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Abstract: We use Chebyshev-Padé approximants to filtering and estimate singularities of spectral solutions of 
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1 Introduction 

It is known that Spectral methods are very efficient 
to solve differential equations with smooth solutions, 

they usually exhibit exponential rate of convergence. 
However, since they usually loose the exponential rate 
of convergence when the differential equation has a 

nonsmooth solution, there are several methods to im- 

prove the approximation given by the spectral solu- 

tion, see e.g. general extrapolation methods in [4, 12]. 

These postprocessings are known by filtering of spec- 

tral solution. 

For certain classes of functions, Chebyshev-Padeé 
approximants present some advantages: they enlarge 
the domain of convergence [13, 9], and it is pos- 
sible to localize singularities of the solutions, with 

the information given by the poles of a sequence of 

Chebyshev-Padé approximants, [5, 6]. Note, that 
these “good” properties refer only to Chebyshev-Padé 

approximants calculated with the coefficients of the 

orthogonal expansion. In a spectral solution, we only 
have access to a finite number of coefficientes that 

do not coincide with the first coefficients of the or- 

thogonal expansion. So, it is not guaranteed that se- 
quences of Chebyshev-Padé approximants calculated 
with the coefficients obtained by spectral methods has 
the same properties than the sequences of Chebyshev- 
Padé approximants computed with the exact coeffi- 

cients of the orthogonal expansions. 

In this paper, we present two numerical exam- 

ples to show, in a heuristic way, that filtering spectral 
methods with Chebyshev-Padé approximants allows: 
to improve the accuracy given by a spectral solution, 
expand the domain of validity of spectral approxima- 
tions and localize singularities of solutions of differ- 
ential equations. In section 2 and 3 we summarize 
some definitions and notations related with the spec- 
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tral methods and with the Chebyshev-Padeé approxi: 
mation, respectively. In Section 4 we present the m- 
merical examples and in section 5 we make some ob 
servations and conclusions. 

2 Spectral Methods 

We start with some definitions and notations te 

lated with general formulation of spectral methods 
Let L,(a,b) denote the Hilbert space whose ele 
ments are mensurable real funtions, w, such thal 

[ u?(x)w(a)dx < oo, where w is a given weight 
function. As usually, we define in L,,,(a, b): the inne 

product by, (u,v) w = f u(x)u(x)(x)w(a)da, foral 
functions uw and v in L,,(a,b) and the associated w- 

norm 

ell) = (ee, tf? ( 
Let {dx }p2-9, be a system of orthogonal pol: 

nomials in L,,(a,b). In spectral methods such oF 

thogonal polynomials are called trial or basis func 
tions. Consider the expansion of a given function wit 
L,,(a, b) in truncated series 

N 

un (x) = S- tinde(x), x € [a,b] 

k=0 

Q) 

and the functional equation 

Lu—f =0, (3) 

where, £ denote a functional operator (usually a dit 
ferential, integral, or integral-differential operator). | 
uy is a approximation solution of (3), then the resi¢ 

ual Ry is defined by 

Ry (z) = Luy = f. 



lnspectral methods we determine wy by setting 

(Rv, Wr), =90, &€ In, (4) 

where, y,(a) are fest functions, ww is a weight function 

related with test functions and Jy is a discrete set that 

tepends on some aditional conditions imposed on the 

equation (3). 

There are three most common spectral methods, 

namely, the collocation, Galerkin and tau methods. 

The choice of the test functions, ¢/;, and of the weight, 

i) defines the method. In Galerkin method we have 

1. = dp, = w and the basis (and the test) functions 

uitisfy the aditional conditions. In the fav method we 

also have 4, = ob, and w = w but, we allow that 

the basis (and the test) functions do not satisfies the 

aditional conditions. In collocation method we have 

dy(w) = 6(a@ — avy) and w(x) = 1. So, in collocation 

method, we can write equation (4) on the form 

Rw(et) = 0, bE In. (5) 

In the examples presented in section 4, we 

will use the Chebyshev-collocation method, Le., 

we choose the system of Chebyshev polynomials, 

(T, °°.) (orthogonal on interval [—1, 1], with weight 

function w(a) = (1 —?)~!/?) as the basis functions, 
and, the collocation saa are the Chebyshev-Gauss- 

Lobatto interior nodes, see e.g. [3]. 

3 Padé aproximation from orthogo- 

nal expansions 

Consider a system of orthogonal polynomials 

{Oj}. under the same conditions of section 2 and 

let S() a formal orthogonal series. 

k=0 

(6) 

‘Ifthe formal expansion S| represents asimptotically 

(see e.g. [12]) a function f we have 

1 

~ lbs II2, va 

(x)da. 

We will refer two aproaches to the Pade Aprox- 

‘imation; the linear and the nonlinear Padé Aproxi- 

mants, Denoting the class of all polynomials of degree 

upto k, where é is a non negative integer, by P, and 

the class of all rational functions R = N /D, where 

We?P,,D € Py and D Z Oby Rk, é). 
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Definition 1 (Linear Padé Approximant) Let p and 

q be two nonnegative integers numbers. A function 

Dag = Npa/ Dog € R(p, q) is a linear Padé aproxi- 

mant of type (p,q) from orhogonal series (6) if it sat- 

isfies the condition 

“b 

fo q(t) Sa) — Np,q(®)) be (@)w(x)da = 0, 

(7) 
P+. 

The conditions (7) form a homogeneous system with 

p+q-+1 linear equations and p+q+2 unknows. Thus 

linear aproximants always exists. However, generally 

they are not unique, but if Dp, has degree q and do 

not vanish in [a,b] the ®,,, is unique, [9]. For more 

details, about the construction of linear Padé aproxi- 

mantes we refer [10, 11]. 

Definition 2 (Nonlinear Padé Approximant) Let p 

and q be two nonnegative integers numbers. A func- 

tion Rpg = Npq/Ppg € R(p,q) is a linear Pade 

aproximant of type (p, q) from orthogonal series (6) if 

it satisfies the condition 

b 

| (S(x) — Rpq(t)) Ox(a)w(x)dx =0, (8) 

Jor R= Ody coe PPP |: 

The conditions (8) form a homogeneous system with 

p-+q-+1 nonlinear equations and p + q + 2 unknows. 

The existence of the nonlinear Padé aproximants is not 

garantee, however, if a nonlinear Padé aproximant ex- 

ist it will be unique, [9]. 
In next section we will use Chebyshev-Padé ap- 

proximants (CPA), i.e., we will consider the family 

of Chebyshev polynomials (the same orthogonal sys- 

tem used as basis functions in the collocation method). 

To determine a nonlinear CPA, we do not need to 

solve a system of nonlinear equations. The Clenshaw- 

Lord alghorithm [7] allows to determine nonlinear 

CPA solving a linear system, thus avoiding the resolu- 

tion of a nonlinear system. We remark the following, 

while to determinate linear CPA we must have the first 

p+2q-+ 1 coefficients of expansion (6) to determinate 

the nonlinear we only need the first ones p + q + 1 

coefficients. 

4 Numerical examples 

We begin with some remarks and notations. Given 

a differential problem we will represent his solu- 

tion by y(a), with Chebyshev expansion S(:r)
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ro ChTe(@), where cj, are the Chebyshev coeffi- 
cients and Sy (a) represents the truncated Chebyshev 

expansion of y(x), i.c., Sy(a) = pe tle). 

yn (x) = Soho &eTi-(a) denotes the spectral solution 
(or spectral approximation) and the coefficients ¢;, are 
the spectral coefficients. ®, _ (/%p,,) denotes the linear 

CPA (nonlinear CPA) of type (p, g) computed with the 

Chebyshev coefficients c;, and O.3 (Riss) denotes the 

linear CPA (nonlinear CPA) of type (p,q) computed 
with the spectral coefficients ¢;.. We will use ey to 

denote the spectral error in w-norm (1) defined by 

where w is the Chebyshev weight w(2) = (1 — 

z*)-'/?. To compute the w-norm we use the 
Chebyshev-Gauss quadrature formula. 

Given a spectral solution yy it is only possible to’ 

construct the functions Pigs Rie such that p + 2q¢ + 
1< Nandk++1 < N. If we want to compare 

Dig and Rye contructed with the same coeficientes 

we need to choose (if possible) nonnegative numbers 
p,q, k and @ such that p + 2g =k + @. 

The numerical examples were chosen so that the 
spectral methods have slow rate of convergence, i.c., 

the solutions of the differential equations have singu- 
larities: near of he orthogonality interval [—1, 1]. In 
the example A, we present a linear differential equa- 
tion which solution has a brunch cut, and, in example 
B the solution, of a nonlinear differential equation, is 
meromorphic with a infinity number of poles.. 

4.1 Example A 

We consider the linear differential equation 

a?+1\ dy dy 
(x oa ) a2 + de =0, a€R\ {0}, (9) 

with Dirichlet boundary conditions 

1 2 y(—1) =1- 5 In (1 + 2a + a”) 

1 
y(1)=1- 5 In (1 — 2a + a”) . 

The solution is 

| 2 y(z) =1—- 5 In (1 + a? — 2az) , 

2 fe ‘ 

where x, = °5+ is the nearest branch point from 
the interval [-1, 1]. We know the Chebyshev ex- 
pansion y() = SP 9 cpT}.(@), where co = 1 and 
c, = a* /k,k > 11). 
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Setting a = 9/10 we have the singularity 2, = 
181/180 ~ 1.00556 (near from the interval [—1,1}), 
Using collocation method, we obtained the colloca- 
tion errors in the w-norm indicated in table (1). These 

results shows that collocation method exhibit slow 
rate of convergence. 

N 10 20 30 40 

en || 1.2e—1 3.2e-2 7.9e-—3 2.9e-3 

N 50 60 ee 100 

en || 5.3e-—4 1.5e-—4 1.2e —6 

Table 1: Example A: Errors of the colocation method 
in w-norm. 

Now, if we postprocess the spectral solution with di- 
agonal CPA, i.e., if we compute CPA of type (p,p) 
we conclude that this process improved, but not sig- 
nificantly, the aproximation given by the collocation 
method. Setting N = 19, and computing: Sj9, 064, 

Roo, YL9s 6.6 and Rog we obtain the errors indicated 

in table (2). In the results obtained with the exact coef- 

ficients, we can observe that the nonlinear and linear 

ACP improves significantly the approximation given 
the collocation solution. However, the non linear CPA 

has mores accuracy than the linear CPA. In the results 
obtained with the spectral coefficients both CPA have 
the same accuracy. 

If we compute the coefficients relative errors 

Ch — Cp Er, = fs ks , k=0,...,19 
Ck 

we can see that these errors are “almost” crescent, i.e. 
for small values of k: we have Er; = 7e — 3 then they 

increase till reach the maximum at Eris ~ 7.5e - 

1. So, in practice it is advisable not to use the last 
spectral coefficients in this filtering method. We will 

use this “practical” rule to compute ®,,, and Rp 9. 
In order to estimate «,, we begin with an obser- 

vation about the solution of equation (9). All numerie 

results suggest that the function y(a:) has similar prop- 
erties to the so called Markov type functions. Here, 
we only will refer two properties. The first propertie 
is that nonlinear or linear, Padé aproximantes of type 
(p+é,p), @ > —1, from Markov type functions always 
exist, are unique and have exactly p real (simple) poles 
and all poles lie on the branch cut of the Markov type 
function, the second one is that the Padé aproximantes 
from orthogonal series of type (p + £,p), @ > -l 
of Markov type functions accelerate the rate of con- 
vergence of truncated orthogonal series on orthogonal 
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interval and for fixed £ > —1 any paradiagonal se- 
quence of orthogonal Padé approximants, converges 

uniformly in any compact that does not contains the 
branch cut of the Markov type function. However we 
must consider the condition ¢ > 0 for the function y. 
To more details related with the above results we re- 

fer to [9]. In fact, we observed the above properties in 

all numerical tests, (with ¢ > 0) for the linear aproxi- 

mations ®,,,¢, and Doiep and for nonlinear approx- 

imants /?,,,¢. In Table (3) we present the smallest 

pole ¢,, i.e., the nearest pole of the interval {[—1, 1] 

(and from «,) of some diagonal linar ACP ®,,,, com- 
puted from y3,. Note that, if we increase the value of 
pthe pole ¢, are close to xs. 

lly— Stolle Ily—-®eelle lly — Roolle 
1.0e — 2 8.le—4 1.2e — 6 

lly—yollw lly —-Peelle ly — Ros 
3.4e — 2 2.0e — 2 2.3e —2 

Table 2: Example A: Errors of computed approxima- 

tions in w-norm. 

p 2 3 4 
Gp || 1.0805 1.0347 1.0207 
p 5 eas 8 

G || 1.0147. —--- ~—~—«*1:.0073 

Table 3: Example A: Nearest pole of Dy» from singu- 

larity 7, = 1.00556... 

On figure (1), we show the advantages to filter the 

_ collocation solution to extend the validity of the ap- 
proximation interval. While spectral approximation 

_ does not make sense outside from orthogonality inter- 
_ val, the CPA is lower than LO~? on interval [—5, 1). 

42 Example B 

dy d 
e—4 — ty =0, €>0, (10) 

We consider the Burguers equation 

dir? da’ 

with Dirichlet boundary conditions 

y(—1) = —V2¢ tan (a) 

1) = V2 tan (a), 
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10° + 

Figure 1: Example A; Error £5; (x) 

versus Error E®Rs 5(@) = 

panded interval [—5, 1]. 

= ly(a) —Yys1(2)| 
ly(a) — ®7.6(x)| on ex- 

with a = (2e) 1/2, The solution is the meromorphic 

(odd) function y(a) = V2e tan (ax), 
with an infinite number of (single) poles at points 

r, = v2e (1 + st) (11) 

for all integer /. Thus we have two symetric syngu- 
larities, e¢ = a and xy = ies nearest ie interval 

[—1, 1]. For values of e > 4, we have x} > 1 (and 

x“, =—-2, < —1). Considering, i in (11), k= = —2 and 

k = 1we “get the aces aUbanssTes at by y, and 
yt. Setting, « = a + # we have that «> — 1 (and 

zr, > -—l)ast> or, 
Fixing t = 1/200, we computed the colloca- 

tion approximations yy, for some values of NV, and 

for each value of N, we computed bs 4 and Ry, 6. 

Note that we only use the first 14 spectral coeffi- 
cients from each CPA. We will denote the w-norms 

of: spectral approximation error, linear CPA error and 

nonlinear CPA error by ey, EPs, 4 and eRr6, respec- 

tively. Observing the data presented in table (4), we 
can conclude that this filtering technique accelerated 

the covergence given by collocation method. The 

CPA errors are similars, thus it is better using the lin- 

ear approximation to avoid to solve a nonlinear sys- 
tem. In figure (2), we compare the absolute error 

functions F7;(") = |y(x) — y71(x)| and ERr6 = 

ly(x) — Rro(x) 
tend to the range [—2, 2| and we see that outside the 
orthogonality interval the error of the nonlinear CPA, 
although worse, remains below 107°. 

| on {—1, 1]. In figure (2) we just ex-
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N Jl 41 ol 61 

en |9.6e—1 16e-—1 380e—2 59e-—3 

e®54 | 29e—1 10e—2 84e—-4 lle—4 

eR76 | 3.0e—1 10e-—2 80e—-4 lle-4 

Table 4: Example B: Errors of computed approxima- 

tions in w-norm. 

Ht Ha (4) 

—O— Bitsy (x) 

al -0.5 0 0.5 1 

Figure 2: Example B; Error 71 (a2) = |y(a) —y71(2) 
versus Error ER7,6(x) = \y(a) — Rz6(x)|. The filter- 
ing method improves the spectral solution on interval 

of orthogonality. 

For the estimation of the singularities, we begin 
to note that usually the matrices, that represents the 
linear systems that compute the linear and nonlinear 
CPA, have a bad condition number. Thus we are lim- 

ited to compute CPA of type (p, g) when the value of 
p+ q is “small” (in ours examples when p + q < 20). 
One way to overcome this limitation is to compute the 
poles of line sequences of CPA {®, 1 }5>0° {®p,2},>0: 

It is easy to see that - 7 

cp + cpt 
rol = » Cp41 #0, (12) 

2Cp+1 

are the poles of ®, , p = 0,1,.... And if the matrix 

Cy+1 Cy + Cp+2 

Cy Cpt + Cp+3 

is regular, then we have 

_ —b, + by = 8(bo = 1) 

10 1 ' 1 ; 1 : 
—#— F871 (x) 

—O— Eliz g(x) 

Figure 3: Example BError £7)(”) = |y(x) — y7i(2) 

versus Error ERz,6(a) = ly(a) — Rz,6(2)|. The filter 
ing method improves the spectral solution on interval 
of orthogonality. Same plot as figure (2) on the ex- 

tended range, |—2, 2], that contains the singularities 

x, anda. While the error of spectral approximation 
F7\(x) tends rapidly to infinity, the error of nonlinear 

CPA ERz6(2) (computed only with the first fourteen 

coefficients of y71(a)) remains below 10~?, except in 

a neighborhood of the singularities. 

where: setting 7 = —1 means that we choose the sig- 
nal minus, setting 7 = 1 means that we choose the 
signal plus, bp = No/ Do with, 

2 , No =(Cp+1 + Cp)ep+a — Cp43 — (Cp+1 + Opi) ep+3t 

+(€p _ Cp—1)Cp41 as Cp: 

Do =2 [ep+16p43 — (€p+1 + &p)ep+2 + Ct : 

and b; = N,/D with, 

N =Cp+2Cp+3 + Cp—1Cp+2 — CpCp+1 — Cp4+1Cp+4 

2 
dD, =Cp+1p+3 — (Go41 - Cp) Cp+2 + Co+L: 

Observing that the even spectral coefficients C9,,, are, 
numerically, zero (remember that y(2:) is an odd fune- 
tion) it is advisible use the relation (13) instead the 
relation (12). We remark that for odd and even func 

tions (series) the relation (13) could be simplified 
Thus using the spectral coefficients in relation (13), 
and taking into account the “practical rule” (see ex 

ample A) we present the results, only the poles pl py 

for p odd (the poles i. are symmetric) on table (5), 

, t€{-1,1}, p21, where we only show the correct digits, note that we 
4 

(13) have xf = 1.0122618. More, computing ®, 4, with 
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q 2 4, it is possible to estimate the sigularities: 
Ys = 3.0367854 and yo = —y;, although, we 

_ lose accuracy. For example, Computing D7 we get 
the poles: —3.0940919, —1.0122618, 1.0122618 and 
3.0940919. 

p 5 15 25 

ne 1.01226 1.012261 1.0122618 

Table 5: Example B: Positive pole of dD,» (only exact 
digits). 

5 Conclusions 

In both examples, this filtering method improves the 
accuracy of the collocation aproximation. We note, 
as was said before, that we did not use all available 
data to determinate CPA coefficients. This filtering 
method allows to estimate singularities, being more 
eflicient to meromorphic functions (example B) than 
to functions with branch cuts (example A). Finally, in 
both examples the filtering methods expand the range 
of validity of the collocation solution. 
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