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Abstract Discrete time control systems require sam-
ple-and-hold circuits to perform the conversion from
digital to analog. Fractional-Order Holds (FROHs) are
an interpolation between the classical zero and first
order holds and can be tuned to produce better sys-
tem performance. However, the model of the FROH is
somewhat hermetic and the design of the system
becomes unnecessarily complicated. This paper ad-
dresses the modelling of the FROHs using the con-
cepts of Fractional Calculus (FC). For this purpose,
two simple fractional-order approximations are pro-
posed whose parameters are estimated by a genetic
algorithm. The results are simple to interpret, demon-
strating that FC is a useful tool for the analysis of
these devices.
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1 Introduction

Fractional calculus (FC) is a generalisation of the clas-
sical theory of differential calculus and deals with inte-
grals and derivatives of non-integer, or even complex,
order [1-6]. A huge range of potential applications

emerges by embedding the FC concepts with physics
and engineering, and presently active research is being
pursued [7-18]. In spite of this state of affairs, the for-
malism of FC is not yet widely known, there remain
many phenomena whose study can be more deeply ac-
complished in the light of FC. The area of dynami-
cal systems and control has received considerable at-
tention. Recently several papers addressing evolution-
ary concepts and fractional algorithms were proposed.
Therefore, embedding the concepts of FC, evolution-
ary optimisation and control design is clearly a fruitful
research strategy.

Fractional-Order Holds (FROHs) are a technique
for improving the performance of digital control sys-
tems [19-35]. Standard discrete time systems adopt
Zero-Order Holds (ZOHs) that model the signal re-
construction done by a conventional digital-to-analog
converter (DAC). The ZOH model describes the ef-
fect of converting a discrete time control signal into
a continuous time version of it, by holding each sam-
ple value for one sample interval. Eventually, the First-
Order Holds (FOHs) can be used that reconstruct the
signal as a piecewise linear approximation of the origi-
nal sampled signal. FROHs are a compromise between
the two aforementioned holding circuits. Such circuits
are more complicated than the ZOHs or the FOHs, but
we can take advantage of the extra parameter beta that
can be tuned to optimise the system performance.

While the name “Fractional” occurs both for FC
and FROH, the fact is that the two areas are appar-
ently unrelated. In this paper, we study the FROH in
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the light of FC, demonstrating that we can develop a
fractional-order model of the FROH, leading to a sim-
ple analytical representation and easing its application
in digital control systems.

Bearing these ideas in mind, this paper is organ-
ised as follows. Section 2 introduces the fundamental
concepts behind FC and the FROH. Section 3 analy-
ses the frequency response of sample-and-hold circuits
and develops simple fractional modelling approxima-
tions. The implications upon discrete-time control sys-
tems are discussed. Finally, Sect. 4 outlines the main
conclusions.

2 Fundamental concepts
2.1 Fractional calculus
The Riemann—Liouville, Griinwald—Letnikov, and Ca-

puto definitions of fractional derivatives or order « are
given by:
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where I"(-) is Euler’s gamma function, [x] means the
integer part of x, and 4 is the time increment.

Using the Laplace transform, we have the expres-
sion
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where s and L represent the Laplace variable and op-
erator, respectively.
The Mittag-Leffler function E,, (x) is defined by the
expression
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The Mittag-Leffler function constitutes an “interpo-
lation” between a purely exponential law that occurs in

phenomena governed by integer order dynamics and
a power law behaviour that occurs in phenomena ex-
hibiting fractional dynamics. In particular, when o = 1
we have E(x) = ¢*. An important characteristic of
the Mittag-Leffler function is its asymptotic behaviour
and, for large values of x, we can write
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The Laplace transform results in
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We verify a natural extension of the Laplace trans-
form pairs from the exponential function, in terms of
integer powers of s, towards the Mittag-Leffler func-
tion, with fractional powers of s.

2.2 Sample and hold circuits

In a digital system, the ZOH is a circuit that inverts
the sampling process: the value of the impulse signal
u(kTy) is held on the output during the sampling pe-
riod. Therefore, the output of a ZOH is a staircase ap-
proximation to the original waveform:

uzoH (1) = u(kTy),
kT, <t < (k+ DT, k=0,1,.... (8)

In the Laplace domain, the transfer function for a ZOH
yields

l—e b
Gzou(s) = — €))

The ZOH is the simplest reconstruction circuit and
(like the other circuits to be addressed) assumes zero
processing delay in converting between digital to ana-
log.

The FOH takes the slope of the input signal from
t = (k — DT up to t = Ty and uses it to make a
guess as to where the output waveform is going to be
at instant # = (k + 1)Ty. Therefore, the FOH draws a
straight line from the current position to the expected
future position, as the output of the waveform:

uron () =u(kTy) + (t —kT){ukTy) —u (k—1)T;]},
kT, <t < (k+ DT,. (10)

The Laplace transfer function of the FOH is
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Nevertheless, the next value of the output signal
will probably not be the same as the expected value
and, therefore, the FOH may also produce some dis-
continuities.

The FROH establishes a compromise between the
ZOH and the FOH. The FROH acts like an interpola-
tion between the other two holding circuits and takes
an adjustable parameter 8 whose value is to be deter-
mined by some tuning method

t— kT,

uproH () = u(kTs) + B {ukTy)
—u (k—DT]},
KT, <t < (k+ DT (12)

The Laplace transfer function of the FROH then re-
sults in

The FROH is more complicated than the other hold
circuits, but may lead to a better system performance
after tuning parameter S.

3 A fractional model of the FROH

We start by analysing the performance of a simple dig-
ital control system under the action of the FROH. The
results motivate the development of a model having in
mind the concepts of FC.

3.1 Closed loop time response

Let us consider the closed loop system represented
in Fig. 1 where G.(s) represents the controller and
G (s) the plant. We adopt a unit step reference input
R(s) = % and a plant with transfer function G(s) =
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(13) PID, u(t) = kple(t) + 7 [e()dt + Ty <1, tuned
Fig. 1 Simple closed loop R(S) U(s)
s s E }5 s M(s) C(s)
control system (s) GC(S) FROH G(s)
_ T
S
. I
Fig. 2 Closed loop time 1.6
response for 1 e beta = -1.0
ﬁz{_lv_o'svos 0571} ******* beta = -0.5
and T, = 0.01 1.4 beta = 0

c(t)

beta = 1.0




Fig. 3 Closed loop time 2

response for
B={-1,-0.5,0,0.5,1}
and T, = 0.1

c(t)

Fig. 4 Polar plots of the

time

FROH for
B={-1,-0.5,0,0.5,1},

O<w<m

according to the Ziegler—Nichols open-loop heuristics
that leads to k, = 5.494, T; = 1.612, T; = 0.403 and
to Ge(s) = 2'214SZ+5'f94S+3'408. For the experiments
with the FROH, the cases g = {—1,—0.5,0,0.5, 1}
are tested, and the sampling periods T; = {0.01, 0.1}
are depicted in Figs. 2 and 3.

The ZOH and the FOH correspond to the cases of
B =0 and B = 1, respectively. Furthermore, we ver-
ify that the dynamic compensation promoted by the
FROH when tuning g is mainly visible for high sam-
pling periods since responses become close to each
other for fast sampling rates.
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3.2 Fractional order model

In this sub-section, we develop an alternative model
of the FROH based on FC concepts. We start by con-
sidering the FROH Laplace model (13) and s = jo,
j = +/—1, that is, the frequency response. For exam-

ple, when Ty = 1, we get the polar plot represented in
Fig.4forO0<w<m.

The plot shows strong resemblance with those of
fractional low pass filters. This observation motivates
the quest for an approximate model that, by incor-
porating the FC concepts, can lead to a simpler, but
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more insightful, model than expression (13). Several
FC-models were tested having in mind a compromise
between simplicity and accuracy. The choice for the
FC-models fell upon the two cases:
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where k, p, @ and T denote the gain, pole, fractional
order and time delay, respectively. These models are
very simple, but, on the other hand, lead to reasonable

accuracy.



For adjusting Hppoy(jw), r = 1,2, to the numeri-
cal data, a standard genetic algorithm is adopted with
elitism, crossover within all population and 5 % mu-
tation probability. Several experiments demonstrated
that the best fitness function J is given by
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where N represents the total number of frequency
points. This fitness function leads to good results
since, by calculating the ratio between the difference
and the sum of the two values, one captures the rela-
tive error of the adjustment, avoiding “saturation-like”
effects that occur when using the standard Euclidean
norm due to the simultaneous presence of large and
small values. In the calculations, we used N = 20, a
population of 5000 individuals and 5000 iterations of
the genetic algorithm.

Figure 5 shows the polar plots for » = 1, 2 with su-
perposition of the original frequency response (13) and
the resulting from (14)—(15) when 8 = 0.5. We verify
a good match between the two traces, namely for the
case of the second model that includes the time de-
lay.

Figure 6 reveals the smooth variation of the param-
eters {k, p,a}, r =1, and {k, p,a, T}, r = 2, versus
B ={-1,-05,0,0.5,1}, when 0 < w < 7. As ex-
pected, the gain is always very close to one and the
output smoothness accomplished when passing from
the ZOH to the FOH is reflected upon the value of 8
that increases proportionally, but the bandwidth is pre-
served because the pole is shifted to higher frequen-
cies. In the case of the second model, the delay T has
always very small values.

4 Conclusions

FROHs constitute a simple technique for improving
the performance of digital control systems particularly
for the case of low sampling frequencies. Neverthe-
less, the expressions usually adopted for modelling
this digital-to-analog conversion are complicated and
lead to a limited insight into the sample-and-hold dy-
namics. This paper analysed the FROHs in the light
of FC. For this purpose, the feasibility of two simple
models including an explicit fractional order pole was
evaluated. To adjust the values numerically, a genetic

algorithm and a fitness function that measures the rela-
tive error of the approximation were adopted. The ap-
proximation scheme leads to simple and easily inter-
pretable results that simplify the design of closed loop
digital control including the FROH.
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