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Summary. This work deals with the numerical simulation of air stripping process
for the pre-treatment of groundwater used in human consumption. The model es-
tablished in steady state presents an exponential solution that is used, together with
the Tau Method, to get a spectral approach of the solution of the system of partial
differential equations associated to the model in transient state.
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1 Background

The air stripping process in packed columns is a physical process traditionally
used in the groundwater volatile organic compounds (VOCs) removal[2, 3, 5,
8]. This operation, that is carried out without any chemical reaction, has as
main characteristic the fact that operates with counter-current phases. Thus,
through a pump group, the groundwater is caught from the soil to be intro-
duced at the top of the column as drops, which constitutes a discontinuous
phase, as far as the drops are able to flow through the packing material at
the same time a compressor introduces, in counter-current from the base of
the column, clean air as a continuous phase. In this air stripping operation,
the packing material is used to to supply the area for contact between the
gas and the liquid needed for the contaminant mass transfer. This type of
technology operates under level values for pressure and temperature generally
near the typical ones from the common environment, is ideal for pollutant
concentration levels under 200mg/l and offers a level of removal often higher
than 90% [11, 17, 20, 26].
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2 The Differential Model

Castro [4] presents a mathematical model that translates the space-time dy-
namics of the air stripping process in a packed column. In this model it is
considered that exists only one space dimension, that the variation in time is
limitless, that the mass transfer is based on the ” Two Films Theory” [22, 21],
that the air used in the VOCs removal is pure, that the flows are constant in
all column. This model also considers that the system works under constant
temperature and pressure values and in uniform conditions[6, 7].

Considering the following referential, see figure 1, in which the origin of the
space is the base of the column, for the velocities u;, and uq, corresponding
VOC mass concentrations, x;, and ¥;,.

Ac

Fig. 1. The dynamic model referential

Considering that + represents the volumetric relation of debits, K the
global mass transfer coefficient, H the inverse of the dimensionless value for
the Henry’s constant for the VOC and e the porosity of the packing mate-
rial, the global dynamic system that translates the air stripping process is
represented by the following system of equations [10, 1, 12, 15, 18, 27, 25]
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2.1 The boundary conditions

In this model, the characterization of the dynamic state of the air stripping
operation implies the consideration of Dirichlet boundary conditions that can
be translated with the input data of the concentrations of the liquid and
gaseous phases, at the column entrance, ie

z(t,Z) = xin(t)
{y(t,O):O , >0 (2)
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This problem is exactly determined and can be solved when the values of
the boundary conditions and the disturbances at the entrance are specified.

2.2 The steady state

The representation of the steady state can be achieved from the consideration,
in the global model, that the time derivatives are all null, which implies that
the VOC concentration gradients, in the gaseous phase and the liquid phase,
can be given by

{ Za(0,2) = & [2(0,2) — Hy(0,2)]

K
up L 0<z<Z 3
Z(0,2) = £ [2(0,2) - Hy(0, ) ®)

The analytic solution for the steady state equations can be found deriving
the first equation of (3) with respect to z

2
Jel0.2) =2 (al0.2) - 1 4(0.9)) ()

and, since we know that %y(o, z) = Z—g%x((), z), then the equation (4) can be
written as a second-order linear homogeneous ordinary differential equation
(ODE) with constant coefficients

2

0 0
@x(o, z) — Dax(o, 2)=0 (5)

withD:K(L— H)

o T s # 0, in order to guarantee that the process occurs.

The general solution for this equation is given by
2(0,2) = mq1 + mize”? (6)
In the same way, we have the general solution for y(0, z)
y(0,2) = may + mage”? (7)
According to the boundary conditions, for t = 0, we have
(o= ©

If we substitute (6) and (7) in (8) we have the solution for the system of
differential equations in steady state

{xs(z) =12(0,2) = M(%eelP? — H)

ys(2) 4 ,0<z< 7 (9)

y(0,2) = M(eﬁz -1)
with .
M = X, (“—GeDZ - H)
ur,
and Xo = 2;,(0).
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3 The transient state

Defining A = ¢/(1 + ), the equations (1) of the model in transient state can
be written as 5 5
{AWZULE—K(x—Hy) (10)

Afy% = —UG%—FK(x—Hy) ’
with z = z(t,z) and y = y(£,2) for 0 <2< Z, t>0

In order to approximate the solution of (10), subject to initial conditions
(2), the functions  and y can be represented by

{x(t, z) =tws(z) + xr(t, 2) (11)

where zg and yg are the solutions (9) for the steady state, and xp and yr are
the initial solutions for the transient state. Replacing this expressions in (10)
and using (3), we have for zp and yr the following differential equations

{A%T —uﬁg—aj + K(zp — Hyr) = —Azs (12)
AvSE +ueE — K(ar — Hyr) = —Avyys '
And, for the initial conditions,
JiT(t, Z) = .137"(75) — tX()
13
{yT(t, 0)=0 (13)

This representation allows to approach the solution for the system of dif-
ferential equations, maintaining the exact form of the solutions for the steady
state and reducing the error to the initial solutions of the transient state.

4 The Lanczos’s Tau Method

Given the differential problem

Dy =f
{Dijfj7j=1iV (14)

where D represents a linear differential operator with polynomial coefficients,
f and f; are polynomials and D; represents the v initial or boundary condi-
tions associated to the problem, the Tau method [13, 14] can be formulated
by solving the perturbed problem

{Dyn:f+7n
Djyn = fj, j=1:v

where 7, is a perturbation term that allows the perturbed differential problem
to have a unique polynomial solution y,.
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Following the implementation of the Tau method proposed in Matos et
al.[16], based in Ortiz’s operational approach [19] and in the formulation of
the Tau method presented in [23, 24] we begin by chose m and n the degrees

of the polynomial .
Tty 2) = 20 1 it 2
ym,n(tv Z) = EZ?ZO yi,jtzzj

and we proceed by determining the coefficients x; ; and y; ; imposing that

Tm.n(t, z) and ym n(t, 2z) satisfies the initial and the boundary conditions of
the problem and satisfies the perturbed differential equation.

(15)

4.1 Initial conditions and differential equations

In the case of the initial conditions (13), with
a?m,(t) = ZX7t7
=0

being a, at least approximated, polynomial representation of the liquid phase
initial VOC concentration, in the top of the column x;,(¢t) = (¢, Z) then

EZ:O wo,; 27 = Xo,
E%:() xlij = Xl — XO;
dj—oTijZ? =X i=2:m

The initial condition for the gas phase initial VOC concentration, in the
bottom of the column, is given by ym, ,(¢,0) = 0. Then, we get

Yi0o=0,1=0:m

The determination of the 2(m+1)(n + 1) unknowns z; ; e y; ; needs more
2(m+1)n equations that come from the differential equations imposed to @, ,
and to Yy, as far as possible[23, 24], in the sense of the respective polynomial
degrees.

In that case, the non polynomial character of the right hand side of the
differential equations, introduced by the exponential solution of the steady
state problem, introduces another approximation problem. To have a polyno-
mial approximation of the steady state problem solution, we proceed by use
the Taylor approximation of the exponential function

to get

ur,

r5(z) ~ M(4 — H) + M g Orad



6 A. C. M. Castro, J. Matos, and A. Gavina

Differentiating (15) we get

{%xm,n(,> ST S+ D "

%xm:”(t ) = Zz 0 Z] =0 (] + ]‘)xl ]Jrlt ZJ

for the partial derivatives of the polynomial z,, (¢, z) and analog expressions
for the partial derivatives of Y, (¢, z). Introducing those formulas in equations
(12) we get

m—1 n m n—1
A ZZ—I—lleJtzJ—uLZZ]—i—lx”thj
i=0 j=0 =0 j=0
m n y ue n Di
+K Y Y (wiy— Hypj)t'2) = —AM | —H + L ) T
=0 j=0 j=0
and
m—1 n m n—1
AIV ZZ+1yz+1jt«Z]+uGZZJ+1yl3+1tzj
=0 j=0 =0 j7=0
n Di .
_KZZ {EZJ Hy%] t ZJ —A’}/MZ ?Zj
=0 7=0 Jj=1

and, identifying term by term the corresponding coefficients, this results in a
algebraic over-determinated system of 2(m + 1)(n + 1) linear equations.

4.2 Algebraic equations

By applying the Tau method we choose suitable[9, 16] 2(m + 1)n equations
defining a regular linear system of algebraic equations whose unique solution
x;,; and x; ; give us the polynomial approximation of the exact solution.

With z;,(t) = Xo constant, the solution z(¢, z) and y(¢, z) of the problem
coincides with z(0, 2) e y(0, 2), the solution of the steady state (9).

For the more general situation where x;,(t) depends on ¢, we have sup-
posed that z;,(t) = Y.I", X;t' at least by approximation. That is, if the
function x;, (t) is not a < m degree polynomial, it is replaced by a polynomial
approximation.

In the following test we consider a periodic function for x;,(¢). In the case,
we made

Zin (t) = 100(1 + sin(¢)/5) = 100(1 + % Z (2(1.__&)11)'75214-1)
i>0 :
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Fig. 2. Variation of the contaminant concentration in the water x(¢,z) and in the
air y(t,z) with m =n =3

5 Conclusions and future work

The Tau method was tested for several polynomial degrees and for the case
study presented in[4].

The numerical results that were found revealed to be coherent with the
experimentally achieved data [4], which suggests that the model is consistent
under a numerical, physical and mathematical approach and that the use of
the Tau method allows an approach, with reasonable precision, to the exact
solution of the model.

As the numerical results achieved show some increasing instability with
the time, it can be suggested that the use of orthogonal polynomials will be
able to allow the increment of the precision of the results in an larger time
interval.
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