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is paper studies the dynamical properties of systems with backlash and impact phenomena. This type

non-linearity can be tackled in the perspective of the fractional calculus theory. Fractional and integer

der models are compared and their influence upon the emerging dynamics is analysed. It is demon-
rated that fractional models can memorize dynamical effects due to multiple micro-collisions.
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1. Introduction backlash. Section 3 develops a new scheme for modelling im-
The phenomenon of vibration with impacts occurs in many
branches of technology where it plays an useful role. However,
vibrations are often undesirable, because they cause additional
load and lead to faulty operation of machines. Despite the re-
search that was carried out during the last decades, this phe-
nomenon is not fully understood yet, due to the considerable
diversity of dynamic effects involved [7,38,6,37,35,34,34,27,41,
10,28,39,18,24].

Fractional Calculus (FC) deals with the generalization of the dif-
ferentiation and integration up to an arbitrary order
[29,33,25,31,13]. FC is a useful tool for describing complex physical
phenomena, allowing the model to take into account peculiarities
that classical integer models are unable to capture [30,9,19,44,12,
14,26,23,3,36]. Due to this reason, during the last decade intensive
research focused the application of FC in areas such as viscoelastic-
ity, chaos, biology, signal processing, diffusion, modelling, electro-
magnetism and automatic control [43,32,20,5,42,22,2,40,11,17]. In
spite of the work that has been done, many areas remain to be
investigated and a large volume of applications can benefit from
embedding the novel concepts into refined models.

This paper investigates the dynamics of systems that contain
backlash and impacts. It is shown that these non-linear phenom-
ena can exhibit a complex dynamics and that FC is a mathematical
tool well adapted for the analysis of these systems.

Bearing these ideas in mind, the present paper is organized as
follows. Section 2 introduces classical methods of describing
pacts by incorporating the concepts underlying FC. The results
are compared with classical models of systems with static and
integer-order dynamical backlash. Finally, Section 4 draws the
main conclusions and addresses perspectives towards future
research.

2. Classical modelling of systems with backlash

This section reviews the main characteristics of standard mod-
els describing systems with backlash. In Section 2.1 we start by
addressing the so-called ‘‘static backlash’’, that involves merely
geometrical effects. In Section 2.2 we recall the ‘‘dynamical back-
lash’’ that includes the phenomenon of impact.

2.1. Static backlash

In this sub-section we consider the phenomena of clearance
without the effect of the impacts, which is usually called static
backlash. The model and its input–output characteristic are shown
in the right side of Fig. 1 having as input and as output the position
variables x(t) and y(t), respectively, where D represents the width
of the clearance and t denotes time. The standard modelling of a
dynamical system with backlash corresponds to a linear part, let
us say for simplicity a single mass M under the action of force
f(t) (represented in the left side of Fig. 1), followed by the static
backlash [4].

Fig. 2 shows the Fourier spectrum jFfyðtÞgj for a sinusoidal in-
put force f(t) = F sin (x0t), where x0 denotes the angular frequency,
and the numerical values F = 10, M = 2, x0 = 1 and D = 0.25. We ob-
serve a ‘‘ordered’’ set of peaks located at the odd harmonics.
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Fig. 1. Classical modelling with static backlash.

Fig. 2. Amplitude of the Fourier spectrum of the system of the static backlash for
F = 10, M = 2 x0 = 1 and D = 0.25.

Fig. 4. System with two masses M1 and M2 with velocities _x1 and _x2 subjected to
dynamic backlash with clearance D.

Fig. 5. Amplitude of the Fourier spectrum jFf€x2ðtÞgj of the dynamic backlash for
F = 1,M1 = M2 = 1, x0 = 1, D = 0.25 and e = {1,0.5}.

Fig. 6. Contour plot of the amplitude of the Fourier spectrum jFf€x2ðtÞgj versus
{e,x} of the dynamic backlash for F = 1, M1 = M2 = 1, x0 = 1, D = 0.25.
2.2. Dynamic backlash

In this sub-section we consider backlash by adopting a simple
description of the impact and the law of conservation of momen-
tum [1,21,8,15,16].

Let us consider two bodies colliding on surfaces that are normal
to the line connecting their centres of mass, as illustrated in Fig. 3.
The two bodies have velocity components only along this line and
no rotational or sliding effects occur.

Fig. 4 depicts a mechanical system consisting of two masses, M1

and M2, subjected to backlash and impacts. Collision between the
masses M1 and M2 occurs when x1 ¼ x2 � D

2 or x1 ¼ x2 þ D
2. The

velocities before and after the impact, f _x1ðtÞ; _x2ðtÞg and
f _x1ðt þ dtÞ; _x2ðt þ dtÞg, are related by means of the Newton’s law:

_x1ðt þ dtÞ � _x2ðt þ dtÞ ¼ �e½ _x1ðtÞ � _x2ðtÞ�: ð1Þ

where t and t + dt are two consecutive sampling instants and e is the
coefficient of restitution modelling the impact phenomenon. The
limit cases are the fully plastic and the ideal elastic collisions,
corresponding to e = 0 and e = 1. We should note that (1) is an
Fig. 3. Central impact of two bodies M1 and M2 with velocities _x1 and _x2.
empirical description of impacts that captures in a simplified way
the phenomena that occur at a microscopic level.

The principle of conservation of momentum requires that the
momentum, immediately before and after the impact, is identical:

M1 _x1ðt þ dtÞ þM2 _x2ðt þ dtÞ ¼ M1 _x1ðtÞ þM2 _x2ðtÞ: ð2Þ

From Eqs. (1) and (2) it yields:

_x1ðt þ dtÞ ¼ _x1ðtÞ
M1 � eM2

M1 þM2
þ _x2ðtÞ

ð1þ eÞM2

M1 þM2
; ð3Þ

_x2ðt þ dtÞ ¼ _x1ðtÞ
ð1þ eÞM1

M1 þM2
þ _x2ðtÞ

M2 � eM1

M1 þM2
: ð4Þ



Fig. 7. Multiple impacts in the collision of two bodies with velocities M1 and M2

with velocities _x1 and _x2.

Fig. 8. Contour plot of the amplitude of the Fourier spectrum jFf€x2ðtÞgj versus
{e,x} of the dynamic backlash for F = 1, M1 = M2 = 1, x0 = 1, D = 0.25 and r = 2.

Fig. 9. Contour plot of the amplitude of the Fourier spectrum jFf€x2ðtÞgj versus
{e,x} of the dynamic backlash for F = 1, M1 = M2 = 1, x0 = 1, D = 0.25 and r = 10.

Fig. 10. Variation of a versus e in (9) for r = {1,2,10}.
Fig. 5 shows the Fourier spectrum jFf€x2ðtÞgj for F = 1, M1 = M2 = 1,
x0 = 1, D = 0.25 and e = {1,0.5}. In the numerical simulation was
adopted a total time tmax = 100 s and a sampling period dt = 10�5 s.
We observe, in both cases, the main harmonic at x = 1. However,
e = 1 reveals a chaotic response, with the distribution of energy
along all spectrum, in opposition to what occurs for e = 0.5.

Fig. 6 depicts the contour plot of the amplitude of the Fourier
spectrum jFf€x2ðtÞgj versus {e,x} where we can observe the same
type of behaviour.
3. Fractional-order modelling of backlash with impact
phenomena

In this section is developed a more detailed model of impacts by
including the concepts of FC.

We start by considering that the two masses M1 and M2 have a
complex structure as represented in Fig. 7. Therefore, the central
impact is constituted by a plethora of micro collisions involving
the fractal structure. Furthermore, the impact is no longer instan-
taneous and is distributed over a small period of time. By other
words, the global collision and the time elapsed during the phe-
nomenon may be viewed as instantaneous at a macroscopic level,
but are the ‘‘sum’’ of many small impacts that occur during a short
period of time.

Our purpose is to have a model that captures easily the afore-
mentioned phenomenon. It is well known that FC is capable of
describing dynamical effects underlying fractal structures and
memory relationships. We can observe that the empirical law (1)
involves implicitly two consecutive time instants and a memory ef-
fect, namely the ‘‘present’’ velocities and the ‘‘future’’ velocities.
Bearing these ideas in mind, expression (1) is rewritten in dis-
crete-time:
_x12ðkÞ ¼ �e _x12ðk� 1Þ: ð5Þ

where _x12 denotes _x1 � _x2 and k and k � 1 are two consecutive sam-
pling instants.

This expression represents a recursive relationship between the
relative velocities of the two masses before and after impact.
Therefore, for representing the distributed multi-impact collision
of the fractal masses represented in Fig. 5 we postulate that a more
descriptive model is given by:

_x12ðt þ dtÞ ¼ �
Xr

i¼0

ei _x12ðt � tiÞ: ð6Þ

where ti are the time instants of impacts and ei the corresponding
coefficients of restitution. The values of ei may be distinct for each
impact, modelling the micro impacts of the two bodies during a
small period of time.

The Grünwald–Letnikov definition of a fractional derivative of
order 0 6 a 6 1 is:

DaxðtÞ ¼ lim
h!0

1
ha

X1

i¼0

cða; iÞxðt � ihÞ;

cða; iÞ ¼ ð�1Þi Cðaþ 1Þ
i! Cða� iþ 1Þ ; ð7Þ

where C(�) represents the gamma function and h the time incre-
ment. In the computational implementation the time increment h



Fig. 11. Contour plot of the amplitude of the Fourier spectrum jFf€x2ðtÞgj versus
{a,x} of the dynamic backlash for F = 1, M1 = M2 = 1, x0 = 1, D = 0.25 and r = 2.

Fig. 12. Contour plot of the amplitude of the Fourier spectrum jFf€x2ðtÞgj versus
{a,x} of the dynamic backlash for F = 10, M1 = M2 = 1, x0 = 1, D = 0.25 and r = 10.

Fig. 13. Contour plot of the amplitude of the Fourier spectrum jFf€x2ðtÞgj versus
{a,x} of the dynamic backlash for F = 10, M1 = M2 = 1, D = 0.25 and r = 1.
is approximated by the sampling period T and the series is trun-
cated as:

DaxðtÞ � 1
Ta

Xr

i¼0

cða; iÞxðt � iTÞ; ð8Þ

where r is the truncation order.
Inspired by approximation (8) and adopting c(a, i) for the resti-

tution coefficients, expression (6) can be re-written in recursive
form yielding:

_x12ðkÞ ¼ �
Xr

i¼1

cða; iÞ _x12ðk� siÞ; ð9Þ

where si = s1, s2, . . . , sr denote the instants of impacts.
The system dynamics during impacts is no longer defined by the

set of conditions (1) and (2). In fact, the principle of conservation of
momentum (2) is still obeyed, but the impact is modelled by
means of c(a, i), that is, using the parameters a and r that describe
the fractal structure and the type of materials of the two bodies.

In order to analyse the characteristics of the fractional-order
formulation we consider the experiment with parameters F = 1,
M1 = M2 = 1, x0 = 1, D = 0.25, tmax = 100, dt = 10�5 and r = {2,10}.
Furthermore, for comparison with the classical dynamical backlash
model it is considered

Pr
i¼0cða; iÞ ¼ e. Figs. 8 and 9 depict the con-

tour plots of the amplitude of the Fourier spectrum jFf€x2ðtÞgj ver-
sus {e,x} for r = 2 and r = 10, respectively. We observe, in both
cases, the main harmonic located at x = x0. The limit case e = 1 re-
veals a chaotic response, with the distribution of energy along all
spectrum, in opposition with what occurs for smaller values of e
that show a set of harmonics at odd frequencies. Furthermore,
comparing the two figures we verify that larger values of r, that
is, larger memories of the impact history, tend to diminish the area
of chaotic behaviour.

In Figs. 8 and 9 we adjusted the parameters a and r so thatPr
i¼0cða; iÞ ¼ e. Fig. 10 depicts the variation of a versus e in (9)

for r = {1,2,10}. The representation in the {e,x} domain may not
reveal clearly the effect of a. Therefore, we redraw the contour
plots in Figs. 11 and 12, representing jFf€x2ðtÞgj versus {a,x} for
r = 2 and r = 10, respectively. We observe that the range of values
of a varies with r, and that a plays a role similar to e, while r rep-
resents the amount of memory for the multiple impacts. Further-
more, larger values of r lead to smaller values of c(a, i) in (9) and
to a ‘‘smoother’’ diminishing of the chaotic regime at the right
upper of the plots.
Fig. 14. Contour plot of the amplitude of the Fourier spectrum jFf€x2ðtÞgj versus
{a,x} of the dynamic backlash for F = 10, M1 = M2 = 1, D = 0.25 and r = 2.



Fig. 15. Contour plot of the amplitude of the Fourier spectrum jFf€x2ðtÞgj versus
{a,x} of the dynamic backlash for F = 10, M1 = M2 = 1, D = 0.25 and r = 10.
We are in the presence of a non-linear system. Therefore, we
have distinct responses according with the type of input signal.
In this line of thought, we now test an input force f(t) = F � rnd(t),
where rnd(�) is a function that generates white noise in the interval
[�1,+1]. This input signal excites equally all frequency range which
is visible in Figs. 13–15 representing the amplitude of the Fourier
spectrum jFf€x2ðtÞgj versus {a,x} for r = {1,2,10} and F = 10. Com-
paring both cases we conclude again that the case of including a
larger memory, smooths impact responses or, by other words, dis-
tributes the response along smaller components with smaller res-
titution coefficients c(a, i). Therefore, while in Fig. 13 we have a
strong chaotic regime at the left hand side, in Fig. 14 emerge sev-
eral distributed clusters of energy and in Fig. 15 we observe a much
smoother distribution along all locus.

4. Conclusions

This paper addressed several aspects of the phenomena in-
volved in systems with backlash and impacts. A system with
two-mass and impacts was modelled using FC concepts and the re-
sults were compared with those provided by standard models. The
results revealed that fractional description can model easily more
complex behaviours during impacts, namely when the surfaces un-
der collision have a ‘‘memory’’ capturing the effect of multi micro
impacts. These conclusions encourage further studies of non-linear
systems in the perspective of FC that capture the history of the dy-
namic phenomena involved.
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