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Abstract — In this study we apply the concept of fractional calculus to electromagnetism and we develop
a new fractional order approximation method to the electrical potential.

1. Introduction

The Maxwell equations play a fundamental role in the well established formulation of the
electromagnetic theory [1]. These equations lead to the derivation of precise mathematical models
useful in many applications in physics and engineering. The Maxwell equations involve only the
integer-order calculus and, therefore, it is natural that the resulting classical models adopted in
electrical engineering reflect this perspective. Recently, a closer look of some phenomena present in
electrical systems, such as motors, transformers and lines [2, 3], and the motivation towards the
development of comprehensive models, seem to point out the requirement for a fractional calculus
(FC) approach [4]. In an alternative perspective several authors [5] have verified that well-known
expressions for the electrical potential are related through integer-order integral and derivatives and
have proposed its gencralization based on the concept of fractional-order poles. Nevertheless, the
mathematical generalization towards FC lacks a comprehensive method for its practical
implementation.

Bearing these ideas in mind, we address the analysis and the synthesis of fractional-order
multipoles. In section 2 we start by recalling the method for approximating fractional-order transfer
functions based on integer order expressions. In section 3 we review classical expressions for the static
electric potential and we study them in the perspective of FC. Based on this re-evaluation in section 4
we develop a numerical method for implementing fractional-order electrical potential approximations.
Finally, in section 5 we draw the main conclusions.

2. Approximating Fractional-Order Transfer Functions

Fractional calculus is a natural extension of the classical mathematics. In fact, since the foundation of
the differential calculus the generalization of the concept of derivative and integral to a non-integer
order has been the subject of distinct approaches. Due to this reason there are several definitions [6-8]
which are proved to be equivalent.

The Laplace definition for a derivative of order « € C is a direct generalization of the classical
integer-order scheme with the multiplication of the signal transform by the s operator yielding:
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L{DE o}=5*Lip) Re(@)20 (1)

This means that frequency-based analysis methods have a straightforward adaptation to FC. The
practical implementation of (1) requires an infinite number of poles and zeros obeying a recursive
relationship [9]. Nevertheless, in a real approximation the finite number of poles and zeros yields a
ripple in the frequency response and a limited bandwidth.

In order to analyze the frequency-based approach to (1) let us consider the recursive circuit
represented on Fig. 1a) such that:

z R, C.
I=Zli > Ri+1 =_1> Ci+l =— (2)
i1 € 7

where 7 and ¢ are scale factors, / is the current due to an applied voltage ¥ and R; and C; are the
resistance and capacitance elements of the /™ branch of the circuit.
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Fig. 1. a) Electrical circuit with a recursive association of resistance and capacitance elements, b) Bode diagram

of amplitude of ¥ (o).

The admittance Y(j@) is given by:

. I(ja)) _ % ja)Cei
Y(]a))— V(ja)) - o JOoCR +(r;£)i @)

Figure 1b) shows the asymptotic Bode diagrams of amplitude of ¥ (jo).

The pole and zero frequencies (»; and ;) obey the recursive relationships:

r 14
Diy _ @iy @; Din
Dea O gy Dilg 2y, (g

o] o; o] o;

From the Bode diagram of amplitude, or of phase, the average slope m' can be calculated as:

. loge
m=———
loge +1logn

Consequently, the circuit of Fig. 1a) represents an approach to D% 0 <o <1, with m’' = &, based on
a recursive pole/zero placement in the frequency domain. In fact, this method constitutes the so called

ISEF'2005-EE-1.4 ISBN 84-609-7057-4 (6-Pages)



CRONE: Commande Robuste d’Ordre Non Entier, for implementations approximations of fractional
order derivatives and integrals.

3. Evaluating Classical Expressions for the Static Electric Potential

It is well known that, for a homogeneous, linear and isotropic media, the electric potential ¢ at a point
P by asingle charge, a dipole and a quadrupole are [10, 11]:

2 2
= 9 1+C’ ¢)=qlcosei+c,r>>l, Q= ql (3005 4 1%+C,r>>l (6)

dzey r drey r? Are, r

where & represents the permittivity, ¢ the electric charge, r the radial distance and & the
corresponding angle with the axis.

The electric potential ¢ at a point P (Fig. 2) for one very long straight filament carrying a charge A
per unit length, or for two opposite charged filaments are, respectively:

Q=- A Inr+C,Ce®R, ¢=ﬂcos(91

27e, 2zgy, 1

+C,r>>1 (7)

On the other hand, the potential resulting from a planar surface with charge density o is given by:

¢=——6—r+C,C eR (8)
2g,

Analyzing expressions (6)-(8) we verify the relationship ¢ ~»,77%,» " Inr,r that corresponds to
the application of integer-order derivatives and integrals.
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Fig. 2. Electric potential of a) dipole b) quadrupole c) infinite line charge d) two opposite charged infinite
filaments e) straight filament with finite length / and charge ¢

4. On the Implementation of Fractional Order Potential

The integer-order differential nature of the potential expressions motivated several authors [5] to
propose its generalization in a FC perspective. Therefore, a fractional multipole produces at point P a

potential ¢ ~r%, & e R . Nevertheless, besides the abstract manipulation of mathematical expressions,
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the truth is that there is no practical method, and physic interpretation, for establishing the fractional
potential.

Inspired by the integer-order recursive approximation of fractional-order transfer functions
presented previously, in this section we develop a numerical method for implementing a fractional
order potential.

We start by re-evaluating the potential produced at point P = (x,y) by a straight filament with finite
length / and charge g (Fig. 2 ¢):

p=

2 2
q 1 1 ) 1
1 +—l+ +H y+ 1 -—Il+ -=1 C,CeR (9
4”81ny x’ (y ZJ] y2 x+(y2)}+,e )

9 l+C and, with y = 0, for x >0 we have

It is well-known that for x —» o we have ¢ >
4re, x

o> 5 L %ln(l) +C . Obviously these limit cases correspond to (6) and (7) respectively, that is, to
e, x

a single charge and to an infinite filament.

Expression (9) changes smoothly between the two limit cases. Therefore, we can have an
intermediate fractional-order relationship as long as we restrict to a limited working range. For

example, for 0.1 < x < 0.3 and 0.2 < x < 0.8 we get the approximations @ ~1.385x°* and
@ ~1.031x""" | respectively, with squared coefficient of determination R* =0.996 in both cases.

This means that standard integer-order potential relationships have a global nature while fractional-
order potentials have a local nature possible to capture only in a restricted region. This conclusion
leads to an implementation approach conceptually similar to the one described in section 2 that is, to
an approximation scheme based on a recursive placement of integer-order functions. Nevertheless, in
the present case we do not have the analytical formalism of Bode diagrams and, therefore, we decided
to adopt a numerical approach.

In this line of thought, we developed a one-dimensional numerical algorithm that places recursively
n charges ¢; (i=0, 1, ..., n-1) at the symmetrical positions +x; (with exception of x,=0 that
corresponds to the centre of the n-array of charges where there is a single charge ;) and compares the
resulting approximate potential ¢,,, with the desired reference potential ¢, :

n-1
1 p
¢app +z 4 [ }9 (oref=kx (10)

= 4, |x x| X+Xx;

The optimization criteria minimizes the square error J yielding:

Ji[

k=1

¢’app

2
J , min(J), i=0,1.,n-1 (11)

¢nf

where m is the number of sampling points along the x-axis.
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Fig. 3. Comparison of the electric potential @,,, and @, versusx for @, =1.0 x1% 05<x<1.1anda4-

charge approximation.

In the present case we consider a log-log perspective, similar to the one used in Bode diagrams, but
its modification for a lin-lin case is straightforward. Moreover, in order to reduce the computational
load, for a region x4<x <xg we developed a two phase scheme for capturing the optimal values,
namely (7) a first phase with a large sampling step Ax=x, rl" (k =0,1, ,) and (i7) a second phase
with a smaller step Ax=x', rt (k =0, l,...) within the previously captured region x/, <x < x), for
evaluating the optimal values with a larger precision. For example, Fig. 3 shows a 4-charge
approximation for ¢, =1.0 x1, 05<x<1.1, leading to case A: g1 =—-0.156 and ¢, = +0.598 (with
scale factor x(4meo) "), at x;4 = £1.729 and x;4 = +0.2296, respectively. The results show a good fit
between the two functions. Nevertheless, for a given application, a superior precision may be required
and, in that case, a larger number of charges must be used. In this line of thought, we study the
precision of this method for different number of charges, namely for » =1 up to n = 7 charges.

1 L A A L ¢ ¢
1 .5 2 28 3 3.5 4 45 5 55 8

n - Number Charges

Fig. 4. Approximation error min (J) vs. number charges n for ry = 1.3 (r.=1.03) and r,= 1.4 (r, = 1.04),
Prp =1.0x7"%  and 0.5<x<1.1.
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Figure 4 depicts min(J) versus n, for r,=0.3 and 7, =0.4, and confirms that we have a better
precision the larger the number of charges and the smaller the 7,. This chart can be approximated

closely by the following expressions min(J)=0.9167¢™“'* and min(J)~3.4875¢""***"  respectively.
We verify that the position of the charges varies significantly with the precision of the algorithm,
namely with the increment 7, of the numerical grid. Therefore, the pattern revealed by the charge is not
clear and its comparison with a fractal recursive layout is still under investigation.

The experiments also reveal that it is possible to find more than one ‘good’ solution. For example,

Fig. 3 shows a 4-charge approximation for ¢, =10x"°, 0.5<x<l1, leading to case

B: ¢15 = +0.1556 and g5 = 0.3049 (with scale factor x(4neo)™), at x;5=+0.2296 and x;z= +0.3214,
respectively.

5. Conclusions

This paper addressed the problem of implementing a fractional-order electric potential. It was adopted
an algorithm inspired on the Bode diagram recursive scheme. While in the Bode diagrams both
numerical and analytical approaches are possible, in the present case only a numerical evaluation was
implemented and the analytical counterpart remains to be investigated. In fact, this paper constitutes a
first step towards the development of a systematic design technique and, consequently, several other
aspects must be evaluated. Research on the approximation feasibility and convergence, error variation
with the range and the number of charges, improvement when adopting an extended library of
primitives rather than, merely, point charges and its extension to the three-dimensional space is
presently under development.

References

[1] Richard P. Feynman, Robert B. Leighton, Matthew Sands The Feynman Lectures on Physics: Mainly
Electromagnetism and matter, Addison-Wesley Pub. Company, 1964.

[2] W. Malpica Albert, J. Fernando Silva, J. Tenreiro Machado, M. T. Correia de Barros, Fractional Order
Calculus on the Estimation of Short-Circuit Impedance of Power Transformers, 1st IFAC Workshop on
Fractional Differentiation and its Application, 19-21 July 2004, Bordeaux, France.

[3] J. A. Tenreiro Machado, Isabel S. Jesus, “A Suggestion from the Past?”, FCA4 - Journal of Fractional
Calculus & Applied Analysis, 2005.

{4] A. L. Mehaute, R. R. Nigmatullin, L. Nivanen, Fleches du temps et Geometrie Fractale, Hermez, 1998.

[5] N. Engheta, "On Fractional Calculus and Fractional Multipoles in Electromagnetism," IEEE Transactions on
Antennas and Propagation, Vol. 44, No. 4, pp. 554-566, April 1996.

[6] Keith B. Oldham and Jerome Spanier, The Fractional Calculus: Theory and Application of Differentiation
and Integration to Arbitrary Order, Academic Press, 1974.

[7] Stefan G. Samko, Anatoly A. Kilbas, Oleg 1. Marichev, Fractional Integrals and Derivatives: Theory and
Applications, Gordon and Breach Science Publishers, 1993.

[8] Kenneth S. Miller and Bertram Ross, An Introduction to the Fractional Calculus and Fractional Differential
Equations, John Wiley and Sons, 1993.

[9] A. Oustaloup, I.a Commande CRONE: Commande Robuste d’Ordre Non Entier, Hermes, 1991.
[10] K. Kupfmaller, Einfuhrung in die Theoretische Elektrotechnik, Springer-Verlag, Berlin, 1939.

[11] L. Bessonov, Applied Electricity for Engineers, MIR Publishers, Moscow, 1968.

ISEF'2005-EE-1.4 ISBN 84-609-7057-4 (6-Pages)



