h) = O(m™1) and Ty p(h) = O(m 1), yielding

o

Then

n  min(n,r+m}

~ 1
BVO) = ROY. Y #Qsr-s) +0(=).

r=1 s=max{1l,r—m)

Replacing the lower and upper hound of s, respectively max(1,7 —m) and min(n,r +

m), by r —m and r + m,
7 r+m

e 1
B9 0 Y M-+ 0() - A

r=1s=r—m

where, by Equation 2.13,

B = o(z S L9+ XY el
r=1 s=r—m " re=n—m4l s=n

e

=

=

"

4

3

-
—~—

By assumption, p(h) = O(|h]7*7%), yielding

2 ( P> |h|2+6) = o(wimmm) = °(w)

r=1 h=—m

Therefore, by Equation 2.13,

0 - 0 5 (- o @] oo () -

Tm] s=r-—-1m

1

m m 1
Al = O(ZZ Lor-9+ Y% —2p<r—s)).
'rlsln rnm+1snm+1ﬂ’
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Assumption S} |k||bn| < co implies that §7, p(h) = O(1). Then

h=— oo
As| = O (-’%) .

7

Rewriting BE(V()) and letting h = r — s yields

gy = 0 [1 + O(T—)] S (wm) o(r —s) + o(ﬁ).

T i) [ T

By Equations 2.4 and 2.6 the result follows.

Corollary 6.1 states that the bias of an OBM estimator goes to zero as n increases.

COROLLARY 6.1 Suppose that the observations {X;;7 = 1,...,n} satisfy conditions
SC. Let V(@) be an OBM estimator of V, the variance of the sample mean, with batch
size m. Assume that n — oo and m is a function of n satisfying m — co and m/n — 0

as n — oo. Then

bias (17(0)) = — m + O (—ni> .
mn n?
Proof: By definition of bias
bias (VI?) = E(V) -V,

By Equation 2.7,

Then, by Theorem 6.1, the result follows.
Notice that bias (f/(o)) ~ — (R(0) 1)/ (mn) il m = ofy/n) and bias (\7(0)) =
O (m/n*) il m = O(/n).

Theorem 6.2 provides a formula for the expectation of a Bartlett estimator of V.

THEOREM 6.2 Suppose that the observations {X;;7 = 1,...,n} satisfy conditions

SC. Assume, without loss of generality that the process mean is zero. Let V(B) he
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a Bartlett estimator of V, the variance of the sample mean, with window size m.
Assume that n — oo and m is a function of n satisfying m — oo and m/n — 0 as

n — oo. Then

n mn n?

-~ R(0 R(0
Theorem 6.2 is proved making the same arguments as in Theorem 6.1, but basing
the argurents in Equations 2.18 and 2.19 rather than in Equations 2.10 and 2.13.
We omit the details here.
In Corollary 6.2, the bias of Bartlett estimators of V is stated. Politis and Romano

[1993] derive a similar result, in the context of spectral density estimation. The proof

of Corollary 6.2 is similar to the proof of Corollary 6.1.

COROLLARY 6.2 Suppose that the observations {X;;1 = 1,...,n} satisly conditions
SC. Let V(B be a Bartlett estimator of V, the variance of the sample mean, with
window size m. Assume that n — co and m is a function of n satisfying m — oo and

m/n — 0 as n — oo. Then

bias (17(8)> = - m + O (ﬁ) .

mn n?

6.4 Asymptotic Equivalence of OBM and Bartlett Estimators

Here we characterize the asymptotic relationship between OBM with batch size
m and Bartlett spectral estimator with window size m from n observations as a MSE
convergence. Theorem 6.3 states thal the asymptotic correlation between OBM with
batch size m and the Bartlett estimator with window size m is 1. This theorem results

directly from Corollary 4.2 for m = m; = my.

THEOREM 6.3 Suppose that the observations {X;;i = 1,...,n} satisfy conditions

SC. Let V@ and V(B) be, respectively, an OBM and a Bartlett estimator of V with
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batch/window size m. Assume that n — oo and m is a function of n satisfying

m — oo and m/n — 0 as n — oo. Then

COTT (17(0),17(3)) = 1 4+0 (T—) + O (—L)
n

m

Theorem 6.4 states that the OBM estimator converges in MSE to the Bartlett

estimator.

THEOREM 6.4 Suppose that the observations {X;;7 = 1,...,n} satisfy conditions
SC. Let V(@) and V(B be, respectively, an OBM and a Bartlett estimator of V with
batch/window size m. Assume that # — oo and m is a function of n satistying

m — oo and m/n — 0 as n — oco. Then

[P0 ey 2o

T

Proof:  Expressing the squared difference in terms of variance and covariance

E (7 - f/(a))” - E [(9(0) _ E;’}(O)) - (f/(m _ Ef/(s)) n (Epm) _ Ef/(B))r
= B [(f/(o),— BV@) 4 (V& — gy®)’
-2 (f/tO} — Ef/(O)) (17(3) _ E?(B))] 4 [Ef/(O) _ Ef/(BW
= var (V1) + var (V1) = 2cov (VIO VD)

+ [EVO - BV
By Theorems 6.1 and 6.2

(EfﬂoLEiﬂB))2 - O(T—Z).

nd

- a2
Rewriting 12 [(V(O) — V(B)) } and using Theorem 4.1 and Corollary 4.1

el - o) s o(d).

R e S s S e e A i o B e
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The result follows, since

2ef(ro-7)] - o(2)+0(2)

Theorem 6.4 characterizes the asymptotic convergence as being in MSE which is

a stronger condition than convergence in probability, in the sense that the former
implies the latter [Priestley, 1992, p.151].
Theorems 6.2, 6.3, and 6.4 are also valid for the simplified Bartlett estimator,

because the simplified Bartlett estimator coefficients {Equation 2.17) differ from the

corresponding Bartlett estimator coefficients (Equation 2.19) by at most O(m/n*).
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7. ESTIMATING VARIANCE OF THE SAMPLE MEAN: OPTIMAL BATCH
SIZE ESTIMATION AND 1-2.1 OVERLAPPING BATCH MEANS

7.1 Introduction

One approach for developing robust and computationally efficient methodology
to estimate V is minimizing the mean squared error (MSE). For estimators param-
eterized by batch size (for example, NBM, OBM, and standardized-time-series) this
approach requires determining the optimal batch size for a given data sample of
size n. The optimal batch size is a function of the sum of the autocorrelations,

Yo = 4% . p(h), and of the weighted sum of autocorrelations, v = Feo hlp(h).

h=—c0
It follows that the natural way to estimate 4y and 7, is estimating all n — 1, or at
least m(n, yo,71) of the autocorrelations, leading to methods that are O(n?) (ie.,
computation time is proportional to n?) and O{(m n), respectively. We propose a
more efficient way of estimating the optimal batch size, Our method is O(n) and has
good MSE perlormance even when compared to the idealistic performance that could
be obtained if ~5 and ~; were known.

This chapter is organized as follows. In Section 7.2 we define the “approxi-
mate optimal batch size”. In Section 7.3 we develop methodology for estimating
vi/70, the center of gravity of the autocorrelations. Because V ~=50, we rede-

fine MSE-consistency in the context of V estimation as mse(n Iﬂ/m) "Z5°0 instead of

mse(vm) "50. We state conditions for OBM estimators to be MSE-consistent. e

also derive O(n) estimators 35 and ¥, of vo and 7y, respectively, and state conditions
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for 5, and 3, to be MSE-consistent. In Section 7.4 we propose the 1-2-1 OBM al-
gorithm, a computationally efficient — O{n) — and relatively simple algorithm for
estimating V using four OBM estimates. We evaluate the performance of this algo-
rithm in Section 7.3, showing that the 1-2-1 OBM has good properties. Theoretical
results suggest that (1) the 1-2-1 OBM is MSE-consistent; and (2) the 1-2-1 OBM
performance approaches, as the sample size increases, the idealistic performance that
could be obtained if the data properties 49 and 7, were known. The results of an ex-
tensive set of Monte Carlo experiments are also discussed in Section 7.5 and support
the theoretical indications. The three processes used in the Monte Carlo experiments
are reviewed in Chapters 2 and 3. Appendix C contains a FORTRAN implementation
of the 1-2-1 OBM algorithm,.

The methodology that we develop is based on OBM estimation. Analogous de-
velopment can be considered for other estimators parameterized by batch size. Also,
algorithms structurally different from the 1-2-1 OBM (for example, with a diflerent
number of estimation stages) could be based on the theoretical results derived in this

chapter,

7.2 Approximate Optimal Batch Size

The major difficulty for OBM is to select the batch size. One approach for selecting
batch size is minimizing the mean squared error. Pedrosa and Schmeiser [1993c¢ and
1993d] (see also Chapters 4 and 6) prove asymptotic results discussed by Song and

Schmeiser [1994] and Goldsman and Meketon [1986] regarding the bias, variance, and

MSE of OBM estimators. These asymptotic (n -—» oo, m — oo, and m/n — 0)
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properties are:

bias(7,,) = —1f—£{3)- + o(g), 7.1]
var(V,,) = @__g%iﬂli + O(%) + 0 (g;), [7.2]

and

2 2 2 2 2
¢ R(0) 4m 3 R(0) 1 m
e * e o) rolie)

Pedrosa and Schmeiser [1993c¢] (see Chapter 4) also derived the asymptotic covariance

mse(V,,) =

(n — oo, my =+ 00, my/n — 0, my/my — constant, and m; < my) between two OBM

estimators with batch sizes m,; and my,

- - £ 2 2 ‘ o 2
cov (le,sz) = Lm0 RO (1 + M) + O(}M) + O (m) [7.4]

RES 2 my n3 ni

One set, of sufficient conditions that imply Equations 7.1 through 7.4 is [Pedrosa and

4o

Schmeiser, 1993¢] {X;} is a general linear process of the form X; = 32527 by €is,

where (1) by’s are constants, (2) {e;} is a sequence of iid random variables with finite

2

£

and finite fourth cwmulant k., and (3) 48 ] 1ba| < oo.

variance, @ h=—co

Define “approximate MSE”™ as

o\ _ BRO? | 4mad ROY

m? n? 3ns

(7.5]

Define “approximate optimal batch size” m* as the batch size that minimizes m'ée(f/m)

2
mT = 11.5n (11—
Yo

By adding 1, m* is the optimal batch size for 43 = 0 (uncorrelated observations).

plus 1, L.e.,
3
3

+ 1. [7.6]

Finite-sample results suggest that batch size m* does not differ much from the real

optimal batch size, even for small sample sizes [Song and Schmeiser, 1994]. Notice

that the vector symbol denotes approximation and the star denotes optimality.
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7.3 OBM Methodology to Estimate v and

In this section we develop methodology for estimating the sum of autocorrelations

~vo and the weighted sum of autocorrelations 7.
7.3.1 MSE Consistency of OBM Estimators

The MSE is not adequate to measure the performance of estimators of the variance
of the sample mean, V, because (1) V goes to zero when the sample size increases
(Equation 2.7}, and (2) the mean squared error of an OBM estimator also goes to zero
when the sample size increases and the batch size is well chosen, i.e., m — oo and
m/n — 0 (Equation 7.3). We define “standardized MSE” as the ratio of the MSE of
the variance estimator to the square of the variance of the point estimator. Therefore,
in the context of V estimation we say that ¥ is MSE-consistent if mse(V)/V? — 0
(or equivalently, if mse(n 17) — 0) when the sample size n increases.

Theorem 7.1 provides some insight on how to select the batch size if no information

about the correlation structure is available.

THEOREM 7.1 Let V denote the variance of the sample mean of stationary data
{Xii=1,...,n}. Let V.. be an OBM estimator with batch size m. Assume that
Equations 7.3 holds. Let m -~ oo and m/n — 0 as n — oo. Then

mse(Vin) n = o
— s {},
V2

Proof:  From Equation 2.7

Then

1z

mse(V,) mse( V) [w + 0 (%)]_1
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By Equation 7.3

mse(f}m) B _lw gl ? N 4 m N ben N ™M Cmom
V2 m? \ 7o 3n  n?ad R(0)2  nyg R(0)?

pro()=se

Corollary 7.1 lollows directly from Theorem 7.1 and suggests a formula to select

batch size.

COROLLARY 7.1 Let V denote the variance of the sample mean of stationary data
(X1 = l,...,n}. Let V., be an OBM estimator with batch size m defined by
m = en® + d . where ¢, d. and « are finite constants, ¢ > 0, and 0 < o < L. Assume

that Equations 7.3 holds. Then

mse(V,,) n—= 0.
V2

7.3.2 OBM Methodology to Estimate o

Theorem 7.2 provides an MSE-consistent estimator of the sum of autocorrelations.

o, using OBM, as suggested by Equation 2.5.

THEOREM 7.2 Let V denote the variance of the sample mean of stationary data
(X1 = 1,...,n} with sum of autocorrelations yo = i o plh). Assume that
Equations 7.1, 7.2 and 7.3 hold. Let m — oo and m/n — 0 as n — oo. Define the

estimator
- n V.

Yo = R(0)’

where R(0) is the marginal variance and .. is the OBM estimator with batch size

m. Then

(1) E@) = - 2+0("),

T
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() bias(io) = —2+0(2), g
m O\ ;
) = 2T o (1) m '
(3) var(o) = ol yo (D) 05,
and

2 2 1 2 " oo
@) mseio) = 8 o (H o) =

Proof: We start proving the first and second results. Taking expectations and using

.
the definition of 7o, .

By Equation 7.1,

E(0) = 2 [v RN O(gﬂ

mn

By Equation 2.7, (nV/R(0)) = vo + O(1/n). Therefore,

and

Now we prove the third result. By definition of 5 and definition of variance,

n?var (Vi
var {7Jo) = #m%—z——l

By Equation 7.2,

. ont |4 m s R(0)? 1 m?
varto) = Ry { 3 O (%ﬁ) 0 (?ﬁ)l

_ dmay O(l) + O(T;‘)-
3n n n

The MSE result follows from the bias and variance results.

i
:
i
i
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7.3.3 OBM Methodology to Iistimate 7

Theorem 7.3 suggests a formula to estimate 1.

THEOREM 7.3 Let V., and V,,, be two OBM estimators of the variance of the
sample mean V with, respectively, batch sizes m, and mo, and m; # mq. Assume that
Equation 7.1 holds. Let my/n®—a, myfmy b, a > 0,b>0,and 0 < o < 1/3.

Then

y = R(O?(leﬂizml) [E(ﬁm) - E(ffm,)} + O (%;) :

Proof:  From Equation 7.1

E(i}rm} - Vv - —’T] R(U) ‘|“ O(T_]>a

myn n?
and
- n 120 :
Mo N n
Then

E(Vin,) = B(V,) = M(L - i) + O(m“>

T g ™Mo 2
_ B0 (memm) (j{%t) _
1Ty Ty n

The result follows after simple algebraic manipulation.
Theorem 7.4 provides a formula to estimate 4 from two OBM estimates V,,, and

Vi, -

THEOREM 7.4 Let Iﬂ/ml and f\/m_? be two OBM estimators of the variance of the

N * L] n — oG
sample mean V' with, respectively, batch sizes m, and m,. Let my/n®—a, a > 1,

and 0 < a < 1/3. Let my = my + Am,, where Ay, is a function of m, such that
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Am. > 1 and A, /m; —5 constant. Assume that Equations 7.1 through 7.4 hold.

Assume further that the marginal variance R(0) is known. Let

~ g 1ty & >
= Vi, — Vi
T R0) (mg — ) (Vo y
be an estimator of 4;, the weighted sum of correlations. Then %

1

2 2 2
(3) mse(?]) — 4')’(} L (";nl + /\m]) + O (Wn}i) .
3T

Proof: By definition of variance,

—~ o~ —~ o~

var (sz - Vm]) = var(V,,,) + var{ Vi, ) — 2cov(Vi,, Viny ).

By Equation 7.2 and because mq/m, "~ constant,

var(V,) = M[l +o(-) vo(T)]

3n3 My n
and

var(V,) = M[l + o(i) + O(Tf)]

3n3 Mg

Similarly, by Equation 7.4,

e (7 _ 4my g R(0)? Mg — Ty 1 My |
08 (Vony s Tima) = =g (1 g )[1 + O(E) L0 (?N :

After simpie algebra

el =) - S [ (1) ()]

my

3
3n’ mog
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Replacing my by my + An,,

i) = RO ) [y o (L) o ()],

3n My n

Therefore,

var(3;) =

4 mi(my + Amy) b0 (@)

3n n

Now we prove the second result. By Equation 7.1, and because m,/m, " Fconstant,

_— 2 ]
B(V,)— V = —lﬁ—(o—)[l + O(T—%) ,
nm n o/
and
N
E(sz) -V = - n R(G) I:l + O (zn“%) .
n mo i ]
Then

() = E(Fy,y = 20 = m) [1 + O(m“)]

7.1 Hlg

E(1) = [1 4 o(m—gﬂ,
n

By definition of 7,

yielding

bias(y1) = O(ﬁ)

n

The third result is obtained from the two former results after simple algebra.
Corollary 7.2 follows directly from Theorem 7.4 and provides a guideline on how

to select batch size mq to estimate ;.

COROLLARY 7.2 Assume the conditions of Theorem 7.4. Then batch size mqy =

my -+ 1 minimizes var(3;) and mse(7).

Theorem 7.4 indicates that estimator 5, converges only if m; = o(/n) and that
m, should be selected as small as possible. But rn; must also go to infinity so that

the effects of autocorrelation are included within the batch means. We need empirical

guidelines to aid on the selection of rn.
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7.4 1-2-1 OBM Algorithm for Estimating Variance of the Sample Mean

We would like to use the OBM method with the optimal batch size to estimate
the variance of the sample mean. To determine the asymptotic approximate optimal
batch size (Equation 7.6) we need to know 7: /0. One possibility is to estimate each
individual correlation and then estimate 4o and ;. We propose a computationally
more efficient method that estimates the center of gravity v /vo without estimating
individual correlations. The building blocks of our method are: (1) OBM estimators;
(2) the asymptotic results from Chapters 4 and 6; and (3) the theory developed on
Section 7.3 to estimate v and ;. To estimate the center of gravity of the autocorre-
lations, 71/70, the algorithm still needs to select a batch size my, but now the level of
decision is lower. The empirical results in Section 7.5 indicate that the performance
of 17;?. is not sensitive to minor changes in my.

Good values of m, depend on the correlation structure of the data. We assume that
the user does not provide any information about the data to be analyzed. Therefore,
an initial assessment of the correlation structure must be obtained through an initial

estimate of .

7.4.1 Generating an Initial Estimate of v

From Theorem 7.2, 3 can be oblained {from an OBM estimate f/'mo with batch

size mp using

o~

. 1 Ving

Yo = TETU-

1(0)
We set mo = aon'/™ + by, where ag, by, and ro are constants, ap > 0, and
ro > 2. This choice is a bit arbitrary, but by Theorem 7.2, mg = ag nt/ro 4 by leads

to mse(:)?o):c)& In the Monte Carlo experiment of Section 7.5 we use mg = /n.

SRARE
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Other choices of mg may also generate good initial estimates of v, but our empirical

results show that this choice works well.
7.4.2 Estimating Optimal Batch Size

The derivation of the asymptotic results indicate that batch sizes neeed to be large
enough to include the effects of autocorrelation within batch means. An approximate

measure of these effects is max {vo, 1/7}. We set
m; = max{a,1 n'/™ 4+ by, ¢ max {o, 1/%0} + dl},

where aq, b1, ¢1, dy, and r; are constants, a1 > 0, ry > 3, and ¢ > 0. For small
sample sizes, we verified experimentally (see Section 7.5) that good performance is
obtained for m; = 0.75max {7o, 1/70}. For large sample sizes, Theorem 7.4 indicates
that m; = o(¥/n). Therefore we suggest the choice we make in Section 7.5, which is
my = max {¥/n, 0.75 max {Jo, 1/50}} . Selecting m; is easier, since by Corollary 7.2
the best is to set ms = m, ++ 1. Then, applying Theorem 7.2 and 7.4, estimates v,
and F; are obtained, respectively. The estimate of the center of gravity v1/70 follows

naturally. Finally, Equation 7.6 yields an estimate of the optimal batch size.
7.4.3 1-2-1 OBM Algorithm

We can combine the results of Sections 7.4.1 and 7.4.2 in many ways to estimate
V. Here we state a relatively simple algorithm, 1-2-1 OBM, whose performance we
study in Section 7.5. The 1-2-1 OBM algorithm uses four OBM estimates: one to
get an initial vy estimate, two o estimate optimal batch size, and one to estimate V.
The time complexity of this algorithm is O(n).

Algorithm Al (1-2-1 OBM)

1. Estimate vy.
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(a) Estimate marginal variance, R(0). Set mo = ag nl/m + by , where ag, by,
and rq are constants, ag > 0, and rg > 2. Suggestion: mg = V.

{(b) Compute OBM estimate Vmo.

v,
Estimate v from 54 = n Ymo
(&) Botimate o from 5§) =

2. Estimate center of gravity.
{a) Set m; = max{al n'/™ 4+ by, ¢ max {7, 1/F} + d]} , where a;, b,
¢i. dy, and ry are constants, a; > 0, r; > 3, and ¢; > 0.
Suggestion: my = max {¥/n, 0.75 max {Jo, 1/0}} -
(b) Set my=m;+1.
(c) Compute OBM estimates V,., and Vs -

. ) 1} /-~ ~
(d) Compute 7 = MJ(V - le),

R(0) "

n Ve,

R0y

and 7y =
3. Estimate V.

(a) Estimate optimal batch size from

= o )] n

(b) Estimate V using the OBM estimate Ve,

7.5 Evaluation of 1-2-1 OBM Algorithm

7.5.1 Benchmark and Theoretical Properties

We now evaluate the performance of the 1-2-1 OBM algorithm. We describe the

Monte Carlo experiments and we discuss the experimental results. We conclude that
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in spite of its simplicity (in respect to conceptual design and time complexity) the
performance of the 1-2-1 OBM is good.

To evaluate the algorithm Al we need a benchmark. If the sum of correlations v
and the weighted sum of correlations v, were known, the following algorithm could
be used to estimate the variance of the sample mean.

Algorithm A0

1. Read true v and true .

]

. Compute m* (approximate optimal batch size) from Equation 7.6.

3. Estimate V using OBM estimate V..

. In practice, o and ¥, are not known. Therefore, “actual” algorithms estimating the
optimal batch size are less efficient than A0, but ideally, the performance of a good
algorithm is close to the performance of AQ, our benchmark.

The 1-2-1 OBM algorithm has good properties, as indicated by Theorem 7.5.

THEOREM 7.5 Assume conditions of Theorem 7.4. Let TA/,;;. and \7,—,;,— be two OBM
estimators of the variance of the sample mean 1 obtained respectively from algorithms

Al (1-2-1 OBM) and A0. Therefore, for n — oo,

m*
— 1.

b

i

Proof: By Theorem 7.2 (MSE-consistency of ), Theorem 7.4 (MSE-consistency

ol 91), and Slutsky’s Theorem
T),l P T
- — —.
Yo Jo

By definition of m* (Equation 7.7) and m™ (Equation 7.6) the result follows.
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Theorem 7.5 suggests that for large sample sizes the performance of the 1-2-1

OBM algorithm and the A0 algorithm are the same, i.e.,

mse(V;.) _ mse(Va-)
V2 B Ve

By Theorem 7.1, mse (Vﬁ.) /VQ:-_—OQ>O. Therefore Theorem 7.5 also suggests that the

1-2-1 OBM algorithm is MSE-consistent, t.e.,

mse(Ve, )} n— e 0.
V2

7.5.2 The Monte Carlo Experiment

The Monte Carlo experiment estimates the standardized MSE (i.e., mse(V)/V?)
as a function of [11|/7s for twelve cases: {our sample sizes and three steady-state data
processes. The sample sizes are n = 1000,4000, 16000, 64000; the three data pro-
cesses are AR(1) normal, 5-state DPSS [Pedrosa and Schmeiser, 1993a}, and M/M/1
queue waiting time (QWT). We review these three processes in Chapters 2 and 3.
For each sample { Xy, Xa,..., N, } {rom the data process, the 1-2-1 OBM algorithm
yields an estimate \A/;;l. of the variance of the sample mean and algorithm A0 yields an
estimate Via+. For each |71|/70, 500 such samples are generated to estimate the stan-
dardized MSE to negligible sampling error. The standardized MSE is computed for
v /0 = 0.375,0.75,1.5,...,96 in the case of AR{1) and M/M/1, and 1t is computed
for |7:1]/v0 = 3.6,12,...,96 in the case of 5-state DPSS, since this process only yields
/70 < —2.38, The 1-2-1 OBM algorithm uses the values suggested in Section 7.4.3,
be., mo = y/n and my = max{0.75%, ¥n} .

The values of the process mean g and the process variance R(0) are irrelevant in

this set of experiments, because {1) OBM estimators are invariant in respect to the

process mean, and (2) the standardized MSE is unscaled. For simplicity, the mean
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is always p = 0, and the marginal variance is always set so that the variance of the

sample mean is V = 1.

7.5.3 Discussion of Experimental Results

The experimental results indicate that the performance of the 1-2-1 OBM algo-
rithm (A1) is close to the performance of the idealistic AQ.

To aid in the discussion, we introduce two figures, each containing twelve charts
displaved in four rows and three columns. Each column corresponds to different
data processes (AR(1) normal, 5-state DPSS, and M/M/1-QWT) and each row cor-
responds to a different sample size n {1000, 4000, 16000, and 64000). The horizontal
axis is {71|/70 and the vertical axis is the standardized MSE. For each chart, two
curves are shown: the thicker represents the performance of Al and the thinner rep-
resents the performance of A0. The less is the height of the curve the better is the
performance of the corresponding algorithm.

Figure 7.1 indicates that the performance of Al is close to the performance of A0,
even for small sample sizes or for large |y1|/70. Other conclusions suggested by the

figure also support the theoretical conclusions of Section 7.5.1 and include:

1. Alis a consistent estimator of the variance of the sample mean since mse(\j’)/v2

~+ { when n — oco.

2. The performance of Al converges to the performance of A0 when the sample

size increases or equivalently when |11|/~0 decreases.

3. Of the three data processes, the absolute performance of both Al and A0 1s

best for AR(1) and worst for M/M/1.

i
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o DPSS has an oscillating correlation structure which adds on a non-desirable
effect (increases MSE), This effect becomes more important when the sam-

ple size decreases or when |y1|/+o increases.

o M/M/1 has heavy tails and therefore the sample sizes to obtain good
estimates must be larger. For this type of data, a sample size n = 1000 is

so small that neither X, nor f/’m,, nor Vﬁ,’* work well.

7.5.4 Comparison with Other Algorithms

We analyze the performance of two other algorithms and compare it with the per-
formance of the 1-2-1 OBM. The Monte Carlo experimental conditions are described
in Section 7.5.2

We discuss in Section 7.4 that a natural way to estimate v and -; and then
the asymptotic approximate batch size is to estimate the individual autocorrelations.
Song’s method [1993] is based on this approach. The method, which we denote
by A2, consists of (1) estimating the number of sample autocorrelations that are
not negligible (mq) and, simultanecusly, calculating the sample autocorrelations; (2}
estimating v, and 7, by substituting the calculated sample autocorrelations; and (3)
estimating the optimal batch size using Equation 7.6. A2 is an iterative process and
mg is the smallest integer such that |p(h)] < po(p(h)) for b = mg+1,...,mo +
q, where p{h) is the estimated lag-h autocorrelation, p and ¢ are constants, and
G(ph) =[n"" (1+230 ﬁ(i)g)]l/2 estimates the standard error of p(k). In this set
of experiments we use p = 3 and ¢ = G, as suggested by Song.

The other algorithm is A3, which uses one OBM estimate with batch size m = n/d

where d, the number of batches, is fixed. In this set of experiments we use d = 20. as
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suggested by Schmeiser [1982] to obtain good confidence-interval behavior. A3 is not

MSE-consistent, in the sense defined in Section 7.3.1, because m/n is constant.

Figures 7.2 and 7.3 show the MSE performance curves of, respectively, A2 and
A3. Comparing the charts displayed in each of these figures with the corresponding

charts of Figure 7.1 (1-2-1 OBM) we conclude that:

1. Al {1-2-1 OBM) and A2 (Song’s algorithm) have similar MSE performance for

AR(1) and DPSS data, but Al has better MSE performance for M/M/1 data.

2. A3 has the worst MSE performance of all algorithms analyzed in this chapter.
It is nol MSE-consistent, which was expected since the number of batches is

fixed.

In terms of time complexity Al and A3 are O(n) while A2 is O(mon), where mg
depends on the correlation structure of the data. Therefore, Al is computationally

more cfficient than A2,

ek




8. REGRESSION OF OVERLAPPING BATCH MEANS

8.1 Introduction

Another approach to develop computationally and statistically efficient method-
ology to estimate the variance of the sample mean is, as discussed in Chapter 4, to
use linear combinations. There are several examples in the literature of using linear
combinations of classical estimators to obtain a betler estimator in terms of statisti-
cal properties: variance, bias or mean squared error. For example, Schruben [1983]
considered a linear combination of standardized time series area (STS.A) and non-
overlapping batch means (NBM) estimators, which are asymptotically independent.
Schmeiser and Song {1989] discuss the problem of selecting the component estimators
and determining the optimal linear combination coefficients given the covariances be-
tween component estimators and their individual bias. Politis and Romano [1994],
in the context of spectral function estimation, propose a linear combination of tvo
Bartlett spectral estimators with different bandwidths for the reduction of the bias.
We discuss in this chapter a different direction: using linear regression of overlapping
batch means (OBM) estimators.

Regression techniques are well known and understood. OBM estimators are simple

and easy to compute. The mathematical models of the bias [Pedrosa and Schmeiser,

1993d] and covariances [Pedrosa and Schmeiser 1993¢] of OBM estimators are known,
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Therefore, we develop asymptotically unbiased estimators of the variance of the sam-
ple mean (V), the sum of autocorrelations (7o), and the weighted sum of autocorre-
lations (7y;) using regression of overlapping batch means.

This chapter is organized as follows. In Section 8.2, we summarize asymptotic
results regarding bias, variance, and covariance of OBM estimators. In Section 8.3,
we review classical regression analysis. Finally, in Section 8.4, we develop the linear
regression model of OBM estimators and the new asymptotically unbiased estimators
VRO FRO “and A1° of V| v, and v, respectively. We also discuss implementation
aspects of algorithms using regression of OBM estimators.

The methodology that we develop is based on OBM estimators. Analogous devel-
opment can he considered [or other estimators parameterized by batch size, such as

non-overlapping batch means and standardized time series.

8.2 Asymptotic Resulis

We summarize in this section the asymptotic results of Pedrosa and Schmeiser
[1993c and 1993d] that are needed to develop the linear regression model. Let Vi
be an OBM estimator with batch size m. The asymptotic (n — oo, m — o0, and

m/n — ()

bias(V,) = — 20 O(ﬂ>, (8.1]

mn
and the asymptotic

4m 2 R(0)* 1 m? -
—aa O(;) + Ol [8.2]

The asymptotic (n — oo, m; — co, my/n — 0, m;/my — constant, and m; < my)

var( T?m) =

- — 2 2 _ 2
c0v (Vs Vg) = 4my 35 RO) (1 n u) N O(}_) n o(%). (%.3]

ng

3 n3 n3
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One set of sufficient conditions that imply Equations 8.1, 8.2, and 8.3 1s iPedrosa and
Schmeiser, 1993¢] {X;} is a general linear process of the form X; = S Jbheil,

where (1) b,'s are constants, (2) {;} is a sequence of iid random variables with finite

variance, o2, and finite fourth cumulant k. 4, and (3) 5202 |A! |b] < 0.
£ 1 h o0

8.3 Review of Classical Linear Regression Analysis

Regression analysis is the statistical methodology for predicting values of one
or more “response” (or dependent) variables from a collection of “predictor” {or
independent) variables values [Johnson and Wichern, 1988]. The first step on using
regression analysis is to choose the model. The linear model is the most studied
and used [Searle, 1971]. It is mathemalically tractable and many models that are
apparently non-linear can be rearranged in a linear form. Here we summarize results
for the classical lincar regression model. This review is based mostly on Johnson and
Wichern [1988] and on Searle {1971].

Suppose that the response Y depends linearly on r predictor variables z1, ..., z,
and on a random error £ (which includes the measurement error and the effects of other
variables not considered). Suppose that set of p observations (on ¥ and associated
x,'s) are independent. Assume that the random error has mean zero and variance o2

Assume also that the random errors of observations ¢ and j are uncorrelated for any

i and j. The classical linear regression model is

Y = Xb+eg

B = G [8.4]
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where (1) ¥ and ¢ are order-p column vectors, b is an order-(r +1) column vector, and
X is an order-(p * (r + 1)) matrix w.ith ith row [1,24,...,%); and (2) b (regression
coefficients) and ¢? (error variance) are unknown parameters. The method of least
squares involves selecting b (least square estimator) to minimize the sum of squares

of deviations from their expected values, i.e.,

p
ST - (bt bzt hal) = (X - X B (X - X ).
=1

The least squares estimator of b for the classical regression model (Equations 8.4)

18

b= (X'X)X'Y, [8.3]
and has the propertics
E(b) = b [€.6]
and
cov(l) = o (X'X)7 5.7

If X is not full rank (i‘,}:)q is repaced by a generalized inverse of X'X as discussed
in Johnson and Wichern [1988, p. 334, exercise 7.6].

The vector of residuals

o)

= Y - X

175y

= - x(xx) x|y 23]

contains the information about the remaining unknown parameter o*. The estimaor

Iy
1y

n—r—1

is an unbiased estimator of the error variance since E(EQ) = g2,
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8.4 Regression of OBM Estimators

We now develop the linear regression model of OBM estimators. By Equation 8.1,

for any OBM estimator f/m. with batch size m;

N R i
E(Vm) = V - 1 R(O) + O(%), [8.10]
m; n n
or equivalently
- R .
g o= v - nBO o(f%t) b oem, 8.11)
m; n n

where £, is a random error with zero mean, i.e., E(en,) = 0. If a number p < o0 of

OBM estimators are computed,

?ml 1 1/m1 ms r Emq
R v
Vi 1 l/mz LY Em
| = B/ |+ | (812
_ | O(1/n%)
i Vi, ] L 1/m, my ] | Emp |

To simplify the notation let

S i . _ -
Vin, 1 1/my my - Em,
R Vv
- V,—,—,_2 i 1/mg o Emg
V= > M= y b= ~—71R(0)/n ,and £ =
N O (1/n*)
Vi, 1 1/m, m, ) Emyp

[8.13]

Fquation 8.12 can be rewritten as

<o

= Mb+ €

As discussed earlier, the random errors have zero mean

El) = 0 8.14]
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and because the OBM estimators are correlated the random errors are also correlated,

covie) = E(ggt) = cov(‘?). [8.15)

Lemma 8.1 is a formula to compute cov (g). It also defines matrix X which is

needed in Theorem 8.1.

LEMMA 8.1 Assume that Equations 8.1, 8.2, and 8.3 hold. Let V, b= [0y by B3], =,

and M be the vectors and the matrix defined by Equation 8.13. For i =1,...,p, let

batch size m, = r;m; + s, where r; and s; are constants such that m; <m; <... <
m,. Then
covig) = E (éét) = o' 3,
where
4 mq ¢ R(0)*
y2 = A O 15.16]
3 n?
and
1 ma lm; — m;| min (m;, m;) F
s [0 o) vo() (-
my n 2 max (m;, m;} my i =1
18.17]

Proof: The result follows directly from Equations 8.15 and 8.3.
Now, we state Theorem 8.1, which provides a new method to estimate the variance

of the sample mean.

THEOREM 8.1 Assume that Equations 8.1, 8.2, and 8.3 hold. Let _TZ, b= 1{b1 by b4,
g, and M be the vectors and the matrix defined by Equation 8.13. Let g? and §

be defined by Equations 8.16 and 8.17, respectively. For i = 1,...,p, let batch size

m; = r;my + s;, where r; and s; are constants such that m; < my < ... < m,. Let

i
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n - oo and m;/n® — [, where o and J are constants such that 0 < o < 1 and

A >0, Let
¢ = (M'ziM) Mz [8.15]
Then estimator
b= 8V,
and has the properties
B(b) = b

and

cov (B_) = o (Mt 2’1 M) - .
Proof: Define Y* = S°V2V, X* = ©°VIM, and & = n1% 1t follows that
Y* = X* b+ e” is the classical linear regression form given by Equations 8.4. Then
the results for Y™ = X" b+ ¢ are obtained directly from the classical model results.

The least squares estimator of & is

E _ (‘X*t‘){»x)—lX*t v

1

— (M” n! M)” MR

<o

Because Y" = X" b+ &* is of the classical linear regression form, the properties of &
follow from Equations 8.6 and 8.7.

Corollary 8.1 provides an asymptotically unbiased estimator of o>.

COROLLARY 8.1 Assume that Theorem 8.1 holds. Let £ be the vector of residuals

=

e = P-Mb= [I-Mrzty) s

Then,

A R e
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is an asymptotically unbiased estimator of ol

Proof: Use the same technique as in Theorem 8.1, j.e., define Y* = ;—1/22’
A= E_UZM, and £* = ;"1/25. Then use the results of the classical linear regression
form to prove Corollary 8.1.

Corollary 8.2 provides a formula to estimate cov (E) and follows directly from

Theorem 8.1 and Corollary 8.1.

COROLLARY 8.2 Assume that Corollary 8.1 holds. Then

1

av () = o (M2 M)

is an asymptotically unbiased estimator of cov (b)

Lemma 8.1, Theorem 8.1, and Corollaries 8.1 and 8.2 provide the theoretical
hackground to develop estimators RO, 30 and RO of V., vo, and m, respectively.
For example, by Equation 8.13, 7RO =}, is an asymptotically unbiased estimator of
V. Notice that VRO is a linear combination of OBM estimators: From Theorem 8.1

F
VRO = 57 04 Vi, (8.19]
i=1
where 03 is the (i,1) element of matrix . The variance of estimator VRO can be
estimated using Corollary 8.2.

The sum of autocorrelations vo can be estimated using 5% defined in Corollary

8.1. By Fquation 8.16, T(3%) = (4mi7$ R(0)?)/(3n*). Therefore, an estimator A5 of

N Ind ol
LR P Lk 520

where FA?(D) 1s the sample vanance.

Yo 15
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Similarly, the weighted sum of autocorrelations ; can be estimated from b,. By
Equation 8.13 and Theorem 8.1, E(b) = —v1 R(0)/n. Therefore an estimator ARO of
T 18

= - [8.21)

where R(0) is, again, the sample variance.

Theorem 8.1 and Corollary 8.1 suggest good statistical properties for estimators
VRO, R0 and RO For example, they are asymptotically unbiased. For finite
samples, and depending on the equivalent number of independent observations, the
bias may not be negligible. Monte Carlo experimentation is needed to study the bias
hehavior for finite samples. The asymptotic variance of estimators VRO and RO can
be studied {rom result of Corollary 8.2.

We now focus on the the analysis of the variance of VRO only. We discuss the
results of a numerical study of var (IA/RO) as a function of batch-size selection policy
and number of OBM estimators used. These results are shown in Table 8.1. In column
m; of Table 8.1, we define the three different batch-size selection policies analyzed.
For example, the first is my = 2my, ms = 3my, ..., mp = pmy. For each batch-size
selection policy we consider seven different values of p (number of OBM estimators):
3, 4,5, 6,10, 20, and 50. In column var (TA/P‘O) /var (ffml) we present the relationskip
between the variance of new estimator VRO and the variance of OBM component
estimator with smaller batch size (therefore, OBM component estimator with smaller
variance).

The numerical results shown in Table 8.1 indicate that

1. The reduction of variance obtaired by increasing the number of OBM estimators

beyond 6 may not compensate the extra computational effort required;




var{ VRO
i F var(Viny )
1% 1My 3 7.00
4 5.98
5 5.31
6 4.99
10 4.46
30 4.04
50 3.97
21 % my, 3 6.00
4 4.86
5 4.31
6 4.11
10 3.92
30 3.91
50 3.91
[1 +0.5(z — 1)]m, 3 8.50
4 6.74
5 5.72
6 5.21
10 4.37
30 3.71
50 3.60

103

Table 8.1 Asymptotic variance of V7RO a5 a function of batch-size selection polic:
and number of OBM estimators
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2. The second policy of batch-size selection (i.e., m; = 2"'m,) is the best among

the three analyzed;

3. Conclusions (1) and (2) imply that var (?RO) is approximately four times larger

than var (f/m‘ ) ;

4. Because the asymptotic variance is proportional to batch size (Equation 8.2),
var (f/Ro) is smaller than var (ffm) (where m* is the optimal OBM batch size)

only if m; < m*/4.

Therefore, if the asymptotic results are still valid for finite sample size n and for
m; < m*/4, the regression approach may lead to methods statistically better than
those based on estimating optimal batch size. Preliminary Monte Carlo experimen-
tation suggests that none of the two approaches dominates the other. The relative
statistical performance seems to depend on the sample size n and on the autocor-
relation structure of the data. Further investigation is needed. Hybrid algorithms
(combining the regression and optimal batch size approaches) may be statistically
the most efficient.

Finally, we discuss the computational efficiency of regression based algorithms
estimating V. Conclusion (1) implies that these algorithms are O(n). In addition,
the coeflicients #;; of Equation 8.19 depend only on the number of OBM estima-
tors and on their batch sizes, which are defined when the algorithms are developed.

Therefore, coefficients 0 can be computed before algorithms are used, avoiding extra

computational effort.




9. SUMMARY, CONCLUSIONS, AND RECOMMENDATIONS

A summary of the results of the research is given in Section 9.1, followed by

conclusions in Section 9.2, and recommendations for future research in Section 9.3.

9.1 Summary of Results

Results of this research are summarized here. They are listed in the same order

as presented in the body of this dissertation.

Chapter 2. Background.

1. Derivation of an approximation formula to compute the weighted sum of auto-

correlations of the M/M/1-QWT process (Equation 2.35, Section 2.7).

Chapter 3. DPSS: The d-State Bernoulli-Demand (s, §)-Inventory Markov Chain.

1. Development of a mathematical model of a general process based on the (s, S)-
Inventory Markov Chain with demand given by any discrete distribution (Sec-

tion 3.2).
9. Specialization to Bernoulli demands: the DPSS process (Section 3.3).

(a) Development of the mathematical model (Section 3.3).

(b) Derivation of the steady-state distribution, mean, variance, lag-h autoco-

variance, and lag-h autocorrelation (Section 3.3.3}.
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Derivation of the sum of autocorrelations {Theorem 3.8, Section 3.3.3).

Derivation of the weighted sum of autocorrelations (Theorem 3.9, Section

3.3.3).

Derivation of formulas to compute the four parameters of the DPSS process

as functions of desired statistical properties (Section 3.4).

Development of FORTRAN code to generate a DPSS pseudo-random vari-

ate {Appendix B).
Chapter 4. Covariances and Correlations of Overlapping Batch Means and Bartlett
Estimators.

1. Derivation of the asymptotic covariance between two OBM, two Bartlett, or one

OBM and one Bartlett estimator of the variance of the sample mean (Theorem

4.1, Section 4.4).

. Derivation of the asymptotic variance of OBM and Bartlett estimators (Corol-
lary 4.1, Section 4.4). A similar result for OBM estimators was used earlier as

a conjecture,

. Derivation of the asymptotic correlation between two OBM, two Bartlett, or one
OBM and one Bartlett estimator of the variance of the sample mean (Corollary

4.2, Section 4.4},

. Development of Monte Carlo experimentation to study the applicability of the
asymptotic formulas for finite samples (Section 4.5). The experimental results

indicate thal the quality of the approximation provided by the asymptotic for-

mulas is good if batch sizes are roughly in the range (yo,7/2).
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Chapter 5. Covariance between Bartlett Estimators of the Spectral Density.

1. Derivation of the asymptotic covariance between Bartlett estimators of the spec-

tral density function (Theorem 5.1, Section 5.3).

9. Derivation of the asymptotic variance of Bartlett estimators of the spectral
density function {Corollary 5.1, Section 5.3). Priestley [1992] derives a similar

result using a different technique.

3. Derivation of the asymptotic correlation between Bartlett estimators of the

spectral density function (Corollary 5.2, Section 5.3).

Chapter 6. Equivalence of Overlapping Batch Means and Bartlett Estimators.

1. Analytical and numerical comparison of OBM and simplified Bartlett estimators

(Section 6.2).
9. Derivation of the expected value of OBM estimators (Theorem 6.1, Section 6.3).

3. Derivation of the bias of OBM estimators (Corollary 6.1, Section 6.3). A similar

result was used earlier as a conjecture.

4. Derivation of the expected value of Bartlett estimators (Theorem 6.2, Section

6.3).

5. Derivation of the bias of Bartlett estimators (Corollary 6.2, Section 6.3). Politis
and Romano [1993] derive a similar result in the context of spectral density

estimation.

6. Derivation of the correlation between OBM and Bartlett estimators with the

same batch/window size (Theorem 6.3, Section 6.4).
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7 Characterizalion of the asymptotic equivalence between OBM and Bartlett es-

timators (Theorem 6.4, Section 6.4).

Chapter 7. Estimating Variance of the Sample Mean: Optimal Batch Size Estimation

and 1-2-1 Overlapping Batch Means.

|. Definition of MSE-consistency in the context of the estimation of the variance of
the sample mean. Derivation of sufficient conditions providing MSE-consistency

for selecting OBM batch size (Theorem 7.1 and Corollary 7.1, Section 7.3.1).

9. Derivation of an MSE-consistent estimator of the sum of autocorrelations (The-

orem 7.2, Section 7.3.2).

3. Derivation of a formula relating the weighted sum of autocorrelations with the

difference of the expectations of two OBM estimators with two different batch

sizes {Theorem 7.3, Section 7.3.3}.

4. Derivation of an estimator of the weighted sum of autocorrelations and charac-
terization of the conditions for this estimator to be MSE-consistent {Theorem

7.4, Section 7.3.3).

5. Derivation of a guideline for selecting OBM batch sizes to estimate the weighted

sum of autocorrelations (Corollary 7.2, Section 7.3.3).

6. Development of the 1-2-1 OBM algorithm to estimate the variance of the sample

mean {Section 7.4.3).

7. Derivation of the convergence in probability of the 1-2-1 OBM batch size to

the approximate optimal batch size, as defined by Equation 7.6 (Theorem 7.3,

Section 7.5.1).
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8. Development of Monte Carlo experimentation to evaluate the finite-sample per-

formance of the 1-2-1 OBM algorithm (Sections 7.5.2 and 7.5.3).

9. Development of a FORTRAN implementation of the 1-2-1 OBM algorithm

(Appendix C).

Chapter 8. Regression of Overlapping Batch Means
1. Development of the linear regression model of OBM estimators (Section 8.4).

2. Derivation of asymptotically unbiased estimators VRO ZRO and RO of V| 7o,
D ¥ Yo 1

and 7, respectively (Theorem 8.1 and Corollaries 8.1 and 8.2, Section 8.4).
3. Discussion of implementation aspects of regression-based algorithms (Section

8.4).

9.2 Conclusions

Conclusions from this research are presented here.

1. This research is directed toward developing methodology to estimate the vari-
ance of the sample mean with four desired properties: (i) automatic, (ii) robust,

and (iii) computationally and (iv) statistically efficient.

(a) The 1-2-1 OBM algorithm described in Chapter 7 satisfies these four desir-
able properties. The user only has to provide n observations from any sta-
tionary data process and the 1-2-1 OBM algorithm estimates the variance

of the sample mean in O{n) units of time with good MSE performance.

(b) Let us emphasize that (i} in respect to computational efficiency, no reason-

able algorithm can estimate the variance of the sample mean in less than
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O(n) units of time; (ii) in respect to statistical efliciency, we compare the
MSE performance of the 1-2-1 OBM algorithm with the corresponding
idealistic performance that could be obtained if the data sum of autocor-
relations and the data weighted sum of autocorrelations were known; and
(3ii) the algorithm can be implemented easily and immediately by any user

(we provide a FORTRAN implementation in Appendix C).

(c) The overlapping-batch-means estimator is the basis for most of the method-
ology developed in this research. Analogous development can be consid-
ered for other estimators parameterized by batch size, e.g., non-overlapping

batch means and standardized time series.

(d) The structure of the 1-2-1 OBM algorithm is not the only possible. Other
algorithms with similar computational and statistical performance can be

developed based on the theoretical guidelines that we derive.

2. This research goes beyond the estimation of the variance of the sample mean
and involves more general theoretical and practical guidelines, as discussed in
Chapters 4 through 8. For example, (i) the results of Chapter 5 are applicable in
the estimation of the spectral density function; (ii) the results of Chapters 4 and
6 are applicable in the estimation of properties like the sum of autocorrelations

and weighted sum of autocorrelations, as shown in Chapters 7 and 8.

3. In addition, we also develop in Chapter 3 the DPSS family of stochastic pro-
cesses for evaluating simulation methods. Because (i) DPSS has a correlation
structure more complex than, for example, AR(1) processes; (ii) DP5S is sim-
pler than, for example, ARMA(p,q) processes; (iii) the fundamental statistical

propertics (for evaluation of output analysis methods} of the DPSS process are
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related to its four parameters through simple closed-form equations; (1v) the
DPSS marginal distribution is discrete uniform; and (v) DPSS variates are,
therefore, easily and time-efficiently generated, the DPSS family of stochastic

processes proved useful in the evaluation of output analysis methods.

9.3 Recommendations for Future Research

This work has laid some foundations on which future research can be carried out.

Some interesting research directions include the following.

1. Developing algorithms to estimale the variance of the sample mean using the
regression-based methodology that we develop in Chapter 8. This methodology
is asymptotically unbiased and potentially may lead to better MSE performance
than the idealistic performance that could be obtained by one OBM estimator

(or other estimator parameterized batch size) using the optimal batch size.

9. Generalizing the regression based methodology to non-zero frequencies, by using

Bartlett speciral estimators rather than OBM estimators.

3. Developing methodology to estimate the number of observations needed to pro-
vide a “good” estimate of the variance of the sample mean. Defining “good” is
central to develop this idea, but it is not easy because there are different mea-
sures of goodness involving, for example, moments (bias, variance, and MSE;
and confidence-interval procedures {coverage probability, expected width. and

variance of the width). One possible direction is (i) to define the goodness of the

estimates as a function of their MSE (this implies the need to relate the MSE
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to the other measures of goodness); and (ii) to compute the number of observa-
tions needed to obtain a desired MSE performance from the MSE asymptotic

formula.

. Developing methodology analogous to the methodology developed in this disser-

tation, but based on other estimators parameterized by batch size. For example,
from a computational point of view, NBM estimators may have advantages over
OBM estimators. In particular, NBM is sometimes computationally more efh-
cient than OBM when standard errors are computed for increasing values of n,

such as occurs when using sequential stopping rules.
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Appendix A: Derivation of Quadratic-Form Coeflicients of Equation 2.27

We derive here the quadratic-form coeflicients of Equation 2.27.

By Equation 2.26,

n 23

f(w) — n Zz Irs [XX X( + X)) + X2] g milr=s)w

r=1 §=1

= 5‘7;(51 — S, + Ss),
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The term S5 is

n f n i

53 = ZZZZ—“qu XgX E_J(T s

r=1s=1{=1u= 1

n m T n
= ZZXtXue tu)w(lgz Grs € TSHH))-
1

=1 u=1i pa=l s=

By Equation 2.26 and 2.17 and because |e~ i(r—s—ttu)w| = 4

n nor+m
53 = Z Z XtXu e—j(t—u)wo ( Z Z )

r=1s=r—m

) X, X, e,

Therefore

flw) = - I:q” + O (%)] X, X, em =9
7

By Equation 2.27




123

Appendix B: FORTRAN Code for the DPSS Process

B.1 Program to Generate a DPSS Random Variate

L S USSR
c
c Antonio Pedrosa and Bruce Schmeiser
c May 1993
c Purdue University
c Purpose: Generate one observation from dpss: the id-state
[ Bernoulli-demand (s,S)-inventory Markov chain,
c
c The one-step transition probability matrix (for id=5) is
c
< stateQ statel state2 stated state4
<
c | p i-p 0 0 0 | stated
c | © p 1-p 0 0 | statel
c P= |0 0 P 1-p 0 | state2
c o 0 ) r i-p | state3
< | 1-p 0 0 0 P | state4
<
¢ The limiting probabilities are
c p{X=stated} = P{X=statel} = ... = 1/id
C
c Method: Inverse transformation.
c Input:
e id : (integer) number of states. {(id > 1)
c P : (float) probability of not changing state.
c bigs : (float} value of state(0). (s).
c smalls : (float) value of state(id-t). (s)}. (s <= 8)
c iseed : (integer) random-number seed.
c X © (float) value of the current state,
c Output:
c iseed : {integer) random-number seed.
< X : (float) value of the generated state.
c Working variables:
c delta : (float} distance between adjacent state values.
[ istate : (integer) state number of the current state.
c istate=0 corresponds to bigs.
c istate=id-1 corresponds to smalls.
c Other routine used:
c rand : {flecat) uniform (0,1) random-number generator.
<
implicit real (a~h, o-z)

implicit integer (i-n)

u = rand( iseed )
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if ( (x. 1t. smalls) .or. (x .gt. bigs) ) then
o ...generate from the steady-state distribution
delta = (bigs - smalls) / (id - 1)
istate = u * id
else
¢ ...generate from the conditiocnal distribution
if (v .le. p } return
delta = (bigs - smalls) / {id - 1)
istate = ((bigs - x} / delta) + 1.5
endif

x = bigs - (delta * istate)

if ( istate .ge. id ) x = bigs
return

end

B.2 Program to Calculate v

DT O R T I I I
subroutine sdpss( id, gam0, gaml, niter, error )
LS I
Written by: Antonio Pedresa and Bruce Schmeiser
School of Industrial Engineering, Purdue University
May 1993
Langunage : Fortran
Computer Sun/Sparc workstation
Purpose : Numerically compute the weighted sum of correlations
gammal = 2*SUM( h * corr(h) ), h=1,...,infinity

for the d-state Markov chain with Bernoulli transitions.
Input Parameters:

id : {integer) number of states.
gand (float) SUM{ corr(n) ), h=t,...,infinity,
which for the d state Markov chain is equal to
=p/ (1 -p),
where p is the transition probability from
state 1 to state i, itself.
For the dpss{(5,p) we have corr(1) = p
For the dpss{2,p) we have corr(h) = (2p-1)*xh,
Qutput Parameters:
gaml (float) 2+SUM( h * corr(h) )}, h=1,...,infinity.
niter : (float} number of iterations used to calculate gammal.
error : (float) relative error estimate

{based on the error for gammal)

O a0 o060 00000000000 00000600

implicit real (a-h, o-2)
implicit integer (i-n)

parameter {(1dim=10)
data 1d / ldim /




1000

1200

1100

2100

2000
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data maxiter / 1000000 /
data errmax / §.d-8 /

double precision t(ldim,ldim), th(idim,ldim)

double precision a(ldim,ldim), b{ldim,1din), c(ldim,1dim), x(ldim)
double precision errmax, p, corr, cov, cov{

double precision wgam@®, wgaml, error0, errori, bigs

...Calculate transition probability from state i to state 1.
p = gamC / {(1.d0 + gam0)
...Set minimum number of iterations.

miniter = 10. * ( gam0 + 1. / gam0 )
if (miniter .le. {id * 1000)) miniter = id * 1000

_..Set the state values centered at zero with delta = 1.

bigs = (id - 1.d40) / 2.d0
do 1000 i=1,id

x{i} = bigs - 1 + 1
continue

.Set t (transition probability matrix).

do 1100 i=1,id
do 1200 j=1,id
t{i,j) = 0.de
continue
t(i,1) = p
k = i+1
if (i .eq. id) k = 1
t(i,k) 1.d0 - p
continue

...Set th = identity matrix.

do 2000 i=1,id
do 2100 j=1,id
th{i,j} = 0.d40
continue
th(i,i} = 1.d0
continue

...5et lag-0 autocovariance
covl = (id**2 - 1.d40) / 12.d0

...Initialize for looping.

ih =0

R
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wgam0 = 1.d0
wgami = 0.d0
errori = 1.410

c

C —ESSSX TS CSSCDRSE=E=E=====

Covnn Start iteration.

[ o] Ao ESaDINSSSZSSICICSISRR

c

c ...Update the iteration number.
c

3000 ih = ih + 1

c
c ...Calculate power ih of t (th = t #* ih). Need only the first
< row, since all rows are identical, but shifted one pesition.
<
call matmul( 14, 1, id, id, th, t, ¢ )
c

de 3200 j=1,id
th{i,j) = <{1,1)
3200 continue
do 3300 i=2,1id
th(i,1) = th(i-1,id)
do 3400 j=2,id
th(i,j) = th(i-1,j-1)
3400 continue
3300 continue

c ...Caleulate ¢ = {x) * (t#*x%ih)

do 3500 3=1,id
a(1,j) = x(3)
3500 continue
call matmul{ 1d, 1, id, id, a, th, < )

...Calculate ¢ = (x) * (t#*ih) * (x)

do 3600 j=i,id
a(1,3i) = (1,3
B(j, 1) = x(J)
3600 continue
call matmul( 1d, 1, id, t, a, b, ¢ )

c

(4 ...Compute the lag-ih auto-correlation.

c
cov = c¢c{1,1) / id
corr = cov / covQ

c ...Update SUM[corr(ih)]  (this quantity is the calculated gammaO).
wgam) = wgamd + (corrt+corr)

<

c ...Update SUM[(ih)*corr(ih)] (this quantity is the calculated gammal).




127

wgaml = wganl + ({corrtcorr) * ih)

...Compute maximal absolute errer based on gammad and on gammal.

]

error0 = ih * abs{ gam0 - wgamO )
errori = ih * abs( corr )
if ( errori .lt. error® ) errorl = errox0

.. .Check whether we can stop iterating.

O

if ((ih .le. maxiter) .and.
& ((errorl .ge. errmax)} .orI. (ih .le. miniter))) go to 3000

niter = ih

...Estimate relative error on gamma 1

errorl = errori / abs({ wgami )
error0 = abs{ (gam0 - wgam0) / gam0 )
if (error! .ge. errcr0) then
error = errori
else
error = errord
endilf

...Return gammat
gaml = wgaml

return
end

O

Antonio Pedrosa and Bruce Schmeiser
Purdue University
May 1993
purpose:
multiply matrices a (1*n) b (m¥n) = ¢ (1%n)

aon o0 o o006

implicit real {a-h, o-z)
implicit integer (i-n)

double precisien a(ld,id}, b(1ld,1d), c(14,1d), sum

do 1000 i=1,1




c

do 1100 j=1,n
sum = G.d0
do 1200 k=1,m
sum = sum + (a(i,k) * b(k,j))

1200 continue

c(i,j) = sum
1100 continue
1000 continue

return
end
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Appendix C: FORTRAN Code for the 1-2-1 OBM Algorithm

c ok ok ok o R ok Ok o o ook ok ok ok ook ok A R kR Ok RoR R kR ok ok b ok kR ek kR ok ok kR kR ok ok

subroutine mi2iobm{n,data,dmean,dvar,xobm)
ok sk o o o ok R o R kR ok kR R R KRR R Rk ok ok ok R ok R R R R

Written by: Antonio Pedrosa and Bruce Schmeiser
School of Industrial Engineering, Purdue University
April 1994

Purpose: Estimate variance of the sample mean

Reference: ALGORITHM 1--2--1 DBHM

"Estimating Variance of the Sample Mean: Optimal Batch
Size Estimation and 1-2-1 Overlapping Batch Means"

Technical Report SMS94-3

School of Industrial Engineering, Purdue University

Methed: Estimate optimal batch size using overlapping batch means
(a) estimate gammaQ using obm(m0)
m0 = n**0.5
gamma0 = n * obm(m0) / dvar
(b) estimate center of gravity
set ml
mi = max{ n*+(1/6), 0.75*max{gammad, 1/gammaC} }
call gravity to get gamma0 and gammal
(c) estimate variance of sample mean
estimate optimal batch size
mhat = [1.6#n*((ganmal/gamma0)**2)1%*(1/3) + 1
estimate vhat using obm{mhat)
INPUT
n (sample size)
data (vector of n data points}
dmean (sample mean of the data)
dvar (sample variance of the data)

QUTFUT
xobm (estimate of variance of the sample mean)

nnn_nnnnnnnnnnonnonnnnnﬁnnnnnnnnnnnnn

implicit real {a-h, o-z)
implicit integer (i-n)
dimension data(n)

fn = n

m0 = sqri(fn)

¢all obm(n,data,dmean,mQ,xcbmd)
xgammal = fn * xobm0 / dvar

x = 0.75 * max(xgammaO, 1./xgamma0)
y = fn*x*(1./6.)




O

O 00 006 6000000000600 0006000000000
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ml = max(x,y)
mi = min(mil, n/4)

call gravity(n,data,dmean,dvar,mi,xgamnna0,xgamnal)

(1.5%fn*(xgammal/xgamma0)*+2}*+*(1.0/3.0) + 1.
min(mhat, n/4)

1

mhat
mhat

£l

call obm(n,data,dmean,mhat,xobm)

return
end

skkkdkkkok kb k kR Ekk ok Rk ko sk ok fkok ko k R kokk ok Rk kok kb kK k ok ok F kR ok ok ek dokokokok sk ok

subroutine gravity(n,data,dmean,dvar,ml,xgammao,xgammal)
ok koo R R R R o ko Rk ko kR Rk kR R ok kok R kR ko sk ok ek ok ok ko K ok kR

Written by: Antonio Pedrosa and Bruce Schmeiser
School of Industrial Engineering, Purdue University
April 1894

Purpose: Estimate center of gravity

{more exactly, estimate gamma0 and gammal)

Reference: ALGORITHM 1--2--1 OBM

"Estimating Variance of the Sample Mean: Optimal Batch
Size Estimation and 1-2-1 Overlapping Batch Heans"

Technical Report 3MS94-3

School of Industrial Engineering, Purdue University

Method: Estimate gammaQ from 1 0OBM and estimate gammal from 2 0BM's
INPUT
n {sample size)

data (vector of n data points)

dmean (sample mean of the data)

dvar (sample variance of the data)

mi (smallest batch size to be used)

OUTPUT
xgammald (estimate of gammaQ, the sum of autocorrelations)
xgammal (estimate of gammal, the weighted sum of autocorrelations)

implicit real (a-h, o-z)
implicit integer (i-n)
dimension data(n)

m2 =ml + 1
call obm(n,data,dmean,ml,xobml)}
xgammad = float(n) * xobml / dvar
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call obm(n,data,dmean,m2,xobm2)
xgammal = (xobm2 ~ xobml) * £loat{(ml) * float(m2) * fleat(n) / dvar

return
end

***************************************************************************

subroutine obm(n,data,dmean,m,xobm)
———————— e PR TP LL L ERRS S LL L L LRSS LSS bbb

Written by: Antonio Pedrosa and Bruce Schmeiser
School of Industrial Engineering, Purdue University
April 1994
Purpeose: Dbtain OBM estimate of the variance of the sample mean
Reference: "Estimating Variance of the Sample Mean: Optimal Batch

Size Estimation and 1-2-1 Overlapping Batch Means"
Technical Report SMS94-3
School of Industrial Engineering, Purdue University

Method: OBM
INPUT
n {sample size)

data (vector of n data points)
dmean {sample mean of the data)
m (batch size)

QUTPUT
xobm (estimate of variance of sample mean)

implicit real {a~h, o-z)
implicit integer (i-mn)
dimension data(n)

sum = 0.
do 1000 j=1,m

sum = sum + data(j)
continue

fm = m
sumsq = Q.
do 2000 i=1,n-m+1
gsumsq = sumsq + { sum / fm - dmean YEA2
sum = sum - data(i) + data(m+i)
continue

xobm = (fm * sumsq / float(n-m+1) ) / float(n-m)

return

end
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