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Abstract:
This paper studies the dynamical properties of a system with distributed backlash and impact phenomena.
This means that it is considered a chain of masses that interact with each other solely by means of back-
lash and impact phenomena. It is observed the emergence of non-linear phenomena resembling those
encountered in the Fermi-Pasta-Ulam problem.

PACS (2008): 05.45.-a, 05.10.-a, 79.20.Ap, 07.05.Tp

Keywords: backlash • impacts • nonlinear dynamics 

1. Introduction

In 1953, at Los Alamos, Enrico Fermi, John Pasta, and Stan Ulam developed a pioneer study that is nowadays called the Fermi-Pasta-Ulam (FPU) problem. They simu-lated numerically a mechanical system composed of iden-tical masses coupled by nonlinear springs, fixed a t the extreme points, using the computer MANIAC-1 (Math-ematical Analyzer Numerical Integrator And Computer)[1]. Instead of using a linear model for the springs (i.e., the Hooke law) they adopted a nonlinear term, either quadratic (denoted FPU - α), or cubic (denoted FPU - β). Computer simulations revealed a complex quasi-periodic dynamics, considerably different from what linear systems would suggest. They expected that the energy introduced into the first m ode w ould d rift t o t he o ther m odes un-til reaching equipartition of energy. However, they ver-

ified t hat a lmost a ll e nergy w as b ack t o t he fi rst mode after some time and, moreover, a recurrence phenomenon, due the the occurrence of a kind of replicas of the initial state for longer periods of time [2–4]. The FPU experi-ment marked the beginning of computational physics and nonlinear science and triggered a huge volume of research during the last decades [5–23].Vibration with impacts occurs in many areas of science and technology. In the context of mechanical engineering, backlash is due to clearance between adjacent movable parts as in gears. Its effect is visible when movement is reversed and contact is lost momentarily, being re-established later when mating components produce some form of impact [24–36]. This strong non-linearity is not yet fully understood due to the diversity of effects involved and the dynamical analysis and control of backlash is still an open issue.Inspired by the FPU problem and the backlash nonlinear-ity, this paper embeds both concepts and investigates the dynamics of systems with chain of masses having back-lash and impacts. Several relevant studies of lattices with



Figure 1. The FPU problem: a chain of N masses interconnected
by springs.

hard collisions have been proposed during the last years[37–42]. The anomalous thermal conductivity was inves-tigated, but this topic remains an important open area ofresearch.Bearing these ideas in mind, the present paper is orga-nized as follows. Section 2 introduces the FPU prob-lem and the dynamical description of backlash. Section3 formulates a new problem, namely a chain of massesinterconnected by means of backlash. The system is sim-ulated and the dynamics of the distributed backlash chainof masses is analysed. Finally, section 4 draws the mainconclusions.
2. Fundamental concepts
This section presents the main fundamental concepts ap-plied in the sequel. Sub-section 2.1 formulates the clas-sical FPU problem and sub-section 2.2 describes the dy-namics of impacts.
2.1. The FPU dynamical system
The system formulated by Fermi, Pasta and Ulam consistsof a chain of N masses interconnected by springs (Fig. 1).The equations of motion are:

ẍn = (xn+1 − xn)− (xn − xn−1) + Ks [(xn+1 − xn)p−(xn − xn−1)p] (1)
where Ks is a parameter that reflects the strength of thenonlinearity and n, 1 ≤ n ≤ N , is the index associatedwith each mass. The fixed extremes are represented by
n = 0 and n = N + 1. When p = 1 it yields a linearmodel and when p = 2 (or p = 3) we have the FPU - α(or FPU - β) problem.For the string k-th mode the sum of the kinetic and po-tential energies is given by:

Ek = 12 (Ȧ2
k + ω2

kA2
k

) (2)
where Ak is related to the displacements by the expres-sion:

Ak = √ 2
N + 1 N∑

n=1 xn sin( nkπ
N + 1

) (3)
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Figure 2. Time evolution of Ek (t), k = {1, · · · , 6}, and the FPU-α
problem.

and frequencies:
ωk = 2 sin [ kπ2 (N + 1)

] (4)
Figure 2 depicts a typical time evolution of Ek (t), k =
{1, · · · , 6}, for the FPU-α , Ks = 0.25, for a period oftime of 104 sec. During the simulations it is adopted aRunge-Kutta 4 numerical integration with time step dt =10−2 sec, N = 32 and the initial conditions formulatedby Fermi, Pasta and Ulam, namely xn (0) = sin ( nπ

N+1),
ẋn (0) = 0. It is clearly visible the recurrence phenomenon.
2.2. Dynamic backlash
In this sub-section we consider the description of back-lash by means of the impacts and the law of conserva-tion of momentum. This approach gives the net changein velocity of each body and the energy exchange duringcollisions [43–47].Let us consider the impact of two bodies along surfacesthat are normal to the line connecting their centres ofmass. In the so-called central impact the two bodies havevelocity components only along this line and no rotationalor sliding effects occur.Figure 3 depicts a mechanical model consisting of twomassesM1 andM2 with backlash ∆. Collision between themassesM1 andM2 occurs when x1 = x2− ∆2 or x1 = x2+ ∆2 .The velocities before the impact {ẋ1, ẋ2} are related to thenew values {ẋ ′1, ẋ ′2} by means of the empirical law:

ẋ ′1 − ẋ ′2 = −ε (ẋ1 − ẋ2) , 0 ≤ ε ≤ 1. (5)



Figure 3. System with two masses M1 and M2 with velocities ẋ1 and
ẋ2 with clearance ∆.

where ε denotes the coefficient of restitution that modelsthe impact and t denotes time. The limit cases ε = 0 and
ε = 1 consist of the fully plastic (or inelastic) and theideal elastic collisions.The principle of conservation of momentum requires thatthe momentum, immediately before and after the impact,is identical:

M1ẋ ′1 +M2ẋ ′2 = M1ẋ1 +M2ẋ2. (6)
After combining equations (5)-(6) we get the velocitiesafter impact:

ẋ ′1 = ẋ1M1 − εM2
M1 +M2 + ẋ2 (1 + ε)M2

M1 +M2 (7)
ẋ ′2 = ẋ1 (1 + ε)M1

M1 +M2 + ẋ2M2 − εM1
M1 +M2 . (8)

The energy loss EL during impacts is given by:
EL = (1− ε)22 M1M2

M1 +M2 (ẋ1 − ẋ2)2 . (9)
3. A chain with backlash
In this section we consider the system represented in fig-ure 4. This chain of N masses is inspired in the FPUproblem, but the non-linear springs are now substitutedby the backlash and impact phenomena. The symbols xnand ẋn denote the displacement and velocity of mass Mn,
n = 1, . . . , N and f (t) the input force, if any. In the chaineach mass interacts with its left and right neighbours bymeans of impacts, with exception of the initial/final massesthat have only one neighbour located at its right/left side.The parameters ∆ and ε represent the backlash widthand the coefficient of restitution, respectively. Therefore,while in the FPU system we are in the presence of non-dissipative elements, here such situation occurs only if
ε = 1

Figure 4. The chain of masses Mn, n = 1, . . . , N, with displacement
xn, interconnected by backlash with clearance ∆.

Two distinct visualization methods are adopted, namelythe time and the Fourier domain. In the first case is vi-sualized the evolution of the energy en (t) = 12Mnẋ2
n, n =1, . . . , N , along time t and in the second case is visual-ized the evolution of |En (ω)| , n = 1, . . . , N , along angularfrequency ω, where F {·} stands for the Fourier operatorand En (ω) = F {en (t)}.Since we are in the presence of a non-linear system thesets of initial conditions, input forces f (t), parameters andtheir magnitudes have a large influence upon the final dy-namical behaviour. In this line of thought, are consideredfour types of tests organized separately. In sub-section3.1 is considered a sinusoidal input force with null ini-tial conditions f (t) = F sin (ω0t), {xn (0) , ẋn (0)} = {0, 0}.In sub-section 3.2 is analysed the case of random inputforce and null initial conditions, f (t) = F × random,

{xn (0) , ẋn (0)} = {0, 0}, where random ∈ [0, 1]. In sub-section 3.3 is addressed the case of null input force, nullinitial conditions in positions and Gaussian distributedinitial velocities f (t) = 0, {xn (0) , ẋn (0)} = {0, N (0, σ )},where N denotes the Gaussian distribution and σ is thestandard deviation. In sub-section 3.4 is studied null in-put force, null initial conditions in positions and velocities,with exception of the velocity in the middle mass f (t) = 0,
{xn (0) , ẋn (0)} = {0, 0} , n 6= N2 , {x N2 (0) , ẋ N2 (0)} =
{0, ẋ0}. Finally, in sub-section 3.5 is investigated thecase of null input force, null initial conditions in posi-tions and sinusoidal distributed initial velocities f (t) = 0,
xn (0) = 0 and ẋn (0) = Ẋ0 sin ( πnN ).
3.1. Sinusoidal input force and null initial
conditions
We start by considering f (t) = F sin (ω0t) and
{xn (0) , ẋn (0)} = {0, 0}. Furthermore, is adopted F = 0.1,
ω0 = 1 rad/s, t ∈ [0, 5 · 103] sec, ε = {0.9, 1}, ∆ = 0.1m and N = 100.Figures 5 and 6 show En (t) versus {t, n} and |En (ω)|versus {ω, n}, n = 1, . . . , N , ε = 1, respectively. Thetime domain representation shows that some waves prop-agate along the chain. Furthermore, the total energygrows in time since we have a steady sinusoidal input



Figure 5. En (t) versus {t, n} for a chain ofN masses interconnected
by backlash (ε = 1) and f (t) = F sin (ω0t).

Figure 6. |En (ω)| versus {ω, n} for a chain of N masses intercon-
nected by backlash (ε = 1) and f (t) = F sin (ω0t).

f (t) = F sin (ω0t). The frequency domain representationshows that we have an uniform distribution of the energyalong all masses and a slight decay as ω increases. Fig-ure 7 shows the total energy Et (t) in the chain versustime. We observe again that the total energy grows intime.We now repeat the experiment for ε = 0.9. In this caseenergy dissipation occurs during impacts. Figures 8, 9 and10 show En (t), |En (ω)| and Et (t), respectively. We verifythat the energy of the waves dissipates rapidly along thechain and that the total energy of the system settles at alow level with a noisy behaviour.
3.2. Random input force and null initial con-
ditions
In this sub-section is analysed the case of random in-put force and null initial conditions, f (t) = F × random,
{xn (0) , ẋn (0)} = {0, 0}, where random ∈ [0, 1]. Further-more, is adopted F = 5000, t ∈ [0, 5 · 103] sec, ε = 1,∆ = 0.1 m and N = 100.
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Figure 7. Total energy Et (t) for a chain of N masses interconnected
by backlash (ε = 1) and f (t) = F sin (ω0t).

Figure 8. En (t) versus {t, n} for a chain ofN masses interconnected
by backlash (ε = 0.9) and f (t) = F sin (ω0t).

Figures 11 and 12 show En (t) versus {t, n} and |En (ω)|versus {ω, n}, n = 1, . . . , N , ε = 1, respectively. The timeand frequency domains shows that all masses are excitedidentically. Moreover, the energy grows with time sincethere is no dissipation.
3.3. Null input force, null initial conditions in
positions and Gaussian distributed initial ve-
locities

In this sub-section is addressed the case of null inputforce, null initial conditions in positions and Gaussiandistributed initial velocities f (t) = 0, {xn (0) , ẋn (0)} =
{0, N (0, σ )}, where σ is the standard deviation. Further-more, is adopted σ = 100, t ∈ [0, 5 · 103] sec, ε = 1,∆ = 0.1 m and N = 100.Figures 13 and 14 show En (t) versus {t, n} and |En (ω)|



Figure 9. |En (ω)| versus {ω, n} for a chain of N masses intercon-
nected by backlash (ε = 0.9) and f (t) = F sin (ω0t).
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Figure 10. Total energy Et (t) for a chain of N masses intercon-
nected by backlash (ε = 0.9) and f (t) = F sin (ω0t).

versus {ω, i}, n = 1, . . . , N , ε = 1, respectively. The timeand frequency domains shows that all masses have iden-tical energy and that the total energy remains constant intime since there is neither input, nor dissipation.
3.4. Null input force and null initial conditions
in positions and velocities, with exception of
the velocity in the middle mass

In this sub-section is studied the case of null input force,null initial conditions in positions and velocities, withexception of the velocity in the middle mass f (t) = 0,
{xn (0) , ẋn (0)} = {0, 0} , n 6= N2 , {x N2 (0) , ẋ N2 (0)} =
{0, ẋ0}. Furthermore, is adopted ẋ N2 (0) = 0.1, t ∈[0, 5 · 103] sec, ε = 1, ∆ = 0.1 m and N = 100.

Figure 11. En (t) versus {t, n} for a chain of N masses intercon-
nected by backlash (ε = 1) and f (t) = F × random.

Figure 12. |En (ω)| versus {ω, n} for a chain of N masses intercon-
nected by backlash (ε = 1) and f (t) = F × random.

Figures 15 and 16 show En (t) versus {t, n} and |En (ω)|versus {ω, i}, n = 1, . . . , N , ε = 1, respectively. The timedomain representation shows a constant velocity wavepropagating along the chain that reflects at the termi-nal masses. The frequency domain representation showsthat we have the signal energy concentrated at discreteharmonics.
3.5. Null input force, null initial conditions in
positions and sinusoidal distributed initial ve-
locities

In this sub-section is studied the case of null input force,null initial conditions in positions and sinusoidal dis-tributed initial velocities f (t) = 0, xn (0) = 0 and ẋn (0) =
Ẋ0 sin ( πnN ). Furthermore, is adopted t ∈ [0, 5 · 103] sec,
ε = 1, Ẋ0 = 0.1 m/s and N = 100.Figures 17 and 18 show En (t) versus {t, n} and |En (ω)|versus {ω, n}, n = 1, . . . , N , ε = 1, respectively. Thetime domain representation shows a complex pattern of



Figure 13. En (t) versus {t, n} for a chain of N masses intercon-
nected by backlash (ε = 1) and f (t) = F × random.

Figure 14. |En (ω)| versus {ω, n} for a chain of N masses intercon-
nected by backlash (ε = 1) and f (t) = F × random.

Figure 15. En (t) versus {t, n} for a chain of N masses intercon-

nected by backlash (ε = 1) and
{
x N2 (0) , ẋ N2 (0)} =

{0, ẋ0}.

wave propagating along time and space. The waves re-flect at the terminal masses forming several smaller wavesthat interact between themselves. The frequency domainrepresentation shows that we have the signal energy dis-tribution mainly al low harmonics and that there is a frac-

Figure 16. |En (ω)| versus {ω, n} for a chain of N masses intercon-

nected by backlash (ε = 1) and
{
x N2 (0) , ẋ N2 (0)} =

{0, ẋ0}.

Figure 17. En (t) versus {t, n} for a chain of N masses intercon-
nected by backlash (ε = 1) and f (t) = 0, xn (0) = 0,
ẋn (0) = Ẋ0 sin ( πnN ).

Figure 18. |En (ω)| versus {ω, n} for a chain of N masses intercon-
nected by backlash (ε = 1) and f (t) = 0, xn (0) = 0,
ẋn (0) = Ẋ0 sin ( πnN ).

tal pattern although without depicting a net geometricalpattern.



4. Conclusions
In this paper was proposed a new system inspired in theFermi-Pasta-Ulam problem. The non-linear system con-sists of a series of masses that interact dynamically witheach other solely by means of backlash and impacts. Thechain of masses was simulated numerically and the en-ergy exchange was analysed both in the time and fre-quency domains. It was observed the emergence of severalcomplex phenomena with some similarities to those dis-covered in the Fermi-Pasta-Ulam problem. This systemprovides new directions towards investigating the effect ofnon-linearities and backlash.
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