Arc exchange systems and renormalization
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We exhibit the construction of stable arc exchange systems from the stable
laminations of hyperbolic diffeomorphisms. We prove a one-to-one
correspondence between (i) Lipshitz conjugacy classes of C *P" stable arc
exchange systems that are C*P"fixed points of renormalization and (ii) Lipshitz
conjugacy classes of C P diffeomorphisms fwith hyperbolic basic sets L that
admit an invariant measure absolutely continuous with respect to the
Hausdorff measure on L. Let HD*(L) and HD “(L) be, respectively, the Hausdorff
dimension of the stable and unstable leaves intersected with the
hyperbolicbasicsetL.IfHDY(L) %1, thentheLipschitzconjugacyis,infact,a C*P"
conjugacyin (i)and (ii). We prove thatifthe stable arcexchange systemisa C*P
HD*ba fixed point of renormalization with bounded geometry, then the stable
arc exchange system is smooth conjugate to an affine stable arc exchange
system.
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1. Introduction

The works of Masur [17], Penner [22], Thurston [39,40] and Veech [38] show a strong
link between affine interval exchange maps and Anosov and pseudo-Anosov maps.
Pinto et al. [33] developed a smooth version of the above link proving that every ¢ *P"
diffeomorphism fon a surface, with acodimension 1 hyperbolic attractor, inducesa C
P interval exchange system Fraccordingly with Williams' approach [39]. Here, we
extend the result in Ref. [33] to diffeomorphisms f on a surface with a hyperbolic
basic set that includes codimension 1 hyperbolic attractors, and also Smale
horseshoes Anosov diffeomorphisms (see also Pinto et al. [34]). The extension
presented in this paper forces us to consider arc exchange systems with a junction
sets of maps. E. Ghys and D. Sullivan (see Cawley [4]) observed that Anosov
diffeomorphisms on the torus determine circle diffeomorphisms that have an
associated renormalization operator. In the same direction, we prove that every C
PH diffeomorphism f on a surface, with a hyperbolic basic set, determines a
renormalization operator acting on the topological conjugacy class Fs]co of Fg
Then, we go one step further proving that

evgry Lipschitz conjugacy class of € *P" interval exchange systems F [ Ff]co that are
C fixed points of renormalization ‘/zRfF]Cle Ya hF)ca A etermines a unique Lipschitz
conjugacy class of C **" diffeomorphisms g, topologically conjugate to f, with an
invariant measure absolutely continuous with respect to the Hausdorff measure
on their invariant sets. Furthermore, there is a Teichmuller space of measure
solenoid functions (asintroduced in Ref. [28]) which characterizes the set of all
Lipschitz conjugacy classes of C**" arc

exchange systems F [ }Fflco that are Cc*P" fixed points of renormalization
hRf Flciwn % %F]lcien. Denjoy [5] has shown the existence of upper bounds for
the smoothness of Denjoy maps (see related results of Harrison [12] and Norton
[21]). If Lis a codimension 1 hyperbolic attractor, then, as proved in Ref. [33], there is
noC*PHPI P ac arc exchange system, with bounded geometry, that is a C'P
HDiLPba fixed point of renormalization with regularity a greater than zero. Poincare
proved that every C *P? circle diffeomorphism is € ° conjugate to a rigid rotation.



Arnol'd [1], Herman [13] and Yoccoz [40] proved that every smooth enough circle
diffeomorphism with Diophantine rotation number is smooth conjugate to a rigid
rotation. In the same spirit, we prove that if the i-arc exchange system is a C1PHD'ba
fixed point of renormalization with bounded geometry, then the i-arc exchange

system is smooth conjugate to an affine j-arc exchange system, where HD' is the
Hausdorff dimension of its minimal set.

1.1 Hyperbolic diffeomorphisms

Throughout this paper, (f, L, M) is a C *P* diffeomorphism f with a hyperbolic basic
set L and with a Markov partition M on L satisfying the disjointness property as
we pass to describe. We say that (f,L) is a C'P hyperbolic diffeomorphism if it has
the following properties:

() f:M 1 MisaC**diffeomorphism of acompactsurface Mwithrespecttoa C**”

structureCron M, forsomea - 0.
(11) Lis a hyperbolic invariant subset of M such that fjL is topologically transitive and L
has a local product structure.

We allow both the case where L % M and the case where L is a proper subset of
M. If L % M then fis Anosov and M is a torus (see Franks [10,11], Manning [16] and
Newhouse [19]). Examples where L is a proper subset of M include the Smale
horseshoes and the codimension one attractors such as the Plykin and derived-
Anosov attractors.

Let i [ {s, u} and let  denote the element of {s, u} that is not i. Let HD'(L) be
the Hausdorff dimension of the j-leaves intersected with the basic set (see
Appendix A.1). Furthermore, (f, L) has a Markov partition M on L with the
following disjointness property: If HD'(L) . 1, then the #-leaf boundaries of any two
Markov rectangles do not intersect except, possibly, at their endpoints (see also
Appendix A.3 and Bonatti and Langevin [2]).

2. Arc exchange systems

Atrain track TV e" i li= - isthedisjointunionofnon-trivialsets/;, topologicallynon-
trivial closed intervals, with a given endpoints equivalence relation. Le;c7 I be a finite
e
Ya

disjoint union of non-trivial compactintervals. An endpoints equivalence relation
consists

in fixing pairwise disjoint equivalence classes Ej, ... , E; such that j%ilEj is equal to the
set of all endpoints of the intervals /1, ..., I,, and any two endpoints x and y are
equivalent if, and only if, they belong to a same set E;. We allow the case
where some, or all, equivalence classes are singletons. If all the equivalence
classes are singletons, then the
endpoints equivalence relation is trivial.

The closed (respectively, open) intervals contained in eﬁ%l/j are called closed

(respectively, open) arcs of the train track T. If T has junctions, then one fix a set of
junction arcs K, ...,Km , T that are images of intervals Ji,...,Jm . R by
homeomorphismsk;:J; ! Kiwiththepropertythatki(intJ;)intersectsonlyone
junction.



From now on, a train track T has always associated to a fixed set of junction arcs
allowed. If lis closed (respectively, open), we say that k(/) is a closed (respectively,
open)arcinT. AchartinTis the inverse of a parametrization. A topological atlas B
onthetraintrack T is a given set of charts {(j, J)} on the train track covering locally
every arc. AClb", with a - 0, atlas B on the train track Tis a topological atlas such
that the overlap maps are € *** and have uniformly € ** bounded norm. A ¢ *P"
atlas Bis a C*P? atlas, forsome a - 0.

Definition 2.1. The quadruple F; ) r; Tr; Beb is a C*P" arc exchange system if the
following properties are satisfied:

(1) Tris a train track with a set {Lr.1; ...; Lr,m} Oof junction arcs, and Bris a ctbe

train track atlas, for some a - 0.

(11) Fis a set of homeomorphisms fi:Ir; ¥ Jri such that fijintdlg» is a ctbe
diffeomorphism, and Ir,; and Jr; are non-trivial closed arcs.

(i) Jrisasetof C** diffeomorphismse; Y er.j: Lr.j 1 Kr.j, forj %1, ..., m, withthe
following properties: (a) L, is a junction arc, (b) there are closed arcs I* i and l’}; i
such that IL]L,,;J- < I,'_f;j %RLF;J‘ and IRf rj> If-,.j is ajunctiorz and (cL) there are Lmaps
ij;,l; e i Sy AN fiis o e in Fsuchthatejile Y f,, o o+ +f and

e/jIRF;J' V“-’ﬁ"ndﬂﬁb RS

For simplicity, (a) we assume that if fi: Ir; VJgiis in F, then there is f;:
Ir; 1 Jgjin Fsuch that Ir; % Jri, Jrj % Ik and f; %f21r and (b) for every x [ Tr,
there exist at most two distinct intervals /r;and Igjcontaining x. For simplicity
of notation, wewilldenote by Fthe Cleexchange system (F,Jg, Tr,Bg). We will call
Jrthejunctionexchange setofthe C**"arcexchange systemF.

We say that a finite sequencei{f [F}r';1 or an infinite sequencei{f [ F}n<51 is

admissible with respect to x, if fi, ++- - +£;,0xP [ Ir;i,,, and fi, - f; 2oralln - 1.We

definetheinvariantset V-of Fasbeingtheset of all pointsxnflTFfor whichthere

are . . . . . . . .
Hvodlstlnctlnflmteadm|55|blesequences{ft L and{fZ [ F} with respect to
in n$1 in n$1
x.Theforward orbit Of(x) ofapointx [ Vristheset {fFlgxb :nS1},andthebackward
orbit O%(x) of x is the set {ff;néxb :nS 1}. We will assume that the invariant set Vris
minimal, i.e. for every x [ Vi, the closure OF8xp is equal to the invariant set V¢ and
that the clasuve i€alBo equal to the invariant set V. Furthermore, we will assume
that the endpoints of the intervals /;b  belong to the invariant set V  ané
VF . <", lri. We denote the Hausdorff dimension of Vi by HD(Vg). If
0 , HD(Vf) , 1, we call Fa C*P" arc exchange system. If HD(V¢) % 1, we call F
a C ** interval exchange system.

We say that an arc exchange system Fis determined by a map f: Ir 1 Jrif all
the maps fi : Ir.i ¥ Jr,i contained in Fare the restriction of the map _forits inverse
' to Iri. In this case, we call fan arc exchange map. We note that not all arc
exchangesystems are determined by arc exchange maps.

Let FY% {fi:lri VJri; i% 1;...;nYand CY%{ci:lc;i VJci; i%1; ...;n}be C*P®
arc exchange systems with junction setsJr%{er;: Lrj VKF,j;j%1; ...;m}andlJc
Ya{ecj:Lc,j V Ke;j; j% 1; ...; m}, respectively. We say that Fand C are c®
conjugate,ifthereisahomeomorphismh: Ve 1 Vcwiththefollowingproperties:

(1) h has a homeomorphic extension j:Tr I T¢c such that Ic;% jilg.b,
Jci Va jAEb, Lci Y jOLEib and Kc,i Y4 jOKEb.
(11) For every 1 # i # n, h+fioxb % ci+hixb, where x [ Vr>Ifgi.



(111) For every 1 # j# m, h+er;jixb % ec;j+ hixp, where x [ Vr > Lf,;.By minimality of
Vg, h is uniquely determined and the arcs jilr, #, jiJr b, jOLr, b and jiKr, b do not
depend upon the extension j of h. We say that Fand Care Lipschitz conjugate, if there
is a Lipschitz homeomorphic extension j : Tr ! T¢ of h satisfying property (i)
above. We say that F and C are C *P? conjugate, for some a - 0, if there is a C *P°
homeomorphic extension j : Tr 1 Tc¢ of h satisfying property (i) above. We say that
F and C are C *P" conjugate, if F and C are C *P? conjugate, for some a - 0. We

denote by #F]c1 . the set of all C *P? arc exchange systems that are € *P? conjugate to
F, and we denote by F]c1 « P
the <a_0hF]c 1ba.

set

2.1 Induced arc exchange systems

Let g [ F. Suppose that M and N are Markov rectangles of g, and x [ Mandy [ N.
We say that x and y are stable holonomically related if (i) there is an unstable leaf
segment “(x, y) such that >"“dx; yb % {x; y}, and (ii) “dx; yp . “dx; Mb < “dy; Nb. Let P %
p
be the set of all pairs (M, N) such that there are pointsx [ Mandy [ N sta'\l?)le
holonomically related.
For every Markov rectangle M [ M, choose a spanning leaf segment ‘i, in M. Let
L% {m: ML M}. For every pair (M, N) [ P, there areJ’naximaICIeaf segments
aMiNb = ‘M ‘spwp - ‘N SUChthattheholonomy hsw;ne *“suvp ¥ ‘s, wp IS Well-defined
(see Appendices A.3 and A.5). We call such holonomies hsn; nb @ ‘snr.vp ¥ ‘s, wo the
(stable) primitive holonomies associated to the Markov partition M.

Definition 2.2. The complete set H® qu stable holonomies consists of all primitive

holonomies hy, vy and their inverses h , forevery 8M; Nb [ P*: The complete set HY
OM; Np

is defined similarly to H"*:

Letf: T 1 Tbethe Anosov automorphism defined by f dx; yb % dx b y; yP, where

T % R?n62Zv £ Zwb. \ﬁe elehibituthe complete set of holonomies Hf, m %

{haa; ap; haa;ap; hog;ap; hsa. aps N, s Nap. ap} @Ssociated to the Markov partition M % {A, B}
of f. We consider a derived-Anosov diffeomorphism g: T 1 T semi-conjugated, by a
map

p: T 1 T, to the Anosov automorphism f. The derived-Anosov diffeomorphism g
admits aMarkov partition Mg % {A1, A,, B1} with the property that A % p 6A1P < p
0A2P and B % p (B1). The complete sets of holonomies Hg;m, and Hf; m are
related by the D b

following equaljties: haa;gp +pjp0°s,,. .nP % P+ haay; 8.0, hgaar +pip8 5, 4,6 P % Pt hoay; amp,

hes;ap+pjpd°5,. 4,6 P Y% p+hss,;a,p aNd hes;ap+PiPO 55, . 4,0 P % P+hss,; 4,0 (seeFigurel).

Lemma 1. The triple of; L; Mb induces a train track T' ¢ with a set of junction arcs.
Furthermore, the atlas A'Sf; rb induces a C*P° atlas B'of; rb on T'. f

Proof. For every i-leaf segment A LU, let l)\,,i be the, smallest full i-leaf segment
containin , (see definition in Appendix Section). If HD(L ) % 1, then *, % ’\M. By the
1

1pH

g .
S}\able Manifold theorem, there are C """ diffeomorphisms ji.m 1/ . We choose

M M

n !J'\;w with the extra property that their images are

Epe c " diffeomorphisms jiu :

, M
pairwise disjoint, i.e. |, > J’(N% Yforall M,N [ M such that M—N. Let

_]N

n
1}::\_1 = l_! E’.‘:‘f . ﬂnd L‘.\-‘l = @It.'l-'i ﬂﬂ:’. (] }
i— i o o J
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Figure 12.1 The complete set of holonomies Hey % {h 4 53 hin i Mg a e Mg, ag @le;s]b;
h2 2 .ap} for the derived-Anosov diffeomorphism g: T I T semi-conjugated, by a
1

§
mapp:T 1 T,tothe Anosovautomorphismf:T I Tdefined byfdx;yb % dx p y; yp.The completeset
of holonomiesforthe Anosovautomorphismf:T! Tassociated tothe Markov partition M % {A,

B
ihsigiven by Hr, " %i{h }. The complete set of holonomies Hg;u is

sh _sh
A BABY T BB;AD
related to Hywm as follows: haA;5p+pjp5M

r},21
D GA;BB
heg,ap +pjpd’ P P % p+hss ;4 b and hgs;ap +PJP8]’;31DD
’ . B1;A1P LA 5 o
i i ;

h2L
%Pt hoa :8p, hoaan+pjpd” g’AZ,AlpP%PJrhaA ;;\if
bPYp+hss.ap. ’
1,A2P 12
0

. N\ .
Letji: L 1/, be the map defined by jii* %ji,m, forevery M [ M. Let 8xb bethe

M M
spanning -leaf segment of the Markov rectangle M [ M passing through x. Let

n
M, .L'{Mr'_“"fu (2)
b






bethe projection defined by pi(x;) % y;, wherey; [+ 8xp>L" ,foreveryx [ M. If
M M i i

HD(L) , 1, thenthe endpoints equivalence relationis trivial. If HD(L') % 1, then the
endpaints equivalence relation is non-trivial, as we pass to describe. The
1 1

endpoints A ) ) ) ; .
XNy andxNLYy, afr/g in the same endpoints equivalence class, dxp>" 0dxbis
i

i i . R L M M;
non-empty. The endpoints equivalence class in is the minimal equivalence class
L

e R /I N .
satisfying the above property. Let the i-train track T % = -~ be the set LM with the
AN

L
endpoints equivalence class as defined above.

If HD(L") , 1, the charts ki, for every M [ M, form a C*P? atlas B'(f, r) for the
traintrack'l}i. ) }

If HD(L') % 1, for every pair (M,N) [ ‘P’ﬂ, we define 1 IaM;Np %’;/,Z <
junction arc. We fix an i-leaf segment L, that is the,union of two spanning  i-leaf
ilegments aind L' . For every i-leaf segn%."ﬁt et be the smallest full i-leaf

A, -Tasa

M N M SM;Nb ,_
H% 1 i i -
segment containing [ and a chart e ¥ Jsmw in the atlas A (f, r). By Ref.
o Jawe i i 1pa
[25], the holonomies hy @ 1° > M and hy: “ 1 > N have C
i M oMM, ‘ N M;Nb

extension h’"M;’,‘VI !L‘a/v/,-/vp andl_ hNN:I,\V 10 oy onto their imaiges. We define the

s

junction stable chart Jomiwe : L gyne Yanine in B(5r) by jiwi'y, % Jewne [Hm and

de;NDjI\N % swwe | An . By construction, the charts y;, for every M [ M, and (u,n), for
k k

every (M,N) [ P’, form a C*P? atlas B'(f, r) for T A

Let Asns; Bsvve L M be the Markov rectangles such that there is a i-leaf
1 # segment
smnp that (i) passes through x, (ii) has endpoints a % asmne [ int Aspy;ve and
’ I I I
b%bswine LintBawm;ne, and (iii) Ly ypn 0 c’ja;/}aM;pr<’ db; Bsm;npbP iscontainedin the
f-boundaries of Markov rectangles, where " §a; su:np P is the spanning leaf of passing
A ) Amn
througha, and " db; By P is the spanning leaf of passingthroughb.Let‘amy bean
B,
i-spanning leaf of Ajv,n) passing through a, and let ‘(s m,n) be ani-spanning leaf of Byu,n)
passingthrough b. Fori [ {A, B}, fixKsi:m;np » ‘si;m:np @nd Lsinine » Lam;ne Suchthatthe
basi&holonomyhai;M;Np ‘Ksi:m;np>L !La,-;M,.NpisweII-defined.Letl(\a;;M;Np,L’Bi;M;Np, sm:nE
and bethe smallest full i-leaf h oo Lsinne | Gy ANA”
aw,ne bethesmallestfulli-leafsegmentsthat 8izM; Nb LM ND G b o, NP
containkK
respectively. Thesetofallbasicholonomieshsi.n:ne : Ksiminb ! Lsinne, withi [{A; BYand
dM; Nb P’ﬂ, form the i-primitive junction set (see Figure 2).

Lemma 2. The triple (f, L, M) induces a C**" i-arc exchange system
(3 AT 13
{q'}lf___u' w Py Yiles B:::{fﬂ”

with the following
properties:

dM;Np

() Theset F% F . consists of all C**° diffeomorphismsj"6M;Np D 1t



3M;Nb”
with i [ {A, BYand (M, N) [ P'such that f VN Bunp % hom;np-
(11) ThejunctionsetlJrconsists ofa// C IDC’d/ffeomorph/smse sinine < Kaivne ¥ L siminbs
with i [ {A, B} and (M, N) [ P', such that ei simniK simne % hsimne, for every
[ {A B} and (M,N) [ P’

1pa

Proof. Since the holonomies are C*P? diffeomorphisms with respect to A'(f, r), (a)

there

are Clb“dlffeomorphlc extensmnsaﬁl' Mo 1 " of the holonomlesp

svove Y smawe With respect to the atlas B df v, for (M N) [ P, and (b) there are C
diffeomorphic extensions esi;m;np : I(\a,MNp ! simne oOf the holonomies Hsinnp -
Kaimne ¥ Laim:ne With respect to the atlas B 6f r, for (M,N) [ andi[{A,B}. A

PI

a
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Figure 2. The construction of the elements of the junction set.

3. Renormalization of arc exchange systems

let F%{fi: (5 VS5:i%1;...;n} and C%{ci: g ¥ c:i%1;...;m} beC*™ arc
exchange systems. We say that Cis a renormalization of F if there is a
renormalization sequence set S % SOF; Cb % {s%; .. . ; s™} with the following
properties: - -

(1) Foreveryi [{1;...;n}, we have that

=8y oo dollvi -

1 i s1i°

where s' %s, . ---s' [S.In particular, Ve, Vrand Ic



(i) Foreveryx [ VenVc, there are exactly two distinct sequences s s’ [ Swith
the property that there are points y; [ Ic;i, ¥j [ Ic;j such that
XV fs [---+fs0yP  andx¥%fy -4 fy OyP;
1

kdx;ib 1 kox;jp
forsome 0 , kdx;ib . kds'p and 0 . kdx; jb . k&s/p.

Forevery F [ F]co, let jg : Tr ¥ Tr be an extension of the topological conjugacy
h between the C*P" arc exchange systems F and F. Since h is unique, by minimality
of Vr, for every s’ [ S, jilcband jdJcb are the smallest closed arcs containing hdlc b
and

i 1bH i
hdJ.,p, respectively, and, so, are unlquely determined. Define arc exchange
the C
system Cby

W= {"—Br =g, ood,: E(Ty) E(Jy), foreverys € .5'(4).‘-1")}. 7
kg 1
For every erj: Lg 1 Kg, let IC, ey €15 -5 Cpngjzp @NA Cjyq; -+ -5 Cjpgjyy DE @S N
property (ii) of definition of C*P? arc exchange system, in Section 2. We define the
Junctlon set ) ¢ Ya{ec 1, ...,ecm}yof C as follows Il ! K ; is given by
ecyifofilt bb‘/ c e mand e_JU(ij‘Bl— bb1/ CJQ I . By construc-

—JiingjiLp — i Jringjrp 1 i1
tion, C is topologlcally conjugate to C and does not depend on the extension j of
h 1pH
considered in the sets jdl¢,b; ... ;jdl.b. Furthermore, Cis a arc exchange system
C
that is a renormalization of F_with respect to the renormalization sequence
set

SOF ; Cb % SOF; Cb. Hence, the renormalization operator R is well-defined by RF % C

Definition 3.1. Let R : iFlco ¥ #Clco be a renormalization operator. We say that a C*P°

arc exchange system G [ #Flco is a C tPa fixed point of the renormalization
operator R, /fR(zY ni'b conjugated to G, i.e. }RG]c1 « A hGler o We say that a C*P"
arc exchange system G [ #F]co is a C*P* fixed point of the renormallzatlon operator R, if

Gis C*** fixed point of the renormalization operator R, forsomea - 0.

3.1 Renormalization of induced arc exchange systems

We present an explicit construction of a renormalization operator R % Rem acting on
the

topological conjugacy class of the C™"" arcexchange system [ induced by ( f, L, M).
Letthe Markov partition N % f«M be the pushforword of the Markov partition M,
i.e.forevery M [ M, N % foMpb [ N.

1bH

Lemma 3. Let Ff; py and Fin be the C**" arc exchange systems induced (as in Lemma 2),
respectively, by (f, L, M) and (f, L, N).

(a) There is a well-defined renormalization operator

R = Rem 2 [Praaleo — [Py prleo.

(b) LetC¥ RF.Foreveryer;:Ls 1 Kr,andec;:Lg ¥ K, Ietlf, /f,l andl b]ei
as m p erty (ii)) of the Definitio 21 If er; j/ and
brogerty Uy « efinitiop il o T fp

erjlf thenec; jI* Yc" +- ,Jl VR



fi Jsin i ¢ Jsin i ¢ Jsin Jsin



Proof. For simplicity of notation, let us denote ku by k (see (1)). We choose a map

a:{l,....n}—={L,....n) (3)

with the property that N; > Mssip — Y, where N; [ N and Mssip [ M. Foreach N; [ N,
let ‘y; be the stable spanning leaf segment ‘v, >pdNip, and let . be the corresponding
full stable spanning leaf (i.e. ’)vi > L% ‘v ), where p: <in%1Mi 1/ is the natural
projection as defined in (1). Set

1:_\,' = Uf_lf;\-__ and [:_\,' = U?—['@':\'_.-
with atlas B(f, r) as constructed in Lemma 1. Let

The set
eset  determines the train track

Tn
D c
Hn % {hon;np = “snnp ¥ 'angnpiONi; Nip [Py} be the (stable) primitive holonomic system
associated to the Markov partition N. By construction, for every dN;; Njp [ Py
there is a sequence hg,; .. .; hg, of holonomies in Hu such that
Let

~D
hiving) = ha 20 g |E,\-_.'

-1 ~D
ﬂl[‘m_..,\-'.l e N —£ (NN b

be given by csn;np % fa,t -+ fa,, Where fo, [ Ff;w and fa,j'aNl_;N/_p% ha,j 5w p-Set

D - .
V= {ﬁiﬁ:\-;.:\-,.l Loy Ly (Vi N)) € P.V}- 1bH 4rc

Let Fs.,n be asconstructed in Lemma 2. Hence, C% .\, and, so, Cisa C
exchange system. Since the set SO0Ff;w; Fs;nP of all sequences ai--- a, such that
CoNi;N;b 7 fa,t++ +fa,, for some ON;; Njp [ Py, form a renormalizable sequence set,
the € ' arc exchange system Fs is a renormalization of rm. Therefore, by
F
Section 3, there is a well-defined renormalization  operator
R % Re;m t hFrmlco ¥ hFpn]co. Since N % f+M and RFf,m % Fpn, property (b)
holds. A

Lemma 4. The C**" arc exchange system Fy, , isa C** fixed point ofrenormalization, i.e.

kRFf;m]co % hFf;m]co, where R Y Rem : hFgnmlco ¥ hFgn]co is the renormalization
operator.

Proof. We constructa C**

conjugacy Q: T 1Ty between M and Fsn. Forevery
F

N [ N and M % f2*(N), there is a holonomy uy between the spanning leaf

segments

f21§'wb and ‘w. By Theorem 2.1 in Ref. [25], the holonomy ux has a C *P? diffeomorphic

extension dy : 218"y 1My LetQ: T Y Twm be the €' diffeomorphism given by

Oy = yof, )



forevery N [ N.We observe thateach pair

ON;;Njp [Py



determines a unique pair dM;; M;b % 6f 21dNb; f 20N [ Py,, and vice-versa. By

Lemma 3(b), it is enough to prove that Q conjuggggsﬁNf;ijj’éN“ij withﬁM,.;Mjpj/aM’_;Mjb,

forevery (N;,N,) [ Pn, toshow that Frmisa C fixed point of renormalization.
By construction of the maps un, and un;, we have that

D _ -1 -1
st py) |9{M_ My = Onof T chanpefe by

and so

O iy, O 1l pgy = O of T 2hov o f 265 = hona = Yo,

which ends the proof.

4. Markov maps versus renormalization

ThemapF: T, T 1 Tdeterminesa C**Markovmap, withrespecttotheatlasBand
withinvariantsetV, T, ifthefollowingpropertiesaresatisfied:

(6] % T or Tis a union of closed intervals.
(ii) F:T 1 TisaC*diffeomorphism, for every (small) arc, with respect tothe C
1pa
atlas B on the train track T.
(1i1)) There exist ¢ - 0 and / - 1 such that, forevery x [ V,

|d(j, e F =i~ ")x)| = cA™, (5)

withrespecttochartsi;j, [ B.
(1v) The map F admits a Markov partition {K1; .. . ; Km}, i.e. there exists a finite set of
arcs {1; .. .; Km} such that (a) Kivaki>V, (b) <™ g >Ki -V and (c)

Fo>kp . <m, >k, foreveryj% 1; ...;m.
21
Let F:Lm ! Lv be the map induced by the action of  on stable leaf segments,

f
i.e. Foxb % ptf 2Lixb for every x [ L (see (2)). Since fis a local diffeomorphism, the map
F_is a local homeomorphism.  Fik  dLmP,Y kmilm P be the map defined by
Let 21 VI
FY% km + F + ky, . Since the holonomies have C P extensions (see Theorem 2.1 in Ref.
[25]), and the map fis C*? for some a - 0, the map has a C'** extensjon
F )
Frm:Tr U Tf, with respecttotheatlasB(If,r),(not uniquelydetermined)thatisaC
Markov map with Markov partition {km+pdMib; .. .; km+pdMP}, where M %
{M3; ...; M} is the Markov partition of f (see also Pinto and Rand [26]). Hence,
the

1pa

map Fr.m : Tr T Tr constructed aboveisa Markov map.
Cc

Definition 4.1. Let h: Ve 1 V¢ be the topological conjugacy between a cPH

exchange system Chuiciilg, VJ;i%1;...;m}
and 1pH
Fem % {fi:lg VJg; i % 1; ...;n}. We say that Cinduces a C Markov map

arc

Fc:Tc 1 Tg



if Fcis a C**® Markov map, for some a - 0, and Fc+hoxb % h+Fy, wOxb, forevery
X [ Ve

Let us suppose that the C
renormalization #RC]co % %Clco. In this case, Cis an infinitely renormalizable C

PH 3rc exchange system Cis a C° fixed point of

PH arc



exchange system, i.e. there is an infinite sequence

(R”"-l-" = {:,b’r-”" : ?ﬁ” —1.?1:”; i=1,... .}i(m}})
° b m=1

of arc exchange systems inductively determined, for everym S 1, by R™C % RIR™21Ch.
Set

1) — ) ] im41) L opim4l) {m) = L < L
o {;,b{r’:'o---o:,b{r{_" (;g__‘ ),;;j' CI.0=k= k). E.S}.

Set, inductivelyonjS1,the sets

mt1

LY = {,,yrf*"u...u,,yj"(n;; eI CI 0=k <kis). s e.s}.
T 1 £

By construction, LYPY _ (% and Venc% >js1L%. We call [¥  the j-th level of the
m m

m . m
partition of R™C. Let the j-gap.set G of R™C be the set of all maximal closed intervals /
such that 7, Jfor someJ g[ LY22 JRd int/ > K % Y, for every K [ L%. We say that the

m m

C*P" arc exchange system Chas bounded geomgtry, ifthereare constantsO . ci; ¢
1 such that, for all j S 1 and all intervals / [L0’ <GOJ contained in a same interval

§21p
KL LJO ,wehavec; , jzdIPj=jz0KPj , c2, wherethelengthismeasuredwith
respectto any chart z in the € **? atlas Bc.

Lemma 5. Let Ff;m be aC P

arc exchange system induced by (f, L, M).b A C PH re
exchange system C [ #Ff;m]co, with bounded geometry, determinq acC Markov map
Fc topologically conjugate to Frwm if, and only if, Cis aC fixed point of the

renormalization operator Rgm.
Remark 1. Lemma 5 also holds for C'“ regularities.

Proof of Lemma 5. Forlbs;mplicity of notation, let us denote km by k (see (1)). Let
Q:Ky YKmbetheC diffeomorphismasconstructedin(4).ForeveryN [N, let
M % f2Y%Nb [ M. Recall that'y . ‘v ,, ~Lwm (see (3)). By construction of F% Frm
and Q,thespanningleafsegment’ . L hasthe property that F+kd‘y b%kdy Pand
Fjkd‘nP % Q. Therefore,

FlKy = 0. (6)

Every leaf segment * . Ly with the property that F+kd‘P % kd‘mb is a spanning leaf
segment of N. Therefore, there is a sequence eq,; ...;eq, of arc exchange maps
inF % Fg.m such that

€, o€ g (K(£)) = K(Ey).

Furthermor
& FIk(E) = @cey oo ey @

Letj :<"'/l Ir 1 <7 “ I be a homeomorphic extension of the conjugacy between F and
i% i % i



C. For every e [ F, there is a unique e [ C such that e % j+e+j?!. Since Fc is



topologically conjugate to F, by (6), we have that

Ful|l&K ) = Oy, (8)

where Qc : joKnb ¥ jiKmb is a homeomorphic extension of the conjugacy between

C and its renormalization RC. Letting "y, " and eq,; ...; eq, be as above, by (7), we
obtain that

(9)

=¥y

F"I"‘f"’k(é} _(;}q;ugma...oe

By (8), if Fcis C ™ then Qcis C *P? (also along arcs containing junctions). By (9), if

Qcis €@ then Fcis locally a € *P® diffeomorphism.

ajp ojp

Let L be the jth level of the partition of C. By construction, every interval I [ L has
the property that F’Zlélb is an element of the Markov partition of F¢ (this
property

characterizes L e ). In particular, the map F¢ sends each interval I [ L P ontoan interval

Fciiv Lajznforeveryj - 0.Hence, if Chas bounded geometryweobtamthattheIength
of the sets in 6 converge exponentially fast to 0 when j tends to infinity. Therefore,
using the Mean Value theorem, we obtain that if C has bounded geometry then
Fc satisfies property (ii) and, conversely, if Fc satisfies property (ii) we obtain that
C has bounded geometry. So, we conclude that if C is a C '™ arc exchange
system, with bounded geometry, then Fc is a C ** Markov map, and vice-versa. A

5. C 1 flexibility

Let (£, L, M) be a C*" hyperbolic diffeomorphism. LetC be the topological
conjugacy class of F . Let F be the set of all c**" hyperbollc diffeomorphisms
topologically conjugate tof(see Appendix A.6).

Theorem 1. There is a unique
map

T\ F={lglcw : g € F}—=C* = {[:1>°]f_.-_,ﬂ 0 EeC u}

defined by T ;_Md’/zg]clgb % hF' M lcr i, where My is the pushforword of the Markov
’ +WVig

partition M of f by the topological conjugacy between fand g. The map T ;% T if;M :
F 1 Chasthefollowingproperties:
(a) /f/zF]Cl T ,/1g]cl u, then HD3V' b % HDSL' b,

(b) TiOFP %6 whereC' : Cis the set bf all C*P" c%njugacy classes iF')c1 u I Cthat
1bH

are C f/)’?ed oints of renormgl/zatlon WRIF 1w ;A WF' e n; b
(c) For every pair §F)c1 u; /ZFU]Cl H [ C £ C there is a unique C*P" conjugacy
R
class of C**" hyperbollcd/ffeomorph/sms

g € T (@ )crw) N T, (]

S u



(d) For every %Fi]cl w L o , there is a unique cthH conjugacy class of Lipschitz
hyperbolic d/ffeorrk;orphisﬂrs g [ T2%F c1 wb that admits an invariant measure
b

absolutely continuous with respect to the Hausdorff measure on Ly,

(e) The set C’;R is characterized by a moduli space consisting of solenoid  functions;
(f) The set CL consisting of all Lipschitz conjugacy classes in C isR also characterized by

a moduli space consisting of measure solenoid functions.



The above solenoid functions and measure solenoid functions are introduced in
Refs. [26,29] where they are used to construct moduli spaces for the set of all
€ *P" and Lipschitz conjugacy classes of C *P" hyperbolic diffeomorphisms (see
Appendix A.10- A.16). If HDSL' b % 1, then, in Theorem 1, the Lipschitz conjugacy
classes coincide with the ¢ *P" conjugacy cfl‘,asses, and, so, ¢ wc

Remark 2. We note that in Theorem 1, if the j-lamination of the hyperbolic basic set L
is

orientable, then the i-arc exchange systems in f,g are determined by i-arc exchange
maps.

Proof of Theorem 1. By Ref. [25], the basic holonomies are € *P? diffeomorphisms with
respect to the C*P? atlases A'tg:; rib and A'dga; rab, for some a - 0. Hence, there is a
Cl.lb” diffeomorphism u : Ty, 1 T,, with respect to the atlases B'dg1; rib on Ty and
Adgz; r2b on Tg,, such that Utpg, % pg,ty, where Pgy : Lg, ! Tg, and Pg, : Lg, ! Tg,

are the natural projections. Hence, the C **”induced arc exchange | is C1pa
system Fqg

conjugate to the C % induced arc exchange system Fg.

Proof of statement (a): Since the holonomies are C** (see Pinto and Rand [25]),
the Hausdorff dimension of the stable leaf segments‘isthesameindependently of the
stable
leaf segment considered, and so equal to HD('aLS P. In particular, all leaf segments ‘v [
Ig have the same Hausdorff dimension which is equal to the Hausdorff dimgnsion of
Lg.

Since the arcinvariant set Tg,, is equal to k(L,), the Hausdorff dimension HD T,
is equal to HDéLséD.

Proof of statement (b): By Lemma 4, if g [ F, then the C arc exchange
system Fgm, is a fixed point of the renormalization operator Rgwm, that, by
construction, is the same as Rym. Hence, TOFP . Cg.

The proof that TGFP - Cg follows from the proof of the statement (c) below.

Proof of statement (c): Let F be a C** arc exchange sysltbgHm such that
%RF)cipn ¥4 hF)c1pn. Since IRF]cipn ¥ hF]lcipn, by Lemma 5, the C arc exchange
system F induces a Markov map Fr. Therefore, (F,FF) is equivalent to a C *P° self-
renormalizable structure as defined in Ref. [30].

By Theorem 1.14 in Ref. [28] (see also Pinto and Rand [29]), there is aone-to-
one correspondence between C**" conjugacy classes of (F, F¢) and C **" conjugacy
classes of C *P" diffeomorphisms g(F, F¢) with hyperbolic invariant set Lg, and with
an invariant measure absolutely continuous with respect to the Hausdorff
measure.

Proof of statement (d): Let F be a C* arc exchange sys;cgp'\ such that
%RF)cipn ¥4 hF)cipn. Since IRF]cipn ¥4 hF]cibn, by Lemma 5, the C arc exchange
system Finduces a Markov map Fr. Let Cr be the set of all C 1pH conjugacy classes of
pairs (F, Fr). Hence, there is a one-to-one map mi : Cg ¥ Cr given by m10FP % OF; Feb.
By Lemma 4.2 in Ref. [28] (see also Pinto and Rand [29]), there is a well-defined
Teichmiller space TS consisting of solenoid functions, and a one-to-one map m; :
TS 1 Cr given by ma0sb % OF; Fgb. Therefore, m2Yimy : TS 1 (g is a one-to-one map.A

1pH

6. CLUHPrigidity

Let us present the following notion of ¢ ***

regularity of a function.

Definition6.1.Letf:/ 1 Jbeahomeomorphism between opensets| ., RandJ . R.
IfO . a1, then fis said to be C-° if fis differentiable and for all points x,y [ |



') — ()] = xally — xI), (10)



where the positive function xAt) satisfies lim: 1 oxitb=t @ % 0. fis said tobe C “? it for
all points x,y [ |,

log ¢/'(x) + log ¢/ (y) — 2I0g¢r’(x+Ty) = x|y — x|).

where the positive function x(t) satisfies lim¢ 1 oxdth=t % 0.

In particular, foreveryb - a - 0,aC i1bb diffeomorphismis C 19 and, for every
g - 0, a C2PY diffeomorphism is C **. We note that the regularity C *** (also
denotedby C!PZemund) of 3 diffeomorphism u used in this paper is stronger than
the regularity C 1P Zgmund (see Ref. [18]). The importance of these € ™ smoothness
classes for adiffeomorphism u:/ ¥ J follows from the fact that if 0 . a , 1 then
the map u willdistort ratios of lengths of short intervals in an interval K ., | by an
amqunt that isodjl °p, and if a % 1 the map u will distort the cross-ratios of
quadruples of points in aninterval K , /by an amount that is 0djljp (see Ref.  [27]).

An arc exchange system 0F; J r; Tr; Beb is affine, if Beis an affine atlas and the maps
in Fand in Jeare affine with respect to the charts in Be.

Theorem 2. Let c; M be the topological conjugacy class ofCle i-arc exchange systems

determl;_ned by a C*

CHHDOL greexchangesystemFLC;  w, With bounded geometry, that is a CHHP°VF fixed
point of renormalization operator, i.e. WRf;mF]cumowve % WF]cumove, is Cconjugate
to an affine i-arc exchange system.

By Ref. [33], if HD(L)) . 1 and HD(L") % 1, then there alig_lDlg\gpcl;"’DWF" arc
exchange systems F [ Crnm, with bounded geometry, that ' fixed points of
are C
renormalization operator.

hyperbolic diffeomorphism (f,L, n) (as in Theorem 1). Every

Proofof Theorem 2. Let us suppose thatthe arcexchange system Cisa C“fixed point
of therenormalization operator Rym with a% HD3Tcb and with bounded geometry.

Hence, by Lemma 5, Cinduces a C “® Markov map Fc. Let j be the homeomorphic
extension of the conjugacy between Fand C,and set h % j+k+p. We will consider the
following two distinct cases: (a) HD(L)) , 1 and (b) HD(L') % 1.

Case HD(L') , 1.Let T, be the set of all pairs (/,J) such that (i) /is a stable leaf n-
cylinder, (ii) Jis a stable leaf n-cylinder or a stable n-gap cylinder and (iii) /and J
have a unique common endpoint (see Appendix A.4). Using the Mean Value
theoremandthatFcis a C*° Markov map, the function r: <,s1 7, ! RP given by

Inef™id)

I.hy= 1 —
= e e

is well-defined, where jL means the length of the smallest interval containing L

~ R. By bounded geomatry of C, we obtain that r is bounded away from zero.

Furthermore, usingthat Fcisa C*“ Markov map, for every pair (1,J) [ T», we get
()] i)l

—— (1 = Cp(| I U D™ = r(lJ) = ——=(1+ C, (|1 U ™), (11)
(D] [m(Dl

whereC, [ R%converges tozerowhenntendstoinfinity.



D c
Let h % hamine : spwp ¥ “smve D€ @ i-primitive holonomy. Since the arcexchange

systemis C"?, forevery (/,J) [ T»suchthat/<J , ™ 6DM;NP' we get

_ IOl In=hih] _ o

1= Colnl U D" = —————— =1 4+ Cu|n U N|", 12)
I | T T D] a1 | (

whereC, [ RP convergesto

0
zerowhenntendstoinfinity.
From (11), we obtain that

[n(D] Im=hiD)] e rCR(D, R
— 1 =CulmiruJ =
Il Tneh)] In(r U DI% 0.0
IOl e hatD) . «
= 14+ C TuJ .
[ ey ol U DI

Thus, using (12) we
get

hil), h(J))
I =CnIun®= &5 1+ CIn( U .n|%, [Rb convergestozerowhenntendsto

(. J
rd,J) infinity.
where ¢
Since a % HD(T¢), by the Rigidity Lemma 4.1 in Ref. [27], we obtain that r is a
stable transversely affine ratio function (see definition in Appendix A.7).
Case HD(L') % 1. Let Jo, J1 and J, be distinct leaf segments such that Joand J; have

a common endpoint, and J; and J; have also a common endpoint. Let the cross-
ratio cr(Jo, J1, J2) be given by

1+ r(Jy.J0)
o, J, J2) = ———.
et dn ) = T O )
A similar argument to the one above gives that

. crh(do), hid 1), hidy)
1= ClnidpUd, Uty = —————=—
wlnldo U Ty 2 rdo it

= 1+ Clnlly Ud, ULy,

whereC, [Rb(g:onvergestozerowhenntendstoinfinity.Hence,bytheRigidityLemma
4.1in Ref. [27], we obtain that r is a stable transversely affine ratio function.
Therefore, the ratio function r determines an affine atlas A(r) on the i-leaf
segments such that the holnomies and f are affine. Thus, the atlas B(r), on the train
track Ty, induced by A(r) is an affine atlas such that the arc exchange system is affine
and the Markov map is also affine. Therefore, the arc exchange system is an affine
fixed point of renormalization. A
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Appendix

In this appendix, we present some basic facts for € **" hyperbolic diffeomorphisms (
f, L), that we include for clarity of the exposition. We say that (f, L) is a C P

hyperbolic diffeomorphism, if ( f, L) has the following properties:

(a) f:S1Sisa C**? diffeomorphism of a compact surface S with respect to a C
1pa
structureonsS, forsomea - 0.

(b) Lis ahyperbolic invariant subset of S such that fjL is topologically transitive and L

has a local product structure.
In particular, a C**" diffeomorphism f with a codimension 1 attractor L is a C*P"

hyperbolic diffeomorphism.

A.l1 Leaf segments

Let d be a metric on M, and define the map fi%fif i%u, or % f>* if i%s. For
i[{s,u},ifx [Lwe denotethelocali-manifolds through x by

W'x,e) = {y EM :d(f"x).f"(y)) =&, for all n =0}.

By the Stable Manifold theorem [36] (see Refs. [14,36]), these sets are
respectively contained in the stable and unstable immersed manifolds

Wix) = Uf (WE(f "(x), &0) ) s

which are the image of a C**? immersion kix : R ¥ M. An open (respectively, closed)
fulli-leafsegment lisdefined asasubset of W'(x) of the form k;.x8/1b whereliisanopen



(respectively, closed) subinterval (non-empty) in R. Ani-open (respectively, closed)
leaf segment is the intersection with L of a full open (respectively, closed) i-leaf
segment such that the intersection contains at least two distinct points. If the
intersection is exactly two points we call this i-closed leaf segment anj-leaf gap. An
i-full leaf segment is either an open or closed i-full leaf segment. An i-leaf
segment is either an open or closed j-leaf segment. The endpoints of a full i-leaf
segment are the points kix(u) and ki«(v) where u and v are the endpoints of /1. The
endpoints of an i-leaf segment | are the points of the minimal closed full i-leaf
segment containing /. The interior of a i-leaf segment I is the complement of its
boundary. In particular, ai-leaf segment/has emptyinteriorif,and only if, it is an i-
leaf gap. A map c:/ ! Ris an i-leaf chart of an i-leaf segment / if has an extension
ce : Ie 1 Rto a full ji-leaf segment /¢ with the following properties: | , Irand ccisa
homeomorphismontoitsimage. Ani-full leaf segmentis eitheran open or close full
leafsegment.

A.2 Rectangles

Since L is a hyperbolic invariant set of a diffeomorphism f: M ! M, for0 , 1 . 1o
thereis d % d(1) - 0, such that for all points w,z [ L with d(w,z) , d, WYw, 1) and W
*(z, 1) intersect in an unique point that we denote by [w, z]. Since we assume that
the hyperbolic set has a local product structure, we have that [w, z] [ L.
Furthermore, the followingproperties are satisfied: (i) [w, z] varies continuously with
w, z [ L; (ii) the bracket map iscontinuous on a d-uniform neighbourhood of the
diagonal in L £ L; and (iii) wheneverboth sides are defined f 8%z, wlb % % f 0zb; f
dwb]. Note that the bracket map does not really depend on d provided it is sufficiently
small.

Let us underline that it is a standing hypothesis that all the hyperbolic sets considered
here have such a local product structure.

A rectangle R is a subset of L which is (i) closed under the bracket i.e.
x;3vy L R Ix;yl L R, and (ii) proper i.e. is the closure of its interior in L. This
definition imposes that a rectangle has always to be proper which is more
restrictive than the usual one which only insists on the closure condition.

If & and % are respectively stable and unstable leaf segments intersecting in a single
point then we denote by ¥'S; "¥] the set consisting of all points of the form [w, z]
withw [ S and z [ "Y. We note that if the stable and unstable leaf segments r

and " are closed then the set " ; " "] is a rectangle. Conversely in this two-
dimensional situations, any rectangle R has a product structure in the following
sense: for each x [ R there are closed

stablexand unstable leaf segments of L, Ac’jx; Rb ., W*dxb and ’Nax,- Rb , WUdxb such that
R % #50x; Rb; “dx; RP]. The leaf segments “0x; Rb and “dx; Rb are called stable and
unstable spanning leaf segments for R. For i [ {s;u}, we denote by >"/ox; R the set
consisting of the endpoints Msx; RP, and we denote by int M5x; RP the set
of

Nigx: Rbn >"ox; Rb. The interior of R is §iven bX intR % %int"sdx; R; int"vdx; RP], and
the boundary of R is given by >R % >"*0x; Rb; " Y0x; Rb]<‘/z’\56x; Rb; >’\”6x; Rb].

A.3 Markov partitions

By Theorem 3.12 in page 79 of Ref. [3] (see also Sinai [37]), a Markov partition of fis a
collection R% {R1; .. .; Rk} of such rectangles such that (i) L , <X,R;; (ii) Ri>R; %

»R;>>Rjforalliandyj; (iii) if x [intR;and fx [intR;then
(a) fo"sox;Ribd . MSafx; Rp and f2a"uafx; Ripp . Mox; Rib
(b) fo"uox; Ripb > R; % "Udfx; Rip and f 216" fx; Rjpb > R; % "s6ix; Rib.



The last condition means that f(R/) goes across R;just once. In fact, it follows
from condition (a) providing the rectangles R; are chosen sufficiently small (see
Man™e" [15]). The rectangles which make up the Markov partition are called Markov
rectangles.

We note that there is a Markov partition R of f with the following disjointness

property
(see Bowen [3], Newhouse and Palis [20], Sinai [37]):

(1) if0 , dfs » 1andO . dfu . 1thenthestableand unstableleaf boundaries of
any two Markov rectangles do not intesect.

(i) ifO , dri» 1 and O . drp % 1 then the P-leaf boundaries of any two
Markov rectangles do not intersect except, possibly, at their endpoints.

If df;s% df;u% 1, the disjointness property does not apply and so we consider that it
is trivially satisfied for every Markov partition. For simplicity of our exposition, we
considerMarkov partitions that satisfy the disjointness property. This result is also
used in [7-9,23,24,31,32].

A.4  Cylinders and gaps

For i % s or u, an i-leaf primary cylinder of a Markov rectangle R is a spanning i-leaf
segment of R. For n S 1, an i-leaf n-cylinder of R is an i-leaf segment / such that

6)) fl.”l js an i-leaf primary cylinder of a Markov rectangle M;
(11) f’i’é""‘éx; R . M foreveryx [ 1.
FornS2,ani-leafn-gap G of Risani-leaf gap i)é'%} inaMarkov rectangle Rsuchthatn

is the smallest integer such that both leaves f dx; Rb and f"2174y; Rb are contained in
i-boundaries of Markov rectangles; An i-ledf primary gap G'is the image fiG by fiof an /-

leaf two-gap G'.

Let f be a diffeomorphisms with a codimension 1 hyperbolic attractor and p be
the projection as constructed in (2). The projection p(/) of a stable leaf n-cylinder / is in
the n-

0
level L% of the partition of Fy,, (see definition of L°™ in Section4).

A.5 Basic holonomies

Suppose that x and z are two points inside any rectangle R of L. Let / and J be two
stable leaf segments respectively containing x and z and inside R. Then we define
h:1 ¥ J by hdwp % kw; z]. Such maps are called the basic stable holonomies. They
generate the pseudo-group of all stable holonomies. Similarly we define the basic
unstable holonomies.

A.6  Conjugacies

Let (f, L) be a € *P" hyperbolic diffeomorphism. Somewhat unusually we also desire
to highlight the € *P" structure on M in which f is a diffeomorphism. By a ¢ *P¥
structure onM we mean a maximal set of charts with open domains in M such that
the union of theirdomains cover M and whenever U is an open subset contained in
the domains of any two ofthese charts i and j then the overlap map j+i?% : idUb 1
joUP is C**?, where a - Odepends on i, j and U. We note that by compactness of M,
given such a C PH structure onM, there is an atlas consisting of a finite set of these
charts which cover M and for whichthe overlap maps are C *P* compatible and
uniformly bounded in the C 1pa norm, wherea - 0 just depends upon the atlas. We
denote by Csthe C PH structure on M in which f is adiffeomorphism. Usually one is



not concerned with this as, given two such structures,



there is a homeomorphism of M sending one onto the other and thus, from this
point of view, all such structures can be identified. For our discussion, it will be
important to maintain the identity of the different smooth structures on M.

We say that a map h:Lf Y Lyis a topological conjugacy between two C
hyperbolic diffeomorphisms (f, Ly) and (g, Lg) if there is a homeomorphism h :
L ¥ Lywiththefollowing properties:

1pH

(1) g+hdxb % h+foxb for every x [ L.
(11) The pull-back of the i-leaf segments of g by h are i-leaf segments of f.

Definition 7.1. Let F be the set of all C**" hyperbolic diffeomorphisms (g, Ly) such that
(g, Lg) and (f, L) are topologically conjugate by h.

A.7 HR-Ho"lder ratios

A HR-structure associates an affine structure to each stable and unstable leaf
segment in such a way that these vary Ho'lder continuously with the leaf and are
invariant under f.

An affine structure on a stable or unstable leaf is equivalent to a ratio function
r(I - J) which can be thought of as prescribing the ratio of the size of two leaf
segments / and J in the same stable or unstable leaf. A ratio function r(I : J) is positive
(we recall that each leaf segment has at least two distinct points) and continuous
in the endpoints of / and J. Moreover,

r(l:D=rd: D" and UL :K)Y=rl;:K)+r(l2: K) (13)

provided /1 and /; intersect at most in one of their endpoints.

We say that r is a i-ratio function if (i) for all i-leaf segments K, r(/:J) (I;J , K)
defines a ratio function on K; (ii) r is invariant under f, i.e. rd/ : Jb % r&fl : fib for all i-leaf
segments; and (iii) for every basic i-holonomy map u :/ 1 J between the leaf
segment /and the leaf segment J defined with respect to a rectangle R and for
every i-leaf segmently . /and every i-leaf segmentorgap /1 , |,

(6l : 6ly)
rilo - )

‘5 O(dall, ). (14)

where e [ (0,1) depends upon r and the constant of proportionality also depends
upon R, but not on the segments considered. Since r satisfies the condition (14)
and defines an affine structure on each leaf that is f-invariant we say that r is a
tranversely Ho lder j-ratio function. A HR-structure is a pair (rs,r,) consisting of a
stable and an unstable ratio function.

Definition 7.2. If an i-ratio function r is invariant under holonomies h (i.e. rél : Jb %
r6hdlb : hdJbb), then we say that r is a tranversely affine i-ratio function.

A.8 Realised ratio functions

Letg [Fandr¥rgbea C'P Riemannian metric on the manifold containing L. The
i- lamination atlas A'(g, r) determined by ris the set of allmapse:/ ! Rwhere/ % L>

_/\\(/jvith Qa full i-leaf segment, such that e extends to an isometry between the
induce



Riemannian metric on  and the Euclidean metric on the reals. We call the maps
e [ A dg; rb the i-lamination charts. If | is an i-leaf segment (or a full i-leaf segment)
then by j/j % jlj we mean the length in the Riemannian metric r of the minimal
full i-leaf containing /. By hyperbolicity of gin L, thereare0 . n . 1landC - Osuch
that for all i- leaf segments / and all m S 0 we get jg"Ij # Cn™jlj. Thus, using the
mean value theorem and the fact that g; is C’, for all short leaf segments K and
all leaf segments | and J contained in it, the i-realised ratio function rg,; given by

n
i

re. 2 JJ) = lim |E,'; l
s | g |

e oy (et g
lg 12 \git g

n=m

o0

[Ia+ ook

n=m

Py vl
lgrd|
c lg1|

g

(1 + 0" K™

iswell-defined, where a % min{1,r 2 1}. This construction gives the HR-structureon L
determined by g. By Ref. [26], we get the following equivalence:

Theorem 3. The map g ! Ory;s; rg;,uP determines a one-to-one correspondence
between C**" conjugacy classes in F and HR-structures.

A.9 Lamination atlas
Givenanj-ratiofunctionr, we definetheembeddingse:/ ! Rby

e(x) = r(L(£.x), £(£ R)), (15)

where j is an endpoint of
the i-leaf segment / and R is a Markov rectangle containing j (seeFigure 3). For this
definition it is not necessary that R contains /. We denote the set of all these
embeddings e by A(r).

Let g [ F and A(g, r) the i-lamination atlas determined by a Riemmanian
metric r. Putting together Propositions 2.5 and 3.5 of Ref. [26], we get that the
overlap map e1:e?! between a charte; [ A(g, r)and achartes [ Adrg» hasa c P
diffeomorphic extension to the reals. Therefore, for all short leaf segments K and all
leaf segments /and J contained




Figure 3. Theembeddinge:/ I R.



in it, we obtain that

. i . a;
roul: ) = lim lgi, g ;.

im = im =
n ‘”lé’g-”lp n wl\gc..fl[___.

where i, is any chart in A(rg,) containing the segment %"K inits domain.

A.10 Realised solenoid functions

Fori% s and u, let S ' denote the set of all ordered pairs (/, J) of i-leaf segments with
the following properties:

(1) The intersection of / and J consists of a single endpoint.
(11) if dgi% 1 then I and J are primary i-leaf cylinders.
(1) if0 , df;i . 1thenfplisani-leaftwo-cylinder of a Markov rectangle R and fiJis an
i-leaf two-gap also of the same Markov rectangle R.

See Section A.4 for the definitions of leaf cylinders and gaps. Pairs (/, J) where both
are primary cylinders are called leaf-leaf pairs. Pairs (I, J) where J is a gap are called
leaf-gap pairs and in this case we refer to J as a primary gap. The set S’ has a very nice
topological

;
structure. If dr;» % 1 then the set is isomorphic to a finite union of intervals, and if
S )
!
dr.;» » 1then the set isisomorphicto an embedded arc set.
S
We define a pseudo-metricds : S’ £S’ 1 RP on the set S'by
ds (1, 0), (', J") = max{dx (1. 1'),dx(J.J)}.
Let g [ T(f,L). Fori% s and u, we call the restriction of an i-ratio function rg;; to s/
a realised solenoidfunctiqn Sg,i- By construction, for i% s and u, the restriction of
an i- ratio function to S' gives an Ho“lder continuous function satisfying the
matching condition, the boundary condition and the cylinder-gap condition as we
now proceeed to describe.
A.11 Ho’lder continuity of solenoid functions
This means that for t % (,J) and t % 8/"; /% in S, jsiitb 2 s;0t'pj # Oddsidt; t'°: The
Holder continuity of s4; and the compactness of its domain imply that sq; is
bounded away from zero and infinity.
A.12 Matching condition
Let /;Jp [ S’ be a pair of primary cylinders and suppose that we have pairs
oA ) Uy d), oo Upp il ) ES®
primary cylinders such that f; | % <**'l; and f iJ

of
% <"l Then
2 ik
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Figure 4. The f-matching condition for i-leaf segments.

Hence, noting that gjL % fjL, the realised solenoid function s, must satisfy the matching
condition (see Figure 4) for all such leaf segments:

1+ e, (1 1))
Tl ) = e e o (16)

_?—_;-ln-:—l"rg.cuf : ‘,f—l)

A.13 Boundary condition
If the stable and unstable leaf segments have Hausdorff dimension equal to 1,
then leaf segments / in the boundaries of Markov rectangles can sometimes be
written as the union of primary cylinders in more than one way. This gives rise to
the existence of a boundary condition that the realised solenoid functions have to
satisfy as we pass to explain.
If Jis another leaf segment adjacent to the leaf segment / then the value of j/j/jJj
must
be the same whichever decomposition we use. If we write J % I % Koand / agy,; /i and
<
ki where the /;and Kj are primary cylinders with /; — K; for all i and j, then the above
two ratios are

m Al Sy K
2vs-m 2 e

i=1 j=1 i=1 j=1

Thus, noting that gjL % f jL, a realised solenoid function s, must satisfy the following
boundary condition (see Figure 5) for all such leaf segments:

X Y

Zﬂ ol i diy) = il_'[ 0o (K Kjq). an

i=1 j=1 i=1 j=1

A.14 Scaling function

If the i-leaf segments have Hausdorff dimension less than one and the /-leaf
segments have Hausdorff dimension equal to 1, then a primary cylinder I in the j-
boundary of a

[T
/—‘* e 3

o (,.1) o (1)

o 1 2

1 f l I
K K“ K, ‘K_‘

— — ‘—-J:
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Figure 5. The boundary condition for i-leaf segments.



Markov rectangle can also be written as the union of gaps and cylinders of other
Markov rectangles. This gives rise to the existence of a cylinder-gap condition that
the i-realised solenoid functions have to satisfy.
Before defining the cylinder-gap condition, we will introduce the scaling function
that
will be useful to express the cylinder-gap condition.
Let scl’ be the set of all pairs (K, J) of i-leaf segments with the following
properties:

(1) Kis aleaf ni-cylinder or an n;-gap segment for some n1 - 1;
(11) Jis a leaf ny-cylinder or an ny-gap segment for some n, - 1;
(iil) m™21K and m"2%YJ are the same primary cylinder.

Lemma6.Everyfuctions;:S' 1 RP hasacanonicalextensionsito scl’. Furthermore, if
siis the restriction of a ratio function r;jS'to S' then s; % rijscl’.
See proof of Lemma 6 in Ref. [28].

Remark3.Theabovemaps;:scl 1 RPisthescalingfunctiondetermined bythesolenoidfunction
s;:STIRP,

A.15 Cylinder-gap condition

Let (/,K) be a leaf-gap pair such that the primary cylinder / is the i-boundary of a
Markov rectangle Ri. Then the primary cylinder / intersects another Markov
rectangle R, giving rise to the existence of a cylinder-gap condition that the realised
solenoid functions have to satisfy as we proceed to explain. Take the smallest / S 0

such that f' 1 < f' K is contained

in the intersection of the boundaries of two Markov rectangles Ml and M,. Let M; be the
Markov rectangle with the property that M,> f!R1is a rectangle with non-empty
interior (and s » >f! R, also has non-empty interior). Then, for some positive

n, there are (ﬁstlnct n-cylinder and gap leaf segments J1; ... ; J»m contained in a

primary cylinder of M /
such thatf K% Jm and the smallest full i- leaf segment contalnlngf l'is equal to the union

< 21, where9 is the smallest full i-leaf segment containing J,. Hence,

Hence, noting that gjL % fjL, a realised solenoid function sg;; must satisfy the
cylinder- gap condition (see Figure 6) for all such leaf segments:

m—1

‘Tg.cu- K)= Z -Tg.c(Jf- S

i=1

where sg;; is the scaling function determined by the solenoid function sg;;.
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Figure 6. The cylinder-gap condition for i-leaf segments.



A.16 Solenoid functions
Now, we are ready to present the definition of an i-solenoid function.

Definition 7.3. An Holder continuous function s;:S' 1 RP is an i-solenoid function
if si satisfies the matching condition, the boundary condition and the cylinder-gap
condition.

We denote by PS( f) the set of pairs (ss, s,) of stable and unstable solenoidfunctions.

Remark 4. Let s;: S 1 RP be an i-solenoid function. The matching, the boundary and
the cylinder-gap conditions are trivially satisfied exceptin the following cases:
(1) The matching condition if d £ % 1.
(i1) The boundary condition if df,s% d % 1.
(111) The cylinder-gap condition if ds,i . 1 and df,p % 1.

Theorem 4. The map r; 1 rjjS’ gives a one-to-one correspondence between i-ratio
functions and i-solenoid functions.

See proof of Theorem 4 in Ref. [28].

The set PS(f) of all pairs (ss, s,) has a natural metric. Combining Theorem 3
with Theorem 4, we obtain that the set PS(f) forms a moduli space for the ¢ *P"
conjugacy classes of € *P" hyperbolic diffeomorphisms g [ T4f; Lb:

Corollary1.Themap g 1 08rg;sjS%; rqg;ujSYP determines a one-to-one correspondence
between C**" conjugacyclassesofg [ T(f,L) and pairs of solenoidfunctionsin PS(f).



