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Abstract-A new robot manipulator computational
scheme which is a blend of ordinary and
Boolean algebra is presented. This method may
also be interpreted as a dedicated compiler
that optimizes the on-line computing time at
expenses of the off-line stage. The off-line
requirements are alleviated, by the implemen-
tation of some general rules that stem from
the structure of the robot manipulator equa-
tions, and the on-line computing time is
optimized through the use of Binary Decision
Diagrams. The results show a considerable
computational improvement on conventional
sequential machines but, furthermore, they
clearly point out new computational parallel
architectures. Finally, it is observed that
the proposed algorithm is not restricted to
robot dynamic computations, but is also appli-
cable to many other computing structures.

I. Introduction

The robot manipulator inverse dynamics pro-
blem, has been an active field of research for
the last two decades. Solutions for speeding
up the on-line calculation of the required
joint torques have first focused on numerical
recursive methods and later on the wuse of
symbolic computation techniques. Numerical
recursive algorithms, based on the Lagrangian
and on the Newton-Euler methods were presented
in [1,2] and [38] respectively. A mixed algori-
thm using both numerical and symbolic computa-

tions was proposed by Horak (4], and the
automatic generation of the dynamic symbolic
formulae, using LISP-based computer algebra
systems, was presented in [5,6]. In addition

to a considerable improvement in computational
efficiency and performance, symbolic solutions
have been shown to allow a better insight into
manipulator dynamics, providing strategies for
the design of the robot itself ([7]. More
recently Neuman and Murray [8-10] developed
the <concept of customized computing. Yet,
these methods share some fundamental limita-
tions in so far as:

-Both involve conversion to some form of low
level code, by means of a general purpose high
level language compiler;

~They require floating point arithmetic with

precision (and word length) much larger than
the one associated with the typical accuracy
of manipulator hardware (sensors, A/D, D/A,
etc);

~-They require a large number of floating
point operations and transcendental function
evaluations.

These considerations suggest that if compu-

tations could be performed with similar preci-
sion to the manipulator hardware, then calcu-
lation time would decrease. Therefore, the use
of a lower accuracy computation without finite
precision problems implies that the arithmetic
operations, as well as the transcendental
functions, can not be executed in the ordinary
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way; moreover, an alternative method must be
simple enough for any microprocessor to per-
form, that is it should be well adapted to the
microprocessor’'s machine code instruction set.
Then we are led to the conclusion that there
is the need for a "“"special" algebra that
provides a better management of the existing
hardware/software resources. That is to say,
we need a new (dedicated) compiler that gene-
rates a more efficient object <code in the
manipulator hardware/software environment .

Clearly, Boolean algebra satisfies all the
above requirements; nevertheless, we have to
find a way of translating the ordinary arith-
metic and transcendental formulae to Boolean
algebra. The robot manipulator dynamic algori-
thms correspond to multivariable functions,
and, as such, can be numerically tabulated. If
both input and output variables are quantified
and converted to a suitable binary code, then
the resulting table may be interpreted, alter-
natively, as a truth table where one can use
standard Boolean function simplifying techni-
ques, having as input variables the bits of
the quantified binary coded position, velocity
and acceleration vectors, and output Boolean
functions the bits of the quantified binary

coded required actuator torques (Fig. 1).
Unfortunately, a further examination reveals
that this ideal situation is not feasible due

to the dimension of the corresponding Boolean
table. Nevertheless, this philosophy points to
a strategy for a feasible procedure that, with
modifications, <can achieve a remarkable redu-
ction of the on-line computing time. This
method is developed in the following sections.

IT. Algorithm description

It was found that the full Boolean-based
computation is impractical, therefore we have
to carry out a- compromise between feasibility
and on-line computational optimization. Such
compromise may be obtained through the use of
a hybrid computation, having both ordinary
arithmetic sums and Boolean algebra [11-13].

The dynamic equations for a n d.o.f. manipu-
lator are of the form [2,14]

T=J(q)4+C{a,q)+Gl(q) (1)

where J(q) is the n x n inertial matrix
C(q,4) is the n dimensional vector of
Coriolis and centripetal torques
G(q) is the n dimensional vector of
gravitational torques

q is the n dimensional vector of link
positions

q is the n dimensional vector of link
velocities

q is the n dimensional vector of 1link

accelerations
A natural way of achieving our objective to
consider each link torque terms separately.
Then each term can be calculated by Boolean
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and the final result, that is each
by an ordinary (binary) ari-

algebra,
actuator torque,

thmetic sum of the aforementioned terms. Now,
for each joint torque there are several truth
tables, requiring up to a maximum of

nt+l i.w.v. for the inertial terms

n+2 i.+#.v. for the Coriolis terms

n+tl i.w.v. for the centripetal terms

n i,w.v. for the gravitational terms
where input word variable (i.w.v.) means the
appropriate binary-coded representation of

input variable. The resulting Boolean
strongly alleviated, as we
have to deal with much smaller truth tables,
in contrast with the requirement of 3n input
word variables for the fully Booclean-based
computation.

We must note that the coexistence of two
different algebras imposes some restrictions,
nemely due to the fact that arithmetic summa-
tion degrades the overall precision. This must
be compensated for by the addition of m extra
bits given by the expression

each
computation becomes

mzint{lagal{ptl)], p=total number of terms (2)
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Scheme for the conversion of the robot inverse dynamics,
expressed in ordinary arithmetic,

up to Boolean algebra.

in each term, in order to achieve the desired

accuracy. Nevertheless, this problem is of
minor influence since m increases much more
slowly than p. Consequently, for a desired
output resolution of r bits, each term must
have W bits, where
W=r+m (3)
Concluding, we nay say that the
“compilation” {(i.e. truth table simplifica-

computing time and
considerably alle-
huge Boolean table

tion) requirements, both in
computer memory space, are
viated, as we pass from one
with 3n input word variables, to several truth
tables, each with a much smaller number of
input word variables, and this without signi-
ficant modification on the on-line computing
time.

II1. Implementation Example

In this
implemented

algorithm is
manipulator

section the hybrid
on a 2R (n=2) robot
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Fig. 2. 2R robot manipulator
{(Fig. 2). The corresponding dynamic equations

are of the form

(mi+mz)ri2+mz2rz? marz?+mariraC:

+2marairaCa+J:,

J(a)= (4a)
mzrz®+mzriraCs marz2+Ja
~mz2rirsS:qz2-2m2ri1rzS241Qs
Cla.q)= . (4b)
mazrirzSz2q912
g(mi+mz)riCi4gmaraCaz

Gla)= (4c)

mz2grz2Ci12

Ciz=cos(qi+q:), Ca=cosl(qz)
Similarly to other studies

with Ci=cosf{q:),
and Sz=sin(q:).

[12-14], the manipulator parameters were set
to
m1=0.5 Kg, m2=6.25 Kg (5a)
ri=l m, r2=0.8 m (5b)
J1=5 Kegm, Jz2=5 Kegm (5¢)
and we assume that the amplitude of each 1link
variable obeys (ic=1,2)
-x rad £ q+ £ ® rad ({6a)
-1 rad/s £ 4: € 1 .rad/s (6b)
-1 rad/s? £ §: £ 1 rad/s* (6c)
For these ranges and for the payload refer-
red in (5) it comes
-151.5 Nm £ T: £ 152.5 Nm (7a)
-69.1 Nm £ T2 £ 69.1 Nm (7b)

Considering the torque computation as a sub-
system of a larger control architecture, then
we may have higher torques, and therefore we
assume

-200 Nm
-100 Nm

IA A

Ti £ 200 Nm
Tz £ 100 Nm

Summing up, we have equations ‘B une o o3
the quantization ranges for the 1nput and
output word variables, respectively. Now, for
the the robot dynamics (4), we may find the
appropriate binary coded numerical tables, and
from that the corresponding Boolean formulae.
Both stages can be further optimized: the
table requirements are alleviated through the
implementation of some rules presented in
{13}, and the Boolean code on-line calcula-
tion, speeded-up using Binary Decision Dia-
grams {(BDD's) [18,19].

With the BDD method, Boolean functions are
computed using IF_THEN_ELSE structures, which
for v {(single bit) input variables need only 4
maximum of v evaluations, resulting in a much
more efficient code for complex Boolean formu-
lae.

Figure 38 depicts a hi-lo chart comparing the
histograms of the required computing time
using, either the conventional arithmetic
method or the proposed algorithm. By a and b
we represent the terms -mzrirzSzq:z2 and
g{mi+mz2)r:C: of Ta, and by ¢ and d the terms
{mzr22+Jz)49z and mzriraSz91% of Tz, respecti-
vely. The codes were written in Turbo Pascal
V4.0, and running on a 8086, 8 MHz machine,
under MSDOS V3.2. The simple term ¢ imposes a
similar load to both methods, nevertheless the
more complex terms a, b and d show a remarka-
ble improvement when using the new algorithm.
This means that for complex terms like those
appearing in manipulators with more d.o.f.,
the speed-up factor resulting on the use of
the proposed method will be even higher.

The “compilation" of terms depending on
several input variables may be alleviated if
we use a cascading procedure. In fact, tacking
for our guideline example the centripetal
torque -2marir:S2q919: appearing on the first
link, we have two options. In the first case
we use one truth table; therefore, for a
required output precision of W bits we need 3W
input bits (Fig. 4a). Alternatively, we may
cascade two blocks as depicted in Fig. 4b. The
corresponding truth tables only require 2W
input bits and, consequently, will impose much
lower compiling requirements. Moreover, the
on-line computing time will be of the same
order of magnitude, as now we have two compu-
ting stages, but each one much simpler then
the initial case.

On the other hand, the table generation may
be obtained from experimental data instead of
being model based. This is of utmost impor-
tance, since situations appear where mathema-
tical models are inaccurate or difficult to
derive. Therefore, our algorithm is well sui-
ted for the computation of a large set of
physical phenomenae, the only restriction
being the size of the binary tables, which as
shown, depend solely on the required precision
and the number of input variables.

IV. On Parallel Computing Structures

It was shown that the proposed algorithm
offers considerable improvement over purely
arithmetic alternatives, even in a monoproces-
sor sequential machine. In this section we
show that the algorithm also leads naturally
to simple parallel architectures allowing
unlimited speed-up of the on-line computa-
tions, without accuracy degradation.

The operations involved in the on-line com-
putations required by our algorithm allow a
simple distribution of the computat!
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Fig. 3. Arithmetic vs. BDD computing time for the terms a,
The hi-lo bars are centred on the average calculation time.
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In fact, this can
the complex schedu-

amongst several processors.
be achieved without any of
ling problems, associated with arithmetic ma-
nipulator inverse dynamics parallel computing
structures [20-23]}. Moreover, the improvement
of the on-line computing time is proportional
to the number of processors, and it 1is not
subjected to any theoretical limit. The impor-
tance of this fact must be emphasized since
the other manipulator inverse dynamics paral-
lel computing structures, only achieve a limi-
ted improvement, as the resulting speed-up is
not proportional to the number of processors,
but is restricted to a maximum of n (a
condition that is achieved only if some errors
are allowed [241]).

Finally, it should be noted that the BDD
formulae are bit oriented instead of word
oriented. Consequently, general purpose
microprocessors with one, two or four byte
data buses, and large instructions sets
(unused in this algorithm), that require seve-
ral clock cycles, are of little use in impro-

ving the overall computing performance. Much
more promising seems to be the use of single
bit, reduced instruction set and special pur-
pose microprocessors.

Also, one should observe that the new method
is not restricted to the present case study,
but is also applicable to many other system
descriptions.

V. Conclusions
In this paper a new hybrid computational

algorithm was developed and illustrated with a
2R robot manipulator.

The proposed method is very efficient
because it takes full advantage of both hard-
ware and software capabilities of the robot
manipulator system. Another important conse-
quence of this method is the natural appea-
rance of simple, yet powerful, parallel compu-
ting structures. Finally, it is observed that
the dedicated compiler philosophy is not
restricted to robot manipulator computations,
but can be successfully generalized to many
other computing structures, as long as we can
redefine the management of the corresponding
"environmental resources”. This may lead to

optimization procedures, having implications
on either sequential or parallel computing
system structures.
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