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INTRODUCTION

Robotics is an area encompassing a wide
range of industrial, technological and
scientific applications. Still, many of
them pose challenging issues to the avai-
lable industrial manipulators. The super-
ior performances of the human arm induced
an extensive research towards better
mechanical structures. Considerable
research as been done. either on the
kinematics (Tsai and Sony. 1981; Asada,
1983) or the dynamics (Yoshikawa, 1986).
However, a simple optimization c¢riterion
comprising both the kinematics and the
dynamics is still lacking. In the present
paper we address this problem, and our
presentation is organized as follows. In
section two the robot manipulator model
and the associated optimization criterion
are discussed. In section three a new
model leading to a natural optimization
eriterion is formulated and applied to a
2R robot manipulator. Finally, in section
four conclusions are drawn.

MODELLING OF ROBOT MANIPULATORS

The classical modelling of robot manipula-
tors is well known. For the kinematics we
have a set of equations relating the joint

space and the operational space of the
form:

q = al{p) (1a)

a=o(p.p) (1b)

d = ¢(p,p.p) (1c)

where {q.,9.49) ({p.p.P}) are the n-vectors
of positions, velocities and accelerations
in the joint (operational) space for a n
degrees of freedom (d.o.f.) manipulator.
Associated with the kinematic model we
have a model for the statics which relates
the operational space forces ' with the
joint actuator torques T:

models;

and
results point out ideal properties for the

This observation is of utmost importance as it gives a
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robot design;

regions.
actuators
"velocity"
basis
with performances close

active manipulation

devices instead of

statistics.

T = J(q)* T (2)
where J(q) is the jacobian matrix corres-
ponding to the differential relationship
p=J(q)4. Moreover, the dynamics is descri-
bed by a nonlinear matrix differential

equation:

T = I(q)4+C(q,a)+Gla) (3)
having T:=I(q)4q, Tc=C(q.q) and Ta=G(q) as
the n-vectors of inertial, Corio-

lis/centripetal and gravitational torques.

Based on these equations research has been
done on issues such as manipulator struc-
ture optimization (Yoshikawa, 1986) and
path planning (Sahar and Hollerbach,
1984). Nevertheless, a more sound conside-
ration of the whole theme reveals that
these methods are far from achieving a
comprehensive formulation. This observa-
tion motivates the re-evaluation of the
approachs in use. In fact, expressions
(1)-(3) show that the plethora of variab-
les and parameters involved, gives rise to
a cumbersome work both in the analysis and
design stages. The huge number of possible
combinations of values indicates that, in
order to overcome implementation problems,
alternative concepts are required. Stati-
stics is a mathematical strategy well
adapted to this type of problem. With this
method, we lose the “"certainty” of a
deterministic model, however, we gain a
simpler and more intuitive perspective of
the phenomena involved. In the sequel we
refer to the new approach, as the stati-
stical model (Galhano, Machado and de
Carvalho, 1990a, 1991) to stress the con-
trast with the standard method.

OQur modelling procedure comprises:

« The statistical description of a set of
input variables, that is, variables that
are free to change independently.

» The statistical description of a set of
output variables, that is, variables that



TABLE 1 - The nine categories of p and P. TABLE 2 - Parameters of the 2R robot.
1 2 3 4 5 6 7 8 9 Length Mass Inertia
or 0.1 0.10.1 1 1 1 10 10 10 Link 1 0.3 m 2.16 Kg 0.01755 Kgm?
o 0.1 1 10 0.1 1 10 0.1 1 10 Link 2 0.3 m 1.68 Kg 0.01324 Kgm?®
are functions of the previous ones. Gaussian p.d.f.'s with zero mean:
* A set of parameters which are to be

optimized in the design stage.

The above definition allows a considerable

freedom in the choice of each set. In the
proesont case, the distribution of the
relevant variables through the three

referred sets is established as follows:

« {p,p.P) act as input variables of the
kinematic system. This option enables a
definition of the required kinematic per-
formances on the operational space which
are more natural to the designer.

« {a,q.4) act as output variables of the
kinematic system, but play the role of
input variables set in the dynamic model.
Thereby, we arrive at a relationship bet-
ween kinematics and dynamics in a form
amenable to performance optimization cri-
teria as defined in the sequel.

« The required joint torques {T} act
output variables of the dynamic system.
of

as

link

. The parameter set consists
lengths, masses and inertias.
In conclusion, in the kinematics

(dynamics). {(p.p.P} ({q.3.d}) are conside-

red as independent random variables, its
probability density functions (p.d.f.'s)
being similar to the hlstograms of a long

while {q,3.4) ({T}) are the
variables.
invol-
the

run sampling,
corresponding random dependent

The statistical description of the
consider

ved wvariables, does not

(implicit) time variable. Therefore, var-
jables that are related through the time
derivative operator are considered inde-

pendent of each other.

A STATISTICAL MODEL

joint-actuated
for the
the new

Let now adopt the 2R
robot manipulator as the support
development and implementation of
modelling concepts. In the next sub-sec-
tion we begin by introducing our approach
in the kinematic case. In the second sub-
section we shall analyse the dynamic case
and in the third sub-section we investi-
gate the properties of the overall (i.e.
kinematics + dynamics) system.

us

The Kinematics

The set of kinematic input variables con-
sists of {p,Pp.B}. Therefore, it needs to
be characterized in statistical terms,
namely by defining appropriate p.d.f.'s
for each variable. As there is no a priori
knowledge about the typical behaviour we
start with some reasonable assumptions.
For the position variable z[x.y1T we
consider a bidimensional uniform p.d.f.:

fr(p)=(% (4)
0

with C=1/{n{(ra+r2)2-(r1-ra}t}}. Llater on
we will see how to modify the input p.d.f.
in order to optimize the kinematic perfor-
In what concerns the p.d.f.'s for
bidimensional

if (ri-ra)2®<x?+y?S{ritra)?
otherwise

mances .,
p and . we decided to use
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#(D)=EXPl-(x3+y*)/(20#*))/(2nmcs?) (5)
F(B)=EXP{-(X2+¥2)/(2072) }/(2n0%2) (6)

using those p.d.f.'as, we impose

such as:

Moreovor,
some useful propoertioes,

+ The random variables p, p and P are
independent of each other.

- The variables p and B are made of two
independent components. that is, x (¥X) is

independent of ¥ (¥).

“excitation” of the inverse kinematic
system produces output random variables
{q.4.4) with p.d.f.'s which are related to
the previous ones by:

The

fela) = Jefr(p) (7a)
feilg.q) = Jvfri(p,P) (7b)
feqilaq.q.48) = Jafri¥(p,p.0) (7¢)

where the jacobians Jr, Jv and Ja are:
Jr:b(P)/b(q)=rlr:Sa (8a)
Jvzdtlp.p)/d(a,4)=Jr(rirsSs) (8b)
JA=b(p.b.ﬁ)/b(Q.&.5)=Jv(rxrnS-) (80)

Each of the expressions (7) is made of two
distinct factors:

« Weighting factors - Jr, Jv and
which depend solely on the system
tic properties.

« The "excitation” p.d.f.'s, which are a
measure of the task requirements.

Ja -
kinema-

Bearing these facts in mind, several expe-
riments were performed. having:

« The total link length constant,
« Seven robot configurations with
u=r1/rs of 0.4, 0.6, 0.8, 1, 1.2,
1.6, respectively.

« Excitation of the kinematic system in
the operational space with a numerical
random semple obeying p.d.f.'s (4)-(6) for
the nine distinct categories of Table 1.

« Analysis of the histograms of the output
variables. In order to simplify matters,
only marginal p.d.f.'s were considered.

L=0.6.
ratios
1.4 and

After a large number of experiments wusing
the numerical set of robot parameters
depicted in Table 2, we concluded that the
shape of the resulting p.d.f.'s varied
significantly from variable to variable,
but all of them showed symmetry around
zero. Consequently, in order to character-
ize the resulting histograms by a scalar
index, we decided to adopt the 95%-inter-
percentile range. The numerical results
{Fig. 1) reveal, in the majority of the
charts, a minimum about u=1; yet, this
conclusion can be inferred, analytically,
from expression (7). Indeed, for symmetri-
cal histograms about zero on the x-axis,
with a peak on that point, a larger value
of the jacobian corresponds to a smaller
dispersion of the random variable. This
means average smaller amplitude require-
ments posed to that variable. Therefore,
we have an optimization criterion based on
the new statistical modelling concepts. As
the maximization of Jr, Jv and Ja requires
the same steps., we have for:



TABLE 3 - The sixteen categories of § and §.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
oé1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 10 10 10 10 10 10 10 10
0ga 0.1 0.1 0.1 0.1 10 10 10 10 0.1 0.1 0.1 0.1 10 10 10 10
01 0.1 0.1 10 10 0.1- 0.1 10 10 0.1 0.1 10 10 0.1¥ 0.1 10 10
0g2 0.1 10 0.1 10 0.1 10 0.1 10 0.1 10 0.1 10 0.1 10 0.1 10

L = ri+ra, u = rai/rs (9) (a, 4 end §) through appropriate p.d.f.'s.

that a maximum occurs when:

M =1, q = ®/2 (10)
which coincide with the results obtained
in previous studies (Tsai and Sony, 1981).

due to (2) the optimization of
opti-

Morepver,
the kinematics is equivalent to the
mization of the statics.

On the other hand, if further optimization
is desired, then the next step will be the
selection of an optimum "excitation"
p.d.f.. This second step of optimization
will define, in a statistical sense, an
optimum kinematic class for the manipula-
tor trajectories. Obviously, we can find a
multitude of different p.d.f's obeying
(10); yet, for the subsequent study a
particular choice is of minor importance.
Consequently, we decided to adopt the
following family of position p.d.f.'s in
the operational space (with K>1):

fe(x,y)=constants
${1-[(x34y3-ri2-ra?)/(2riras)]2}es-12/2(11)

corresponds to:

which, in the joint space,

fe(a1,92)=constants*|Sal* (12)
As far as p and P are concerned we can see
that the kinematic study does not point
out any special class of p.d.f.’'s. Howe-
these variasbles are negatively affec-

ver,
ted by the position deviation from the
optimum configuration qasz=n/2. Therefore,
we decided to study the system behaviour,
for two alternative situations. In the
first case, the operational requirements
are described by p.d.f.'s (12}, (5) and
(6) and, 1in the second case, we have
p.d.f. (12) associated with the "enhanced”

(qs-dependent) p.d.f.'s for p and B:

£fi(b.as)zEXP{-(x*+y*)/[20#2(qs} ]}/
/[2no#*(qs)] (13a)
o#(qa)= [ 20¢lqal/x= if 0<lqal<n/2
2¢ilqr-ml/n if w/2<lqsisx (13bh)

£5(B.as)=EXP[-(X*+¥*)/[20%2(aa2) 1}/

/[2re¥2(as)] (14a)
o¥(qa)= <%a?qul/m if 0<Clqslsn/2

20%lqa-xl/n if m/2<lqsl<n (14b)
In order to test numerically the above
conjectures, the previous results for u=l

are compared with a new case using u=1 and
K=3 in expressions (11)-(12). This experi-
ment revealed a remarkable performance
improvement as shown by the chart overla-
ped in Fig. 1, particularly for velocity-
dependent requirements.

The Dynamics

The statistical description of the dyna-
mics demands steps similar to those adop-
ted in the kinematics, namely:

« Characterisation of the input variables
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= "Stimulation" of the system behaviour
through numerical experiments.
* Analysis of the histograms of the output

variables (T).

However, a preliminary observation shows
that the dynamic study is much more com-
plex than the kinematic one. Consequently,
and in order to gain some insight for the
subsequent study we decided to consider,
in a first stage, as dynamic output var-
iables, the components of the joint tor-
ques, (i.e. Ta, Tc and T:). Based on this
preliminary analysis, then ,in a second
stage, we consider the total joint tor-
ques .

The preliminary analysis. In the first

stage we have:

(15a)
(15b)
(15¢)

Jafe(q)
Jcfeala.a)
Jifedi(a.a,.qd)

fa(q)
fela,a)
fi(aq,q,4d)

where:

1/ 9 (16a)
)/3(Ta,Te) (16b)
}/3(Ta,Tc,T1) (16c)
where the
the jaco-
according
the jaco-

Unlike the kinematic situation,
optimization was similar for all
bians, now their effects differ
to each dynamic term. Analysing
bians (16) we conclude that:

+ The maximizing of Je stipulates that q:
and qi12 should have p.d.f.'s with maxima
at 0 or . The histograms resulting from
"excitation” p.d.f.'s obeying these condi-
tions showed an interesting result. As
expected, the (symmetrical) histograms
resembled Dirac pulses, yet their peaks
were located at non-zero values. Indeed,
the plots showed sharp symmetrical peaks
located at the maxima (positive and nega-
tive) values attained by the gravitational
that the

torques. This means, thereby,
optimization procedure must adopt an
inverse strategy, that is to minimize Jo.
-« The maximizing of Jc implies that aqa

must have a p.d.f. with a maximum on 0 or
w. Numerical experiments showed, in this
case, that the resulting histograms of the
Coriolis/centripetal terms tended, as
desired, towards a Dirac on zero.

+ The enalytical expression of Ji1 is more
complex. Nevertheless, its analysis revea-
led a maximizing condition compatible with
the previous one.

we may say that Je defines
while Jc and J: define an
of operation.

In conclusion,
a "rest region"”
"active region”

Based on the preli-
study the

The complete analysis.
minary analysis now we shall
(total) dynamics. The direct application
of our optimizing method to the dynamics
would require the mathematical and numeri-
cal treatment of 3n-dimensional p.d.f.’'s.
In order to avoid this intricate analysis,
we decided to integrate the (partial)




conclusions pointed out in the first stage
(i.e. the guidelines resulting from the
separate study of Ta, Tc and T:i) in the
formulation of our present investigation.
Hence we "excited” the dynamics with four
different position p.d.f.'s (having K=3):

fe{qi1,gs3)=constant®*|Ss|* (17)
fe(qi1,qs)=constant®*1Si1Ssl*® (18)
fe(qi1,q9s)=constant®|S:iS1al* (19)
fela:,qs)=constants|Cal® (20)

which are suggested by the optimization of
the kinematics, a compromise between kine-
matics and gravitational torques, the gra-
vitational torques, and both the Corio-
lis/centripetal and inertial torques, res-

pectively. Due to the non-existence of
optimization guidelines on @ and 4, we
considered two gaussian "excitation”

p.d.f.'s (i=1,2), for the sixteen differ-
ent categories of Table 3:

fa1(a:)=EXP[-q12/(20412)}/(2m0as®) (21)
f§:(d1)=EXP[-d:12/(20%:12))/(2m0%:+2) (22)
Figure 2 shows the results for T, and Ta
when the 95% index is applied to the

corresponding histograms. Some important
properties are revealed by these charts:

« T: (Ta) depends strongly on §s: (4.).
» In a statistical sense, T has
sensitivity to q requirements.

» The suggestions pointed out by the first
stage are compatible with these last
results. In fact, for "rest" (or “"non-
active”) requirements, p.d.f. (19) is the
more appropriate, while for the "active”
(or "non-rest”) situation p.d.f. (20) is
the optimal.

low

The Total System

We discussed the kinematics and dynamics
separately, however, in the real manipula-
tor, these systems can not be taken apart.
Therefore, the statistical description of
the total system (i.e. both the kinematics
and dynamics) will have cross-coupling
effects and its influence must be evalua-
ted. To test these effects, the total
system was numerically "excited"” through
random samples eaccording to position
p.d.f.’s (17)-(20) combined with the two
alternative p and P p.d.f.'s, namely (5)-
(6) or (13)-(14). For the nine categories
of operational requirements represented in

Table 1, Fig. 3 reveals that:
« For low p and p, the 95% index gives
similar results for all p.d.f.'s, because

the gravitational torques predominate.

+ p has a much stronger influence than B.
« Kinematic effects prevail over the dyna-
mic ones, the best results coming from the
"kinematic-dependent” p.d.f.'s (17)-(18).

the statistical analysis
kinematics and dynamics
effects upon the robot
system. However, mechanical joint-actuated
manipulators are much more sensitive to P
than to p. These facts indicate that we
are dealing with "position and accelera-
tion machines” rather than "velocity
machines"”. Although obvious, this aspect
has been somewhat overlooked. Moreover, it
points out that standard robot actuators
are not well adapted to robotic applica-
tions. Alternative solutions, such as
muscle like actuators (Tatara, 1987; Cald-
well and Taylor, 1988) will allow more
efficient robot structures (Galhano,

In conclusion,
shows that the
have different

18

Machado and de Carvalho, 1990b).

CONCLUSIONS

A new method for modelling robot manipula-
tors was presented. System descriptions
based on a set of differential equations,
though leading to very precise results and
strategies, are very complex and hard to
tackle. This motivates the need of alter-
native models having distinct characteri-
stics, towards which the proposed stati-
stical scheme is a valid contribution. The
new method provides a framework giving
clear guidelines on the robot structure
optimization. Therefore, the manipulator
design procedure, both kinematic and dyna-
mic, leads to simple and intuitive conclu-
sions. The classical deterministic models
gave similar results for the simple kine-
matic case: nevertheless, they are diffi-
cult to apply in the (more complex) dyna-
mic stage. With the statistical model
both situations appear as natural and
clear extensions of a common and systema-
tic methodology. Moreover, the inherent
use of histograms allows not only fast
calculation procedures but, also, the use
of experimental data, therefore avoiding
complex dynamic modelling exercises. Fur-
thermore, it should be highlighted the
results pointing out some characteristics
of the trajectory planning block, such as
optimal rest and active regions, and
ideal-actuator properties. This observa-
tion is of utmost importance as it gives a
net basis to new mechanical robot manipu-
lator structures, with performances close
to the muscle-actuated biclogical systems.
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Fig. 2. Dynamic performances of the 2R manipulator (u=1) excited with the p.d.f.'s:
1st column: fe(q:,qs)=constant®{Sal® drd column: fe(q:,q2)=constant®|S1S1al*
2nd column: fel{qi.qga)z=constant®(S:Sal? Ith column: felags,qa)=constants|Csl?
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Fig. 3. Kinematic/dynamic performances of the 2R manipulator (u=1) excited with the
p.d.f.'s:
1st column: fe(qi.qa)=constant®|Sal? 3rd column: fe{qi,qa)=constants|S:Si1al?
2nd column: fel(qi1,qa)=constant¥|Si1Sal? Ith column: fe{g:1,932)=constant®*|Cal|?
The back columns correspond to p.d.f.’'s (5, 6) and the front white columns
correspond to the "enhanced” p.d.f.’'s (13, 14).
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