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Abstract The time-domain approximation of the Grünwald–Letnikov fractional derivative is intu-

itive and widely adopted in the design of fractional-order proportional-integral (FOPI) controllers.

To solve the accuracy reduction caused by truncating the series, an optimized discrete FOPI is pre-

sented. The effectiveness of the new FOPI is highlighted and compared with the one exhibited by a

controller implemented based on the Oustaloup method. Furthermore, to improve the performance

of the FOPI, a variable-order fractional proportional-integral (VFPI) controller is proposed. The

response of the VFPI is verified in the control of a permanent magnet synchronous motor. Simu-

lation and experimental results show the superior performance of the VFPI.
� 2020 The Authors. Published by Elsevier B.V. on behalf of Faculty of Engineering, Alexandria

University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).
1. Introduction

Fractional calculus has been widely used in the area of sys-

tems’ modeling and control due to its advantages over the clas-
sical integer calculus [1–8]. The fractional-order proportional-
integral (FOPI) controller is a generalization to non-integer
orders of the integer proportional-integral (IOPI) controller.
The FOPI has three parameters, yielding the IOPI when the
order of the integral term is equal to one. The extra degree
of freedom allows the FOPI to achieve superior control results

than the IOPI and leads to better dynamic response and higher
robustness [9,10]. Therefore, as the controlled systems become
more complex and the requirements for control performance

increase, the FOPI emerges as a relevant option, as demon-
strated by several engineering applications [11–15].

Several numerical methods were proposed in the area of
fractional calculus [16–19]. For fractional-order (FO) con-
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troller design, the time-domain [20], s-domain [21,22] and z-
domain [23,24] numerical approximations are often adopted.
A discrete FOPI based on the time-domain approximation

was discussed in [25] by discretizing and approximating the
Grünwald-Letnikov (GL) fractional derivative. This controller
is easy to implement, but its accuracy is limited due to the ser-

ies truncation. The s-domain approximation implies the
replacement of the FO integral and derivative by integer oper-
ators with frequency characteristics that approximate those of

the FO operators. Common approximations in the s-domain
consist of the Oustaloup and the continued fraction expansion
(CFE) methods. In what concerns the z-domain approxima-
tion we need two steps. The first is to discretize the FO oper-

ators using the Tustin or Euler’s formulas. The second is to
approximate the expression by a rational one, using the CFE
[26] or the Taylor expansion [27,28].

Adopting accurate models and optimizing the control algo-
rithms are effective methods to improve the performance of
complex systems. However, since we often have limited knowl-

edge about the system dynamics, the effort on the optimization
of the control algorithm is more productive. In recent years,
the combination of different control methods has become a

promising approach. For example, FO sliding mode control
[29,30] and adaptive fuzzy FO sliding mode control [31,32]
have achieved good results. However, the practical implemen-
tation of any FO controller requires accurate numerical meth-

ods. Indeed, approximating the FO integrator in the time
domain using the GL approximation may induce oscillations
due to the series truncation. In this paper, a method to solve

the finite memory length issue is proposed, leading to an
improved FOPI. Moreover, a variable-order fractional pro-
portional integral (VFPI) controller is proposed by combining

the FOPI with variable order. Simulation and experimental
results show that the VFPI yields superior performance when
applied in the control of a permanent magnet synchronous

motor (PMSM).
The rest of this paper is organized as follows. Section 2

introduces preliminary concepts regarding the FO derivative
and the PMSM model. Section 3 develops the improved FOPI

and the VFPI controllers. Section 4 presents simulation and
experimental results of the PMSM control. Finally, Section 5
outlines the main conclusions.

2. A brief outline about FO derivatives and the permanent

magnet synchronous motor

In this section we introduce the GL FO derivative, the Ous-
taloup approximation method, and the mathematical model
of the PMSM.

2.1. The GL derivative

The GL FO derivative of a causal function, fðtÞ, can be written

as:

aD
a
t fðtÞ ¼ lim

h!0

1
CðaÞha

X½ðt�aÞ=h�

j¼0

CðaþjÞ
Cðjþ1Þ fðt� jhÞ

¼ lim
h!0

1
ha

X½ðt�aÞ=h�

j¼0

ð�1Þj � a

j

� �
fðt� jhÞ;

ð1Þ
where Cð�Þ is the gamma function and

a

j

� �
¼ aða�1Þða�2Þ���ða�jþ1Þ

j!

¼ a!
j!ða�jÞ! :

ð2Þ

Several methods have been developed to approximate (1)
by means of finite-order transfer functions. In the Laplace

domain, the FO operators (derivative and integral) are,
respectively:

Lf0Da
t fðtÞg ¼ saFðsÞ �

Xn�1

k¼0

sk½0Da�k�1
t fðtÞjt¼0�; ð3Þ

Lf0D�a
t fðtÞg ¼ s�aFðsÞ; ð4Þ

where Lf�g denotes the Laplace transform and
m� 1 6 a < m;m 2 N. For zero initial conditions, we have
the transfer functions:

HðsÞ ¼ sa;GðsÞ ¼ 1=sa: ð5Þ
The Oustaloup method approximates sa through a

ð2Nþ 1Þth-order rational transfer function, yielding:

HðsÞ ¼ wu

wh

� �a YN
k¼�N

1þ s=wk1

1þ s=wk2

; ð6Þ

where

wu ¼ ðwbwhÞ1=2;wk1 ¼ wb
wh

wb

� �kþNþ1=2ð1�aÞ
2Nþ1

;

wk2 ¼ wb
wh

wb

� �kþNþ1=2ð1þaÞ
2Nþ1

:

Obviously, the accuracy of the approximation within the band-

width ½wb;wh� increases with N.

2.2. Mathematical model of a PMSM

The PMSM is an electrical motor excited by permanent mag-

nets. Compared with three-phase asynchronous motors, the
PMSM has lower loss, better power factor and higher effi-
ciency. In this paper a PMSM is used as the controlled plant,

and its model is briefly presented in the follow-up.
The mathematical model of a PMSM in the d� q frame can

be given by:
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where the model parameters are
ud; uq
 d- and q-axis stator voltages;
id; iq
 d- and q-axis stator currents;
Ld;Lq
 d- and q-axis inductors;
Rs
 stator resistance;
qn
 number of pole pairs;
x
 angular velocity;
Wf
 rotor flux linkage;
TL
 load torque;
J
 rotor inertia;
B
 viscous friction coefficient.
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Fig. 1 Unit step response yðtÞ of the closed-loop system.
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The electromagnetic torque of the PMSM is given by:

Te ¼ 3

2
qn½Wfiq � ðLq � LdÞidiq�; ð8Þ

In order to maximize Te, the current id ¼ 0, and (8) yields:

Te ¼ 3

2
qnWfiq; ð9Þ

Since for a motor the parameters qn and Wf are constant,

the torque Te can be controlled by means of iq. This mode is

called id ¼ 0 control mode. After starting, and without any
perturbation, the PMSM accelerates or decelerates until reach-

ing stability. At this point, the electromagnetic and load tor-
ques, Te and TL, are equal.

In the field of industrial control, there are various physical

constraints on both the control action and the state of the
PMSM control system. For example, the current iq is limited

either by the PMSM or by the inverter. This paper aims to
study the performance of the control algorithm. In order to
reduce the interference of external factors, measures are taken

to make the actual operating conditions of the PMSM below
the rated ones.

3. Controller design

In this section, the time domain approximation method is used
to design the FOPI. The reasons that lead the controller to

cause oscillation are analyzed. Then, an improved discrete
FOPI is proposed and its performance is discussed. Finally,
based on the improved discrete FOPI, a VFPI is designed.

3.1. The problem of time domain approximation method

Expression (2) can be rewritten as:

a

j

� �
¼ a!

j!ða�jÞ!

¼ a�jþ1
j

� a!
ðj�1Þ!ða�jþ1Þ!

¼ a�jþ1
j

a

j� 1

� �
:

ð10Þ

Let qa;j ¼ ð�1Þj a
j

� �
and qa;0 ¼ 1. From (10) we obtain

qa;j ¼ � a�jþ1
j

� ð�1Þj�1 a!
ðj�1Þ!ða�jþ1Þ!

¼ 1� 1þa
j

� �
qa;j�1:

ð11Þ

Substituting (11) into (1) yields

aD
a
t fðtÞ ¼ lim

h!0

1
ha

X½ðt�aÞ=h�

j¼0

ð�1Þj a

j
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fðt� jhÞ
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1
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qa;jfðt� jhÞ:
ð12Þ

It can be seen from (12) that the length of the array q tends

to infinite when the step size h approaches zero. Since the size
of q must be limited, we set the memory length to L and
approximate (12) by

aD
a
t fðtÞ �

1

ha
XM
j¼0

qa;jfðt� jhÞ; ð13Þ
where M ¼ min t
h

� �
; L

h

� �� 	
.

Using expression (13), the control output uðtÞ of the FOPI
controller can be written as:

uðkÞ ¼ KpeðkÞ þ Kih
k
XM
j¼0

q�k;jeðk� jÞ; ð14Þ

where k denotes the order of the integral component.
For most cases, when the system is stable, the output of the

controller is not zero. In some cases, the controller and the sys-

tem outputs are directly related. Suppose that, when a system
reaches stability, the output of the controller is um, the sam-
pling time is h1, and the adjusting time is t1. Suppose that
M ¼ M1 in formula (14) and M1 > t1=h1. When t ¼ 2M1,

one can get from formula (14):

uð2M1Þ ¼ Kpeð2M1Þ þ Kih
k
X2M1

j¼M1

q�k;jeðk� jÞ ¼ 0: ð15Þ

Since u ¼ um when the system is stable, then it is unstable

when t ¼ 2M1. If uð2M1Þ ¼ um, then
P2M1

j¼M1
eðk� jÞ > 0.

Therefore, the controller obtained by (14) can not achieve null
static error.

As an illustrative example, let us consider the second-order
system:

€yðtÞ þ 50 _yðtÞ þ 100yðtÞ ¼ xðtÞ; ð16Þ
where xðtÞ is the input and yðtÞ is the output.

The parameters of the FOPI are set to Kp ¼ 50;Ki ¼ 500

and k ¼ 0:9135. The sampling time is h ¼ 0:01 s and the mem-

ory length is M ¼ 1000.
Figs. 1 and 2 depict the system response to a unit step and

the control action, respectively. We verify from Fig. 1 that the

settling time is ts ¼ 5 s, and the system oscillates after 10 s.
From Fig. 2 it can be seen that when the system is stable,
the output of the controller is um ¼ 99:8. After 10 s, the output
of the controller drops rapidly and then oscillates.

For 5 s 6 ts1 6 10 s, the system output is given by the fol-
lowing expression:
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Fig. 2 The controller uðtÞ output for the unit step response of

the closed-loop system.
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uðts1Þ ¼ Kpeðts1Þ þ Kih
k
Xts=h
j¼0

q�k;jeðk� jÞ

þKih
k
Xts1=h

j¼ts=hþ1

q�k;jeðk� jÞ

¼ 0þ 99:8þ 0 ¼ 99:8 ¼ um;

ð17Þ

For 10 < ts2 6 10þ Mt, where Mt is a small time increment,

the system is still stable and the output is given by:

uðts2Þ ¼ Kpeðts2Þ þ Kih
k

Xts=h
j¼Mt=hþ1

q�k;jeðk� jÞ þ Kih
k
Xts2=h

j¼ts=hþ1

q�k;jeðk� jÞ:

ð18Þ

It follows from Kih
kPMt=h

j¼0 q�k;jeðk� jÞ > 0 that

uðts2Þ < 99:8: ð19Þ
Therefore, when t > ts the system output has an oscillation.

For the FOPI, the error signal is only valid within the mem-

ory length. The consequence is that the controller can not
guarantee a null static error, and may led to system to oscilla-
tions. For solving this problem, the discrete scheme (14) needs
to be modified.

3.2. An improved discrete FOPI controller

Herein an improved FOPI is proposed, where the error signal

beyond the memory length is multiplied by q�k;Mþ1 and accu-

mulated. The new scheme is given by:

uðkÞ ¼ KpeðkÞ þ
XM
j¼0

c1Kih
kq�k;jeðk� jÞ

þ
Xk�1

j¼k�Mþ1

c2Kih
kq�k;Mþ1eðk� jÞ;

ð20Þ

where k > M, and c1 and c2 are constants.

For validating the improved FOPI we show in the follow-
up that: 1) it yields an IOPI for particular values of the param-
eters; 2) it achieves results similar to those obtained by the

Oustaloup method; and 3) expression (20) gives better perfor-
mance than (14):
1. If k ¼ 1, then q�k;n ¼ 1; 8n 2 N. Taking c1 ¼ c2 ¼ 1, for-

mula (20) can be written as follows:

uðkÞ ¼ KpeðkÞ þ
XM
j¼0

Kiheðk� jÞ þ
Xk�1

j¼k�Mþ1

Kiheðk� jÞ

¼ KpeðkÞ þ Kih
Xk

j¼1

eðjÞ;
ð21Þ

Therefore, we obtain an IOPI controller.

2. Comparing the discrete form of (20) and the Oustaloup
method for the example (16), with
Kp ¼ 50;Ki ¼ 500; k ¼ 0:9135 and c1 ¼ c2 ¼ 1, we obtain

the unit step responses depicted in Fig. 3.We note that
the unit step response obtained by the two methods are

identical, with only slight differences at some instants. This
is mainly caused by the value of q�k;Mþ1. The differences

between the two methods can be reduced by adjusting the
parameter c2. The results show that the controller (20)

can still be regarded as a FO controller.
3. The parameters c1 and c2 can be adjusted for improving the

controller performance. Fig. 4. shows the unit step response

for the system (16) and the optimal parameters are
Kp ¼ 50;Ki ¼ 500; k ¼ 0:4451; c1 ¼ 2 and c2 ¼ 1:415.We

note that the overshoot obtained with the Oustaloup
method is r ¼ 27:5% and the adjusting time is ts ¼ 3:4 s.
The overshoot with the controller (20) is r ¼ 7% and the

adjusting time is ts ¼ 2:2 s. Therefore, the control action
(20) is superior to the one produced by the Oustaloup
method.

3.3. A variable-order fractional PI controller

For the FOPI, the integration order determines the weight of
the error at different time instants. The proportional gain
can be regarded as the weight of the error at the current
moment, and the integral gain can be viewed as the ratio of
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(20) and the Oustaloup method.
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the weight of the error at each moment. Comparing the func-
tions of the three control parameters in formula (20), we verify

that the integration order is the key parameter that affects the
change of the control action. If we compare the FOPI and the
IOPI, then, in order to improve the performance, we advance

with a VFPI to make the integration order k adaptive in time.
Its discrete formulation is as follows:

uðkÞ ¼ KpeðkÞ þ
XM
j¼0

c1Kih
kðtÞq�kðtÞ;jeðk� jÞ

þ
Xk�1

j¼k�Mþ1

c2Kih
kðtÞq�kðtÞ;Mþ1eðk� jÞ;

ð22Þ

where kðtÞ ¼ aþ be�ct or kðtÞ ¼ a� be�ct.
When c ¼ 0 and k ¼ aþ b, the VFPI yields the FOPI con-

troller. Therefore, expression (22) can be regarded as a gener-
alization of (20).

For t ¼ tL and tL large, we have e�ctL ! 0. When t > tL, we
verify that the motor starts repeatedly. At this time, the VFPI

algorithm is equivalent to a FOPI controller that has an inte-
gral order with value a. In order to increase the effectiveness of
the VFPI in repeated start-up, it is necessary to add a zero-

return operation in the control scheme, which means setting
t ¼ 0 when the speed set point is such that eðkÞ ¼ nref. The

speed loop of the VFPI controller is implemented is Steps 1--
3 as follows:
Step 1
 Calculate the error signal eðkÞ at the current time,
if eðkÞ ¼ nref, set t ¼ 0 and go to step 2;
otherwise, go to step 2;
Step 2
 Set t ¼ tþ h and calculate kðtÞ and qkðtÞ;j from t;
Step 3
 Update the control signal uðkÞ using formula (22).
For some values of the parameters the VFPI can be viewed
as a FOPI controller. Therefore, its performance is, in general,

better than the one achieved by the FOPI. In the follow-up the
control effect of the VFPI controller is verified when applied in
the control of a PMSM.
Remark 1. Due to the variable integration order, the change of

the control action is more flexible, and often a better control

effect can be achieved. The integration order kðtÞ ¼ aþ be�ct is
adopted. It should be noted that other functions are also
possible if the order kðtÞ approaches a constant value as time t

tends to infinity.
4. Control experiment of PMSM

4.1. Simulation analysis of PMSM

The space vector pulse width modulation (SVPWM) and a
double closed-loop structure that includes speed and current

loops are used to control the PMSM, as shown in the block
diagram in Fig. 5. The SVPWM makes the output current of
the inverter close to the ideal sinusoidal waveform and drives
the motor. The position and speed of the PMSM are obtained

with a 2500 ppr encoder. In order to maximize the electromag-
netic torque the value of i�d is equal to 0.

The PMSM specifications are given in Table Table 1. The
reference speed nref is 600 rpm and the integral order is decreas-

ing. The control parameters used in the simulations are shown
in Table Table 2. The Matlab/Simulink is used to simulate and

analyze the performance of the VFPI and the FOPI.
The PMSM load torque is TL ¼ 5 Nm and its starting per-

formance is shown in Fig. 6. We verify that the FOPI leads to a
much higher speed overshoot than the one obtained with the

VFPI. The adjusting times are 0:04 s and 0:015 s, respectively.
Therefore, we conclude that with respect to the starting perfor-
mance of the PMSM, the VFPI controller is superior.

To analyse the anti-interference performance of the PMSM,
the load torque of the motor is removed at 0:2 s. The corre-
sponding speed curve is shown in Fig. 7.

When the PMSM suddenly unloads the load torque, the
speed fluctuation of obtained with the FOPI is greater than
the one exhibited by the VFPI. Thus, the FOPI has better

anti-interference performance than the VFPI controller.

4.2. Experimental set-up and results

The experimental platform to test the PMSM is shown in

Fig. 8. In the experiment, the control chip is the
TMS320F28335, and the control algorithm is programmed in
the software CCS6.1 using C language. The driver is the

IR2136 integrated circuit and the motor rating is
200 W@48 V. The load torque is provided by means of a mag-
netic powder brake.

The experimental data are read into a computer. The refer-
ence speed nref is 600 rpm, and the load torque of the PMSM is

TL ¼ 0:4 N m. The starting characteristics of the PMSM are
shown in Fig. 9.

The vibration of the motor shaft is caused by the rotation

of the load, since they are coupled. Therefore, the speed exhi-
bits some fluctuations when the motor is stable.

In the experiment, the speed overshoot of the PMSM con-

trolled by means of the FOPI is 8:67%, and the adjusting time
is about 0:4 s. The speed curve obtained with the VFPI has
negligible overshoot, and the adjusting time is close to 0:28 s.

The load torque of the motor is removed at 5 s, and the

speed curve of PMSM is shown in Fig. 10.
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Table 1 Specification of the PMSM.

stator resistance Rs 1:014 X
stator inductance Ls 0:00079 H

pole pairs qn 4

rotor flux linkage Wf 0:1496 Wb

rotor inertia J 0:002 kg�m2

viscous frictional coefficient B 0.0001

Table 2 Control parameters used in the simulations.

Controller parameters

FOPI Kp ¼ 0:1;Ki ¼ 20; k ¼ 0:9

c1 ¼ 0:32; c2 ¼ 0:21

VFPI Kp ¼ 0:1;Ki ¼ 20; c1 ¼ 2:4

c2 ¼ 0:0213; a ¼ 0:5; b ¼ 0:4; c ¼ 100

0 0.05 0.1 0.15
0

100

200

300

400

500

600

700

Time(s)

Sp
ee

d(
rp

m
)

VFPI
FOPI

Fig. 6 Starting performance of the PMSM under close-loop
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We note that the speed response of the VFPI has smaller
fluctuations, which means that the VFPI has a superior anti-
interference action.
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In summary, both the simulation and experimental results
demonstrate that the VFPI controller has good performance.

5. Conclusion

A discrete FOPI controller was presented. The FOPI over-

comes the performance degradation caused by using finite
length memory to approximate the FO operators in the time
domain. Moreover, a new VFPI controller that further

improves the FOPI action was proposed. The two algorithms
were applied in the control of a PMSM. Simulation and exper-
imental result demonstrated the effectiveness of the control

algorithms and that the VFPI has the best performance.
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